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ON PROPER OSCILLATORY AND VANISHING AT
INFINITY SOLUTIONS OF DIFFERENTIAL EQUATIONS
WITH A DEVIATING ARGUMENT

I. KIGURADZE AND D. CHICHUA

ABSTRACT. Sufficient conditions are found for the existence of mul-
tiparametrical families of proper oscillatory and vanishing-at-infinity
solutions of the differential equation

uM () = g(t,ulro(®)), .., u™ D (Fn1 (1)),

where n > 4, m is the integer part of %, g: Ry xXR™ — Risa
function satisfying the local Carathéodory conditions, and 7; : R4 —
R (i =0,...,m — 1) are measurable functions such that 7;(t) — +oo
fort — 400 (1 =0,...,m—1).

INTRODUCTION

In this paper we consider the differential equation

u™(t) = g(t,u(ro(t)), ..., u™ D (11(1))) (0.1)

and its particular cases

ut™ (t) = p(t)[ulr(1)|" sgnu(r(t)), 0.2

ul™ (1) = plt)u(r(t)), 0.3

ul™ () =3 pit)ul (r(t)). (0.4)
=0

Throughout the paper it will be assumed that n > 4, m is integer part of the
number 5, g : Ry x R™ — R is a function satisfying the local Carathéodory
conditions, p : Ry — Rand p; : Ry — R (i =0,...,m — 1) are locally
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396 I. KIGURADZE AND D. CHICHUA

summable functions, while 7, : Ry - R (¢ =0,...,m—1)and7: Ry - R
are measurable functions such that

tliin Ti(t) =400 (i=0,...,m—1) (0.5)
and
tl}{knoo,r(t) = 4o0. (0.6)

Let tg € Ry. A function u : [tg, +oo[— R is called a solution of equa-
tion (0.1) if it is locally absolutely continuous together with its derivatives
up to order n — 1 inclusive and if there exists an m — 1 times continuously
differentiable function @ : R — R such that @(t) = u(t) for ¢ > ¢y and the
equality

W™ (t) = g(t,u(ro(t)), ..., 7™ (Tmo1 (1))
is fulfilled almost everywhere on [tg, 4+00].

A solution u of equation (0.1) determined on the interval [tg, 400 is
called proper if it is not identically zero in anyone of the neighborhoods of
+oo and is called vanishing-at-infinity if u(t) — 0 for ¢ — +o0.

A proper solution is called oscillatory if it has a sequence of zeros con-
verging to 400, and nonoscillatory otherwise.

In the papers dealing with oscillatory properties of differential equations
with deviating arguments it is always assumed a priori that the considered
equation has proper solutions and sufficient conditions are established for
these solutions to be oscillatory (see, for example, [1-9] and the references
cited therein). However, the problem of the existence of proper solutions is
far from being trivial and has not yet been investigated for a wide class of
equations.!

Therefore the question as to the existence of at least one oscillatory so-
lution of such equations remains open. We do not know, for example, of a
single result on the existence of oscillatory solutions of equations like (0.1),
(0.2), or (0.3) when

) >t (i=0,....,m—1), 7(t)>t for t>to, (0.7)

though such equations occur rather frequently in the oscillation theory. Fur-
ther, it is not likewise clear for us whether (0.1), (0.2) or (0.3) have at least
one proper solution vanishing-at-infinity. Hence this paper deals with these
two open problems.

In §1 we prove, by means of the results of [10], theorems on the existence
and uniqueness of two auxiliary boundary value problems with integral con-
ditions for differential equations with a deviating argument. Using these

IEquations with a delay for which this problem is studied in [1] are an exception.
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theorems and the oscillation theorems from [11], in §§2 and 3 we estab-
lish sufficient conditions for equations (0.1)-(0.4) to have multiparametric
families of proper oscillatory and vanishing-at-infinity solutions.?

Throughout the paper the following notation will be used.

uf (1=0,1,...;k=2i,2i+1,...) are the numbers given by the recur-
rent relations

j 1 ; k— k— . .
,uf{"l =5 =1, M§+1 :ui+11+/4i 2 (i=0,1,...;k=2i+3,...).
m is the integer part of F; mg is the integer part of e

mo—1

n! n
Tn = Z;) 2m —2 —4j)! Hom—1-245

Yo = m—1 {(Qm)!%z n (m —2)(4m? —m — 3) m—1 ol

4 — (=)™ —.
4 nlu, 3 + (=1) 2

8 1. AUXILIARY BOUNDARY VALUE PROBLEMS
For the differential equations
u™ () = h(t, u(t), u(ro(t)), ..., u™ D (1_1(1))), (1.1)
1

m—

u™(t) = Y pit)u (m(1) + qlt) (L.1)

=0

we consider the boundary value problems

. +Oo
u(0)=¢ (i=0,...,m—1), / |u(m)(t)‘2dt < +o0;  (1.2)
0

uD0)=¢ (i=0,...,m—1),

oo (1.3)
/ t%wﬁ@fﬁ<+m (j=0,...,m),
0
wheren >4, ¢; € R (i=0,...,m—1),
h:R, x R™"! = R satisfies the local
Carathéodory conditions, (1.4)

pi:Ry = R (i=0,...,m—1) and ¢ : R+ — R are the locally summable
functions, and 7; : Ry — Ry (i =0,...,m — 1) are measurable functions
satisfying condition (0.5).

2When 7;(t) =t (i = 0,...,m — 1) and 7(t) = ¢, sufficient conditions for equations
(0.1)-(0.4) to have proper oscillatory and vanishing-at-infinity solutions are obtained in
[11-15].
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Alongside with the notation listed in the Introduction we shall need in
this section the following notation as well:

Tox(t) = min{t, 7o(t)}, 74 (t) = max{t, 70(t)}.

L is the space of locally Lebesgue integrable functions v : R, — R with
a topology of convergence in the mean on each segment from R, .

C™~1 is the topological space of (n — 1)-times continuously differentiable

real functions given on R,. By the convergence of the sequence (uk)z’;"i

of elements from this space we mean the uniform convergence of sequences
(u,(;))*'oo (1=0,...,n—1) on each finite segment from R..

k=1
+oo
Co™hm = {u eCc™ ! / ™ (t)[2dt < +oo};
0
et = {ue et / (1) 2dt < +00 (i =0,...,m) };
0

m—1 ) +o0 %

o = [ X WOOF + [ o]
=0

el = | / o opa)

Theorem 1.1. Let on Ry x R™*! the conditions

|h(t, x, 0,21, ..., Tm—1) — h(t,z,2,0,...,0)] <

m—1

< aro(t)|zr — 2o + Y ayi(t) |zl M, (1.5)
i=1

(=)™ h(t, 2, 2,0,...,0)z > —a(t), (1.6)

be fulfilled, where A\; € [0,1] (i = 0,...,m — 1), a1; : R+ — Ry (i =
0,...,m—1), and a : Ry — Ry are measurable functions such that
oo Y « (o (=320 A
/ L+ " 2 [a@) (L +75(8) " 27 |m0(t) —t]* +
0

m—1 o
+ 5 a1+ m@) "M de < (1.7)
1=1

/+OO(1 + )" M (t)dt < +oo0. (1.8)
0

Then problem (1.1), (1.2) has at least one solution.
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Proof. Let r = Zf:ol lci]. By (1.7) and (1.8) there is a positive number ¢
such that the functions

ar(t) = (1+ )1+ ™ F [aro () (1+75.6) " mo(e) — ¢ +

+ Z a/lz 1 + Tz ))(m_i_%)ki}a

1
az(t) = (1+ 2 ) (1+1)%a(t) + ()
3
will satisfy the inequalities
+oo +oo
/ (14+)" 2™ ay (t)dt < ", / (14+8)" "™ ay(t)dt < +o00. (1.10)
0 0

For any v € C"! we set

m—1

1 for Z @) <r
m—1 ] izomfl )
x(u)=<¢r+1-— Z|u(l)(0)| for r< Z|u(’)(0)|§1+r ;
i=0 i=0
m—1
0 for Z W@ (0)] > 147
=0

F)(®) = x(h(t,u(t), u(ro(t)), .., ™D (10 1(1))).

The operator f : C"~! — L is continuous on account of (1.4). On the other
hand, it is obvious that problem (1.1),(1.2) is solvable if and only if the
functionally differential equation

u™(t) = f(u)(t) (1.11)

has at least one solution satisfying the boundary conditions (1.2).

Using Theorem 1.1 from [10], we shall prove below that problem (1.11),
(1.2) is solvable.

If u € C"1™ then by (1.5) and (1.6) we obtain

(=)™ ) f () ()
= (=1)" " () [p(t ), ulro(8)), - ul™ D (ra (1)) =
—h(t, u(t),u(t),0,...,0)]u(t) +
+(=1)nmt (u)h(t,u(t),u() 0,...,0)u(t) >
> —ayo(t)x(w) [u(ro(t)) — u(t)*u(t)] -
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- Z_: a1y ()x(w)[ul? (73 (£) | Ju(t)] = a(?), (1.12)
[f ()] < At ult), u(t),0,..., 0) + x(w)aso(t)|u(ro(t) — u(t)* +
m—1
+x(u) Y av(®)u(ni(®)™ <
i=1
< bo(t, [u(t)]) + x(w) - a1y (1) Ju'? (13 (t))], (1.13)
i=0
where
m—1
bo(t, ) = ayi(t) + arot)z +
=0
+max {|h(t,s,5,0,--+,0)]: 0< s <z} (1.14)

On the other hand, for an arbitrary i € {0, ..., m — 1} we have

‘u(i) t)| = ‘ Z_: (jtj:;)!u(j)(O) + ﬁ/ (t — S)m—i71u(m)(s)ds‘ <

m—1
L+m > (0
=0

5)2m—2i=2 ‘ (m) [ o\[2
m—a1— m <
T / d (/O ™) ()| ds) <

m—

(1+1) 47%{2 </+OO Iu(m)(s)|2ds)%} <

7=0

N

m—1

(1+1) *“%[Z\u“ O+ llullom] <

<ot 1+ ) (T |u<i><o>|)2 F ol (115
=0
Therefore

X ()M u(t)] <
m—i—% i m—% } r 2
< U+rE) DN (14 D) (141 +

14+
Pl

mf’i*l % m—
+a+olul,] T o< @En®) T T A
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)L (14 2) @402+ (ol (1.16)
and
To(t) o
(o) — )P uto)] = x| [ )] uto)] <
< (175 ()P m(t) — t (1 + )%
)L (14 2) @0 + a4 i) (117)

By (1.9) and (1.15)—(1.17) it follows from (1.12) and (1.13) that

(=1)" " @) f(u)(t) = —ar () [[ullg , — a2(t),
[F)®)] < b(t, [u®)]; [ullom), (1.18)

where

b(t7l‘7y) = bo(t,fﬂ) +

i

3 a1+ )

1=

1
1 1
m—i—z 2

[(1+ é)(l +r)2 4 (14 )y

Moreover, the functions a; and ag satisfy inequalities (1.10) and b the con-
dition

¢
lim (y_2/ b(s,x,y)ds) =0 for z€ R,. (1.19)
KU

Thus all the conditions of Theorem 1.1 from [10] are fulfilled, thereby guar-
anteeing the solvability of problem (1.11),(1.2). O

Similarly to Theorem 1.1 we prove

Theorem 1.1'. Let on R, x R™*! the conditions

|P(t,z, 0, 21, ooy Trn—1) = h(t, @, @, 21, ooy 1) | <ay(t)|z—zolt,  (1.5")

(=) h(t ey, 1) > —alt), (1.6")

be fulfilled, where \g € [0,1], a1 : Ry — R4 and a : Ry — R, are measur-
able functions such that

/ T 0 (1 0) N () — o s (e < g, (17
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and inequality (1.8) is fulfilled. Besides, let for some to > 0 on the set
[0,t0] x R™*Y the inequality

m—1
‘h(t7x7:r7x17...,xm 1) <b0 t \x| Z (14 z2)
=1

hold, where by : [0,t9] x Ry — Ry is the function summable with respect
to the first argument and nondecreasing with respect to the second. Then
problem (1.1), (1.2) has at least one solution.

Theorem 1.2. Let on Ry x R™ the conditions

m—

\h(t, 2, Z0, .o Tr1) — h(t, 2, 0, oovy 1) Z B)|zi—xi],  (1.20)
i=0
(_1)n—m—1 [h(tva Zo,--- ,l'm,l) -
—h(t,z, 20, .., Tm-1)](T — ) > ago(t)(T — x)?, (1.21)
(_]‘)n_m_l [h(tv‘raf(bxh e wrmfl) -

—h(t, X,Tg,T1,. .. ,-Tm—l)] (fo - 1‘0) > ap1 (t)(fo — .130)2, (122)

be fulfilled, where ay; : Ry — Ry (i =0,---,m —1) and apj : Ry — R
(j = 0,1) are measurable functions satisfying inequality (1.7) for \; = 1
(i=0,...,m—1) and

ao(t) = aoo(t) + a01(t) >0 fOT’ t>0. (123)

Then problem (1.1), (1.2) has at most one solution. If, however, in addition
o (1.7) and (1.20)—(1.23) we have the conditions

R%(t,0,---,0) < I(t)ag(t) for t>0,
/+OO(1 + )72 (t)dt < 400, (1.24)
0

then problem (1.1), (1.2) has one and only one solution.

Proof. First we shall prove the uniqueness of the solution. Let u and @ be
two arbitrary solutions of problem (1.1), (1.2). It is assumed that v(t) =

a(t) — u(t),
Ao(t) = h(t,u(t), u(ro(t)), u“" (1o (t))) —
—h(t,u(t),@(ro(t)), ..., @ D (1rm-1(t))), (1.25)

Aq(t) = R(t,u(t), u(ro(t)), 7 ( 1( )),m,ﬂ(m’l)(Tmfl(t))) -
—h(tult), u(ro(t), @ (11 (1)), ..., 8"V (T (1)), (1.26)
A(t) = h(t,u(t), u(ro(), @ (ra(1)), .., 7" D (11 (1)) —
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—h(tult), u(ro(t), o' (11 (1)), ..., ™D (mn_r(8))), (1.27)
Al(t)
ll(t):{’f(m(t)) for v(ro(£) #0 (1.28)
0 for wv(mo(t)) =0

It is clear that
vD0)=0 (i=0,....m—1), veCy "™
Therefore
O] < @+ F ol (=0,...,m—1),
_3
[o(ro(1)) = o(t)] < (L+75(1)™ |70 (t) = tl|v]lo,m-
On the other hand, on account of (1.20)—(1.23) and (1.25)—(1.28) we have

(=) Ao (B)u(t) > aoo(H)0? (),  (=1)" "™ Mu(t) > aoa (),
-1 1.29
l1(t)] < a1o(?) ) < Za )l (29
and
(=) o™ () = (=)™ Ag(Bu(t) + (=) (0 (8) +
+(=1)" () [o(ro (1) — v(B)]v(t) + +(=1)" T AR)(E) >
> ao(t)v?(t) — [ (8)]|v(r0(t) — v(t)IIU(t)I —|A@)][v(t)] =

> —axo(t)[v(ro(t)) — v()][0(®) Zah Ol (@ @)o()]-
i=1

Therefore
(=)™ ™ (L + )" P (o™ (1) < (1+6)"2"a(t)|[vllom,  (1.30)

where
at)=(1+)"" [alo(t) (1475 ()" " : |70 (t) t|—|—z ar; (t1+7(t )m*i*%}’

On integrating inequality (1.30) from O to ¢ and applying Lemmas 4.1
and 4.4 from [11], we obtain

t t
g [ 1o 6) s < wit) + ol [ (1 "2 a(s)ds,
0 0
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where
n—m—1
w(t) = (n—2m) (=1 4+ D@D (o2 -
=0
n—m—1
_(1 + t)n—2m (_1)n—m—iv(i)(t)v(n—l—i) (t);
=0

moreover,

lim inf |w(t)| = 0.

t——+o0

It is therefore clear that
—+o0
il < ol [ (14 0" ),
0

Hence by (1.7) we find that ||v]|gm = 0. Thus problem (1.1), (1.2) has at
most one solution.

To complete the proof of the theorem it remains to show that if in addition
to (1.7) and (1.20)—(1.23) condition (1.24) is fulfilled, too, then problem
(1.1), (1.2) is solvable.

By virtue of (1.21)—(1.24)

(=)™ h(t, 2, 2,0,...,0)z =
= (=1t [h(t,x,x, 0,...,0) — h(t,0,z,... 7O)]gc +

H-1)"H[A(t,0,2,...,0)=h(t,0,...,0)]z+(-1)"""h(t0,...,0)z>

> ao(t)a? — 13 (t)ag (]| = —alt),

where a(t) = 1i(t) satisfies condition (1.8). Thus all the conditions of
Theorem 1.1 are fulfilled, thereby guaranteeing the solvability of problem
(1.1), (1.2). O

When h(t, z, o, &1, .., Tm_1) = Sorrg Pi(t)z; + q(t) Theorem 1.2 im-
plies

Corollary 1.1. Let (—1)""™1pg(t) > 0 fort € R,
+oo N m_3
[ a0 @I+ w©)" Fr) o +
0

m—1
+ 3 (14 ()™ 2] dt < s
i=1

+oo

At) <1(t)|po(t)| for te Ry, / (1+6)"2™(t)dt < +o0.
0

Then problem (1.1"), (1.2) has one and only one solution.
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Theorem 1.3. Let on Ry x R™*! condition (1.5) and
(=)™ h(t, 2, 2,0,...,0)z > (14 t)""2? — ay(t) (1.31)

be fulﬁlled where \; € [0, 1] ( 0,. — 1), ~ is a positive constant,
a; : Ry — Ry (i = 0,. - 1), nd az : Ry — Ry are measurable
functions such that

n! +oo ) P
0= (277;)!#% - /0 (L+6)""7 [a0(t) (1 4 704 (1)) 22010 (t) — ¢ 4

+ 3 au(®)(A +7i(1) "N ae > o, (1.32)
+Oo(l +t)"az(t)dt < +oo, (1.33)
0
7>—m4_1 [’gn+(m—2)(4rg _m_3)+4lm71—(—1)m%!. (1.34)

Then problem (1.1), (1.3) has at least one solution.

Proof. Problem (1.1), (1.3) is equivalent to problem (1.11), (1.3), where
fw)(t) = ht,u(t),u(ro(t)),...,u™ VD (r,,_1(t))). Using Theorem 1.3 from
[10], we shall prove that problem (1.11), (1.2) is solvable. First of all we
would like to note that the operator f : C"~! — L is continuous on account
of (1.4). On the other hand, for any u € C"~ 1™ inequalities (1.5) and
(1.31) imply

(=1 lu(t) f(u)(t) =

= (=1)" "Rt u(t), u(ro(t)), - - . Y (11 (1)) —
—h(t, u(t),u(?),0,...,0)]u(®) + (—=1)" "™ h(t, u(t), u(t),0,...,0)u(t) >

-1

3

> —a10(t)[ulro(t)) = u(®)*u(®)] = Y ani(®)|u (7 () [u(t)] +
=1

HY(L+ ) u()* — ax(?). (1.35)
However, for any u € C"~ 1™ and i € {0,...,m — 1} we have the represen-
tation

(i) ! t Liy (m)
w9 = ¢ _1_i)!/+oo(t §)m=1=iy(m) (5)ds,

Therefore

+oo
u®(8)] < / (14 )™ 1™ (5)|ds <
t
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< [/t+oo(1+s)—2—2ids}é [/t+oo(1+s)2m|u<m>( ) dsF <
<A+ ullm (i=0,...,m—1), (1.36)
uro(®) = w(O )] = | [ " v o <
<@y 0 ) H iy (t) — Pl <
< (1 +70.(0)) U+ 0) 2 o) — e (14 [luf).  (1.37)

On account of (1.36) and (1.37) inequality (1.35) implies
(=1)" ") f(u)(t) = v+ )T u(t)? = ar(t) uml* — @ (),

where

ar(t) = (1+) [aro(®) (14 70,(6) "2 ro(e) — P +

m—1 -
- a1+ ))‘(”fm], @s(t) = ar(t) + as(t).  (1.38)

Moreover, by virtue of (1.5), (1.14), and (1.36), inequality (1.18) holds,
where

9

m—1 o
b(t,z,y) = bo(t,z) + Z ari(0)(1+7(t)  y (1.39)
=0

and by is the function given by equality (1.14). On the other hand, by
(1.32), (1.38) it is obvious that

n'
 (2m)!
and the function b satisfies condition (1.19).

Thus all the conditions of Theorem 1.3 from [10] are satisfied, thereby
guaranteeing the solvability of problem (1.11), (1.3). O

+oo
na 7/0 (1+t)"ay (t)dt > 0 (1.40)

Similarly to Theorem 1.3 we prove
Theorem 1.3'. Let on Ry x R™*! the conditions (1.5") and
(=)™ h(t . 1)z > (1 1) T — an(t)

be fulfilled, where Ao € [0,1], 7y is a positive constant and a; : Ry — Ry
(1 =1,2) are measurable functions such that

o —/+m(1+t)”é(1+r () (t) — ¢V ar (t)dt > 0
= (2m)!ﬂm . 0% 0 1
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and inequalities (1.33) and (1.34) are fulfilled. Moreover, let for some tg > 0
on [0,tg] x R™*1 the inequality

m—1
|h(t,x,x,x1,...,xm 1 <b0 t, |£L‘| Z (14 z3)
i=1

hold, where by : [0,t0] x Ry — R is a function summable with respect to the
first argument and nondecreasing with respect to the second. Then problem
(1.1), (1.3) has at least one solution.

Theorem 1.4. Let on Ry x R™*! conditions (1.20) — (1.22) be fulfilled,
where a1; : Ry — Ry (i=0,...,m—1) and ap; : Ry — R (j =0,1) are
measurable functions, and there exists a positive number v such that

ao(t) = aoo(t) + aOl(t) > ")/(1 + t)in for te€ R+ (141)

and inequalities (1.32) and (1.34) hold for \; =1 (i =0,...,m —1). Then
problem (1.1), (1.3) has at least one solution. If in addition to (1.20)—(1.22),
(1.32), (1.34), and (1.41) the condition

/+OO(1 +o)n PO 0) gy (1.42)
0 ao(t)

is fulfilled, too, then problem (1.1), (1.3) has one and only one solution.

Proof. As noted above, problem (1.1), (1.3) is equivalent to problem (1.11),
(1.3), where f(u)(t) = h(t,u(t), u(to(t)),...,u™ (1, 1(t))). Let us show
that (1.11), (1.3) has at most one solution.

Let u and W be arbitrary functions from C™~1™ and v(t) = u(t) — u(t).
Then the representation

(1" @) —u(®) (fF@)(t) = f(u)(t) =
:(*1)"’m’1l1(t)v2(t)+( D 1l1(1t)[ (1o(t)) —v(t)]v(t) +
(=) A (B)o(t) + (=1 A()u(t) (1.43)

is valid, where Ay, A, and [; are functions given by equalities (1.25)—(1.28).
Inequalities (1.29) are fulfilled by (1.20)—(1.22). On the other hand,

OO < A+ 2 ol = A+ 2@ —ulw (=0,...,m—1),
7o(t) 3
|o(ro(t)) — v(t)] = ‘/t o/ (s)ds| < (14 70.() "2 ro(t) — tl][T — ulm.

Therefore (1.41) and (1.43) imply

(=D)" "N @() — u®) (F@)(F) — fu)(t) =

> (1 +8) 7" (@) — ult)” - ai(t) @ — ul?,
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where a; is the function given by equality (1.38) for \; =1 (i =0,...,m—1)
and satisfying condition (1.40). Therefore by Theorem 1.3 from [10] problem
(1.1), (1.3) has at most one solution.
Now let condition (1.42) be fulfilled. Without loss of generality it can be
assumed that the inequality (1 —¢)ag(t) > v(1+1¢)~", where € is a positive
constant, holds instead of (1.41). Then (1.21) and (1.22) imply

(=)™ h(t, 2, 2,0,...,0)x > ag(t)z? — |h(t,0,...,0)||z] >
> (1 + )22 + sag(t)a? — 26t ad (#)|zlag (£) > ¥(1 + ) "2? — as(t),
where as(t) = %{J’&)’O). Moreover, since on account of (1.42) condition
(1.33) is satisfied, by Theorem 1.3 problem (1.1), (1.3) is solvable. O

The proven theorem immediately implies

Corollary 1.2. Let (—1)" "™ 1pg(t) > v(1+¢)™™ fort € Ry,

n'

o0 ., 3
= ot [ @0 0] 1+ 70n(0) F ) — ol +

+ Z i (1) (1 + 73(t) 7"~ 2]dt > 0,

/+Oo(1+t) 2()dt<+oo
0 [po(t)]

where 7y is a positive constant satisfying inequality (1.34). Then problem
(1.1), (1.3) has one and only one solution.

§ 2. OSCILLATORY SOLUTIONS
2.1. Equations with Property O,,. We introduce

Definition 2.1. Equation (0.1) has property O,, if each proper solution
w: [tg, +00[— R of this equation, satisfying the condition

+oo
/ ™ (8) [P dt < 400, (2.1)
to

is oscillatory when m is even, and either oscilatory or satisfying, on some
interval [t*, +00[C [to, +00[, the inequalities

(-1 (Hut) >0 (i=0,...,n—1) (2.2)
when m is odd.

Before we proceed to formulating the theorem on equation (0.1) having
property O,, we shall give the following auxiliary statement.
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Lemma 2.1. Let the function u : [tg,+oo[— R be locally absolutely
continuous together with its derivatives up to order n — 1 inclusive and
satisfy the inequalities

u(t) #0, mes{s € [t,+ool: u™ (s) # 0} >0 for t>ty, (2.3)
(=)™ LM (Hu(t) >0 for t>t. (2.4)

Then there are k € {0,...,n} and t* € [ty, +00] such that k+m is odd and

uD(Bu(t) >0 (i=0,....k—1),

- (2.5)
(=) *uDWut) >0 (i=k,...,n—1) for t>1t*
Moreover, if k =0, then t* =ty and therefore
(—1D)uDu(t) >0 (i=0,....,n—1) for t>t,. (2.6)

The above lemma immediately follows from Lemma 1.1 in the mono-
graph [11].
For an arbitrary € > 0 and an arbitrary positive A # 1 we set
D (10, Tm-1) =
1 .
={(t, 20y Tmr) 1> =, Ja] < elm®))™ET (i =0,...,m — 1)},
€

n—m+(m-1\ for 0<A<1
c(A)=<¢n—1 for A>1 and m iseven .
n+A—2 for A>1 and m isodd

Theorem 2.1. Let for some e >0

() >t for t>e ' (i=0,...,m—1) (2.7)
and on the set D.(7q,...,Tm—1) the inequality
(=)™ g(t,z0,...,Tm_1)sgnxg > po(t)|:£0|)‘ (2.8)

hold, where A # 1 is a positive constant and pg : Ry — Ry is a locally
summable function such that

+oo
/ "N po(t)dt = +o0. (2.9)
0

Then equation (0.1) has property Oy, .
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Proof. Assume the contrary, i.e., that equation (0.1) has no property O,,.
Then there is a proper nonoscillatory solution u : [tg, +oo[— R of this
equation satisfying condition (2.1). Moreover, if m is odd, then on each
interval [t*, +00[C [to, +00[ at least one of inequalities (2.2) does not hold.
By condition (2.1) it can be assumed without loss of generality that
to>e 1 u(t) £0 and (t,u(to(t)), ..., u™ D (1, 1(t))) € De(T0,- -, Tm—1)
for ¢ > to. Then inequalities (2.3) and (2.4) are fulfilled on account of
(2.7)-(2.9). By Lemma 2.1 there is t* > ¢, such that we have
w(t)u(t) >0 for t>t*, (2.10)
but if m is odd, then
o' (Bu(t) >0, u”(t)u(t) >0 for t>t*. (2.11)
Let go(t) = g(t, u(to(t)), ..., u™ V(1 1(t)))|u(t)|"* sgnu(t). Then

u™ (t) = go(t)|u(t)| sgnu(t). (2.12)

On the other hand, due to (2.8) and the fact that the function u has a
constant sign we have

(=)™ Lgo(t) > n(t)po(t) for t > to, (2.13)

where 1(t) = |u(ro(t))[Mu(t)|~>. Moreover, by (2.7) and (2.10) we have
n(t) > 1 for t > t*. Therefore (2.9) and (2.13) imply
+oo

)" lge(t) >0 for t>to, / 7N go(t)|dt=+oo. (2.14)
0

By virtue of condition (2.14) and Theorems 15.1, 15.2, and 15.4 from the
monograph [11] we conclude that for the even m (odd m), equation (2.12)
has no proper nonoscillatory solution satisfying condition (2.1) (conditions
(2.1) and (2.11)). The obtained contradiction proves the theorem. O

Quite similarly, using Theorems 1.6 and 1.7 from [11] we shall prove

Theorem 2.2. Let inequalities (2.7) be fulfilled for some ¢ > 0 and on
the set De(7o, ..., Tm—1) the condition

(—1)”_mflg(t, X0y -y Tm—1) SEN To > Po(t)| 2o (2.15)

hold, where po : Ry — Ry is a locally summable function such that

lim sup (t /t+°° 5"72p0(5)d5) >(n—1)!. (2.16)

t——+o0

Then equation (0.1) has property O,,.
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2.2. Theorem on the Existence of Proper Oscillatory Solutions of
Equation (0.1).

Theorem 2.3. Let for some e >0

m(t) >t+A{) for t>et (i=0,...,m—1) (2.17)
and on the Dc(7o,...,Tm—1) the conditions
()" gt z0,. .., Tpm_1)T0 >0, (2.18)

‘g(t,m, X1y ey Tm—1)—g(t, To, 1,4 ..., xm_l)‘ <I(t)|z—zo)  (2.19)

hold, where \g € [0,1], A : Ry —]0,4+00[ is a continuous function and
l: Ry — Ry is a measurable function such that

+oo 3
/71 (1+6)"™3 (14+70() "2 (ro(8) — 1) °U(t)dt < +00. (2.20)

Moreover, let equation (0.1) have property O,,. Then for the even m (odd
m) this equation has an m-parametric ((m—1)-parametric) family of proper
oscillatory solutions.

Proof. Choose tg > é such that

+oo 3
/ (1) 3 (1470() "2 (ro(8) —t) U(t)dt < 7, (2.21)

0

It can be assumed without loss of generality that 7;(¢t) = ¢ for 0 < ¢ < ¢
(1=0,...,m—1). We set

PR for |z| <el[n(t))m 27t
xilh @) {g[n(o]m—é—isgnx for |z| > e[r;(t))m 21’

h(tu Ty, Lo, L1y - 7mm71) =
0 fi 0<t<t
- oF V== 999
g<taxo(tax0)a"'aXm—l(t7xm—1)) for t 2> to
and for any cg,...,cn—1 which are not simultaneously equal to zero we

consider problem (1.1), (1.2).

Due to (2.17)-(2.19), (2.21), and (2.22), conditions (1.5"), (1.6"), and
(1.7") are fulfulled with a1 (t) = 0 for a <t < tg, a1(t) = I(t) for t > tg, and
a(t) =0 for t > 0.

By Theorem 1.1’ problem (1.1), (1.2) has a solution u. From (2.17),
(2.18), and (2.22) it follows that u is a proper solution. On the other hand,
by condition (2.1) there is t* > to such that (t,u(7o(t)), ..., u™ D (1, _1(t)))
D.(79,...,Tm—1) for t > t*. Hence due to (2.22) it is obvious that u is a
solution of equation (0.1) on [t*, +o0].
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However, by our assumption equation (0.1) has property O,,. Therefore,
when m is even, u is the oscillatory solution, and when m is odd, it is
either oscillatory or satisfies inequalities (2.2) on the interval [t*, +ool. If u
satisfies (2.2), then by (1.2), (2.18), and (2.22) we shall have

(=1)fcic; >0 (i=0,...,m—1). (2.23)

Thus if at least one of inequalities (2.23) is not fulfilled, say, ¢;,—1 = 0, then
u will be an oscillatory solution. We have thereby shown that when m is
even (m is odd), to arbitrary numbers cq, ..., ¢m—2 (¢o, ..., ¢m—1), which are
not simultaneously equal to zero, there corresponds at least one oscillatory
solution of equation (0.1). O

By Theorems 2.1 and 2.2, Theorem 2.3 gives rise to the following propo-
sitions.

Corollary 2.1. Let inequalities (2.17) be fulfilled for some e > 0 and on
the set D(7o,...,Tm—1) conditions (2.8) and (2.19) hold, where X\ # 1 is
a positive constant \g € [0,1], A : Ry —]0,+00[ is a continuous function,
while po : R+ — Ry and lp : Ry — Ry are locally summable functions
satisfying conditions (2.9) and (2.20). Then for the even m (odd m) equation
(0.1) has a m-parametric ((m — 1)-parametric) family of proper oscillatory
solutions.

Corollary 2.2. Let inequalities (2.17) be fulfilled for some € > 0 and on
the set De(To, - .., Tm—1) conditions (2.15) and (2.19) hold, where A\g € [0, 1],
A : Ry —]0,400[ is a continuous function, while pg : Ry — Ry and
l : Ry — Ry are locally integrable functions satisfying conditions (2.16)
and (2.20). Then for even m (odd m) equation (0.1) has an m-parametric
((m — 1)-parametric) family of proper oscillatory solutions.

2.3. Sufficient Conditions for the Existence of Proper Oscillatory
Solutions of Equations (0.2) and (0.3). Conditions 2.1 and 2.2 imply
the following propositions.

Corollary 2.3. Let for some ty > 0 the inequalities
() >t +A), (—1)"""Ip(t) >0 for t>tg (2.24)

hold, where A : [ty, +00[—]0,+00[ is a continuous function. Moreover, let

+oo
/ N p(t)|dt = +00

to

and

/+Oo(1 + 0" E (14 7)) TN (g (1) — ) p(8)|dt < +oc,

to
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where A\g = X for0 < A< 1 and \g =1 for A > 1. Then for even m (odd m)
equation (0.2) has an m-parametric ((m — 1)-parametric) family of proper
oscillatory solutions.

Corollary 2.4. Let for some tg > 0 inequalities (2.24) hold, where A :
[to, +00[—]0, 4+00[ is a continuous function. Moreover, let

+oo

lim sup (t/ 5"72|p(s)|d5) > (n—1)!
t——+o0 t

and

+o0 3
/ (16 m=E (14 7(6)™F (r(t) — 0) p(t) dt < +oc.
to

Then for even m (odd m) equation (0.3) has an m-parametric ((m — 1)-
parametric) family of proper oscillatory solutions.

8 3. VANISHING-AT-INFINITY SOLUTIONS

3.1. Existence Theorem for Equation (0.1). For any s € Rand ¢ > 0
we set

(Is] +5),

N |

[s]+ =

Di(11,...,Tm—1) = {(t,xo,ml,...,xm_l) Tt > =
20| < et™F, |ay] < [m(H)] T E(GE=0,...,m—1)}.
Theorem 3.1. Let for somee >0
7(t) >t+A{) for t>et (i=0,...,m—1) (3.1)
and on the set D(T1,...,Tm—1) the inequalities
(=)™ " gt 20, ..., Tm_1)T0 > [y(L+t) "2f — lo(t)}_p (3.2)
|g(t,x,x1, cesTm—1) — g(t, x0, 21, . .. ,xm_1)| <I(t)|z — zo*  (3.3)
hold, where
Y > Yon, (3.4)

Xo € 10,1], A : Ry —]0,400[ is a continuous function, and l : Ry — R4
are measurable functions such that

“+oo “+oo
/ "o (t)dt < 400, / 1737320 (1 (£) =) °1(t)dt < +00. (3.5)
e—1 e—1

Then for even m (odd m) equation (0.1) has an m-parametric ((m — 1)-
parametric) family of vanishing-at-infinity proper oscillatory solutions.
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Proof. By the definition of yo, and condition (3.5) there is ¢y > 1 such that

n!

(2m)!

Mn_/t+°°(1+t)n—;—%(m(t)—t)*%(t)dwo (3.6)

and inequality (1.34) is fulfilled. It can be assumed without loss of generality
that 7;(t) =t for 0 <t <ty (i=0,...,m—1).
Let

et~zsgna for |z|>et~2

1 for =0
X(t7 JJ) = xo (t,z) £

x for |z| <et:
Xo(t7$) = 1

or x#0

PR L for |z| < elr(t)] 2"
Xilt,) {E[Ti(t)]é_isgnx for |z| > e[n(t)] 2%

We set

hit,x, 20, &m—1) =71 +t) "z for 0<t<ty, (3.7)
h(t,z,x0,.. ., Tm-1) =71 +t) "z +

+X(ta CE) [g(ta XO(t, xl)v R mel(tv xmfl))_’y(l—i_t)inXO(ta SU)] (38)
for t > tg.

Let cg, . .., cm—1 be arbitrary numbers which are not simultaneously equal
to zero. Moreover, if m is odd, then ¢,,—1 = 0. We shall consider problem
(1.1), (1.3).

By virtue of (3.1)—(3.8) all the conditions of Theorem 1.3" are fulfilled,
where a;(t) = 0 for 0 <t <ty (i = 1,2), a1(t) = I(t) and az(t) = lo(?)
for t > tg, bo(t,z) = (1 4+ t)""a. Therefore problem (1.1), (1.3) has a
solution u which due to (3.1), (3.2), (3.7), and (3.8) is proper and satisfies
the inequalities

(=)™ (tu(ro(t)) > 0,

3.9
mes {s € [t, +ool: u™ (s) # 0} >0 for t>0. (39)

On the other hand, by Lemma 4.5 from [11],
lim (£F2u@ () =0 (i=0,...,m—1). (3.10)

t——+oo
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By Lemma 2.1 it follows from (3.9) and (3.10) that for even m the so-
lution w is oscillatory and for odd m it is either oscillatory or satisfies the
inequalities

(—D'uD@)u(t) >0 for t>0 (i=0,...,n—1).

The latter assertion, however, can be discarded because when m is odd,
then u(™~1(0) = ¢,,_1 = 0. Therefore u is an oscillatory solution for odd
m as well.

By (3.10) there is t* > t such that (¢,u(1o(t)),...,u™ V(1 1(t))) €
D*(71,...,Tm—1) for t > t*. Hence on account of (3.8) it is clear that u is a
solution of equation (0.1) on [t*, +00[. We have thereby shown that when m
is even (m is odd), to arbitrary numbers ¢y, ..., ¢m—1 (Co,- -, Cm—2) which
are not simultaneously zero, there corresponds at least one vanishing-at-
infinity proper oscillatory solution of equation (0.1). O

3.2. Corollaries for Equation (0.2).
Corollary 3.1. Let A > 1 and the conditions
T(t) > t+A), (=1)""" " 'pt) >0, (3.11)

+oo _2
/ [t"p(t)| T dt < +oo,
fo (3.12)

3+

+0oo \
/t "7 (7(t) — t) |p(t)|dt < +o0

be fulfilled for some to > 0 and a continuous function A : [ty, +00[—]0, +00].
Then for the even m (odd m) equation (0.2) has the m-parametric ((m—1)-
parametric) family of proper oscillatory solutions.

Proof. Let v be an arbitrary positive number satisfying inequality (3.4).
Then by the Young inequality we obtain

Ip®)||zo| Tt > yad —lo(t) for t>to, (3.13)

where
n(n+1

lo(t) = 737 (14 4) 5 p(t) 77T
We set ¢ = %, () = 7(), (t) = t+ Al) (i = 1,...,m — 1), and

g(t, o, ..., Tpm_1) = p(t)|xo|* sgn zg. By (3.11)—(3.13) inequalities (3.1) are
now fulfilled and on the set D*(7y, ..., Tm—1) conditions (3.2) and (3.3) hold,

A—1

where \g = 1 and I(¢t) = At~ "= |p(¢)|. Moreover, [y and [ satisfy conditions
(3.5). Thus all the conditions of Theorem 3.1 are fulfilled. [J

The propositions below are proved quite similarly.
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Corollary 3.2. Let 0 < A < 1 and the conditions

) > t+A®E), (“1)"UH T ) >y for t> 1o,

+oo L
/ 772 7 (8) — 1] |p(#)|dt < o0
to

hold for some tg > 0, n > 0 and a continuous function A : [tg,+oo[—
10,400[. Then for even m (odd m) equation (0.2) has an m-parametric
((m — 1)-parametric) family of vanishing-at-infinity proper oscillatory solu-
tions.

3.3. Biernacki’s Problem for Equations (0.3) and (0.4). ByZ™)(p;7)
and Z™ (po,...,Pm—1:70,-..,Tm_1) we denote respectively the spaces of
vanishing-at-infinity solutions of equations (0.3) and (0.4), and by dim Z
we denote the dimension of the space Z. For the case 7(t) = t we set
Z™ (p) = ZM(p;7). M. Biernacki [12] showed that if p is continuously
differentiable and p(t) | —oo for t — 400, then dim Z* (p) > 1, and he put
forward the hypothesis that the inequality dim Z® (p) > 2 holds under the
same restrictions on p. This hypothesis was later substantiated by M. Svec
[13]. More exactly, he proved a more general proposition: if p is continuous
and for some tg > 0 and n > 0 satisfies the inequality p(¢t) < —n for
t > to, then dim Z(®) (p) > 2. The question about dimension of the space of
vanishing-at-infnity solutions of linear homogeneous differential equations
of an arbitrary order was initially treated in [14]. 2 In particular, it is
shown there that if p is locally summable and (—1)" " 1t"p(t) — +oo for
t — 400, then dim Z(™ (p) > m. The problem of dimensions of the spaces
Z™ (p;1) and Z (po, ..., Pm—1;70,---,Tm_1) has never been studied for
the cases 7(t) Z0 and 7;(t) £t (i =0,...,m — 1).

Theorem 3.2. If

+o0o
lim inf [(=1)"~"" " po(t)] > ~on, / " TIp(t)dt <400,  (3.14)
0

t——+oo

where p(t) = (1+ 70.()) "2 |ro(t) = tllpo(t)] + 272, (1 + (D)) 72 |pi(#)]
and 7o.(t) = min{t, |70 (¢)|}, then

dimZ(”)(po,...,pm,l;To,...,Tm,l) >m. (3.15)
Proof. By (0.5) and (3.14) there are positive numbers ¢y and 7 such that
7(t) >0 (i=0,...,m—1), (=1)""" " Ipo(t) > v(1+1t)~™ for ¢t > to,

= no— "2 p(t)dt >
em)!tm ), b

3See also §§4 and 5 of [11] where a detailed account of the results connected with this
problem is given.
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and inequality (1.34) holds. It can be assumed without loss of generality
that po(t) = 2y(1+t)™", pi(t) = 0 (: = 1,...,m — 1), and 7;(t) = ¢t
(it =0,...,m—1) for 0 <t < ). Now, obviously, all the conditions of
Corollary 1.2 will be fulfilled. Therefore problem (0.2), (1.3) has one and
only one solution for any cg,...,cn—1. However, as mentioned above, this
solution is vanishing at infinity, and therefore inequality (3.15) is valid. O

The theorem proved for equation (0.3) gives rise to

Corollary 3.3. If

+oo
liminf [(—1)""™"""p(t)] > Yon, / t”fé'ﬁ(t)dt < 00,
0

t—-4o0
where p(t) = (14 7.(£)) "2 |7(t) — t||p(t)| and 7.(t) = min{t,|7(t)|}, then

dim Z™ (p; 7) > m.
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