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ON A DARBOUX PROBLEM FOR A THIRD ORDER
HYPERBOLIC EQUATION WITH MULTIPLE
CHARACTERISTICS

O. JOKHADZE

ABSTRACT. A Darboux type problem for a model hyperbolic equation
of the third order with multiple characteristics is considered in the

case of two independent variables. The Banach space (C} i’l, a >0,
is introduced where the problem under consideration is investigated.
The real number g is found such that for @ > «p the problem is
solved uniquely and for a < ag it is normally solvable in Hausdorff’s
sense. In the class of uniqueness an estimate of the solution of the
problem is obtained which ensures stability of the solution.

§ 1. FORMULATION OF THE PROBLEM

In the plane of independent variables x,y let us consider a third order
hyperbolic equation

Uzay = [ (1.1)

where f is the given and u the unknown real function.

Straight lines y = const form a double family of characteristics of (1.1),
while x = const a single family.

Let 75 : 90 = @3, 0 <7 < +o0,i=1,2,0 < 1 < w2 < 3, be two rays
coming out of the origin of the coordinates O(0,0) written in terms of the
polar coordinates r, . The angle formed by these rays will be denoted by
D:p; <9< @ 0<r<+4oo. Let P) and P be the points at which
v1 and 7 intersect respectively the characteristics L;(P%) : x = x¢ and
Ly(PY) : y = yo coming out of an arbitrarily taken point P°(zg,yo) € D.
Equation (1.1) will be considered in the rectangular domain Dy : 0 < z <
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g, 0 < y < yo, bounded by the characteristics z = 0, x = ¢ and y = 0,
Y = Yo-

Equations of segments OPY, OPY of the rays 1, 72 will be written in
terms of rectangular coordinates z,y as OPY : y = piz, 0 < = < g;
OP) : x = pay, 0 < y < 7o, where p; = tg1, pa = ctgps and 0 < p1ps =

tg o1
tg @2 <l

For equation (1.1)7we shall consider a Darboux type problem formulated
as follows: Find in Dy a regular solution u : Dy — R, R = (—o0, +00), of
equation (1.1), satisfying on the segments OPY and OPY the conditions

(Mluacx+N1u3:y+P1ux+Q1uy+S1u)|OPf :fla (12)
(MQUII + N2Umy + PQUI + QQUy + SQU‘)|OP20 = f2’ (13)
(M3uzs + Naugy + Pyug + Qsuy + Ssu)|opo = f3,

where M;, N;, P;, Q;, S;, fi,i=1,2,3, are given continuous real functions.

A function v : Dy — R continuous in Dy together with its partial deriva-
tives DiDJju, i = 0,1,2, j = 0,1, i+j > 0, D, = &, D, = a% and
satisfying equation (1.1) in Dy and conditions (1.2)—(1.4) is called a regular
solution of problem (1.1)- (1.4).

It should be noted that the boundary value problem (1.1)—(1.4) is the
natural development of the well-known classical formulations of Goursat
and Darboux problems (see, for example, [1]-[4]) for second-order linear
hyperbolic equations. Variants of Goursat and Darboux problems for one
hyperbolic equation and systems of second order, and also for systems of
first order, are investigated in some papers (see, for example, [5]-[13]). Note
that the results obtained in [7]-[9] are new even for one equation and in a
certain sense bear a complete character.

Initial-boundary and characteristic problems for a wide class of hyper-
bolic equations of third and higher order with dominating derivatives are
treated in [14]-[19] and other papers.

Remark 1.1. Conditions (1.2)—(1.4) take into account the hyperbolic na-
ture of problem (1.1)—(1.4) as they contain only the derivatives dominated
by the derivative D2D,u.

Remark 1.2. Since the family of characteristics y = const is the double
one for the hyperbolic equation (1.1), two conditions (1.3), (1.4) are given
on the segment OPY.
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Remark 1.3. The above problem could be formulated also for an angular
domain bounded by the rays 1, 72 and the characteristics Ly (P°), Ly(P°)
of (1.1) under the same boundary conditions (1.2)—(1.4), but, as is well
known, the solution u(x,y) of the thus formulated problem continues into
the domain D as the solution of the original problem (1.1)-(1.4). The
problem formulated in the form of (1.1)—(1.4) is convenient for further in-
vestigations provided that equation (1.1) contains dominated lowest terms
and the Riemann function is effectively used.

Let us introduce the functional spaces

Co (Do) ={u:ue C(Dy),u(0) =0, sup |z|"%u(z)] < oo},
27#£0,2€D
a>0,z=x+1y,

o

Ca [0,d] ={¢: ¢ € C0,d],p(0) =0, sup t~%|p(t)] < oo},
0<t<d

a>0,d>0.

For o = 0 the above classes will be denoted by C (Dyg) and C [0, d], respec-
tively.

Obviously, é’a (Do) and é’a [0, d] will be the Banach spaces with respect
to the norms

— —Q
lllg, 5, = swp_ L2l el

a (Do) 27#£0,2€D)

= sup tia|<p(t)|a
Al o<t<d

respectively.
It is easy to see that the belonging of the functions u Eé’ (Do) and

%) 68’ [0,d] to the spaces é’a (Dy) and 8’& [0, d], respectively, is equivalent
to the fulfillment of the following inequalities:

u(2)] < e1]21%, = € Do, w5)
lo(t)] < eat®, t€10,d], ¢; =const >0, i=1,2. (1.6)

The boundary value problem (1.1)—(1.4) will be investigated in the space

C 21 (Do) = {u: DiDiu €Cu (Do), i =0,1,2, j = 0,1},
which is Banach with respect to the norm

1

2
o — - D,lD] o _ .
lallgs ., = 20 S IDEDulls o
=0 j=0
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To consider (1.1)—(1.4) in the class 8’ 21(Dy) it is required that
f €Ca (Do), Mi,Ni,P1,Q1,51 € C[0,z0], My, Ni, P;,Qi,8; € C[0,y0),
1= 2737 fl €Ca [07:170]7 f’i €Ca [07y0}7 1= 253

§ 2. INTEGRAL REPRESENTATION OF A REGULAR SOLUTION OF THE
(o] R
Crass C 21(Dy) oF EQuATION (1.1)

The integration of equation (1.1) along the characteristics enables us to
prove that the following lemma is valid.

Lemma 2.1. The formula

x

ulz,y) = / (z— €)p(E)de + / $(m)dn + @ / () +
0 0 0

" / / (— &) f(€.n)dédn, (x.y) € D, (2.1)

establishes the one-to-one correspondence between regular solutions u(x,y)
of the class 8’ 21(Dy) of equation (1.1) and values ¢ Gé’a [0, 0], ¥,v €

CO’(X [O7y0] NOtE that (IO(I) = uxx(xvo)) O S x S 330, ’lr/)(y) = uy(07y)7
V(y) = Umy(ovy): 0<y<uyo.

Proof. Introduce the notation u(z,0) = ¢1(x), 0 < x < x9, u(0,y) = ¥1(y),
uz(0,y) = v1(y), 0 <y < yo. It is obvious that ¢1(0) = ¢}(0) = ¢1(0) =
v1(0) = 0. Further, by integrating (1.1) twice and one time along the
characteristics y = const and x = const, respectively, we obtain

u(z,y) = p1(z) +P1(y) +2vi(y) +

xz Y

+ / / (x — ) f(€.n)dédn, (x,y) € Do. (2.2)

Let @Y (z) = ¢(z), 0 < & < zo, P1(y) = »(y), vi(y) = v(y), 0 <y < yo.
Then (2.2) takes the form of (2.1).

From u €C 21(Dy) it follows that ¢ ECO’a [0, z0], ¥, v Gé’a [0,y0]. To
prove the converse statement note that by (1.5), (1.6) we have the estimates
p(@)] < esa®, @ € [0, 0], [U(y)] < cay®s [v(y)] < sy, y € [0, 90l
‘f(xay” < CG‘Z|Q7 z = (xay) € 507 Coti = const > 07 1= 17273'



ON A DARBOUX PROBLEM 473

Setting ¢ = (£,m), from formula (2.1) we have
T Yy Yy
lu(z,y)| < C3$0/§adf+04/77ad77+05$0/ﬂadn+
0 0 0

Tz Y
+06300//|C|°‘d€d77 < crl2|%,

0 0

where ¢; = a+1 (€373 + cayo + c5Toyo) + cexdyo > 0, z € Dy.

Hence u EC’(, (Do). In a similar but relatively simpler manner it is proved
that DiDiu €Cy (Do), i = 0,1,2, j = 0,1, i+ j > 0, and therefore u €
C %' (Do). O

§ 3. REDUCING PROBLEM (1.1)—(1.4) TO A SYSTEM OF
INTEGRO-FUNCTIONAL EQUATIONS

Substituting (2.1) into conditions (1.2)—(1.4) gives us

My (2)p(x) + [o [Pr(x) + Si(x) (2 — O))p(E)dé + Q1 (z)p(pra)+
+S1(x) J§ w(n)dn + [Ni(2) + 2Q1(x)]v(p12) + [P1(2)+
+xS( )] T u(n )dn fi(z), 0 <z <,

Qi(y)v(y Y) Jo ¥ d77+ i((y) + p2yQi(y)v(y)+ (3.1)
+[P; (y)+p2y5 fo d77+M( ) o(pay) + 7 [Pi(y)+
+8i(y) (p2y — E)p(€)dE = fily), i=2,3, 0<y<yo,

where
fil@) = fu(x) — My(z) [ f(x,m)dn — fo (&, pro)dé—
—Pi(z) [ J§ T £n>d§ dn— Qi (x fo x — &) f(€ pra)dé—
—5S1(x) fo plz = &) f(&m)dE dn, 0 <z < x,

fily) = fily) - fo (poy, m)dn — Ni(y) [7* F(&y)de— (3.9
—Pi(y) 3" fo n)de dn — Qi(y) [ (pay — &) (&, y)dé—
—Si(y) ”wfo pay — &) f(&,m)dE dn, i =2,3, 0 <y < yo.

Transferring all the integral terms contained in system (3.1) to the right-
hand side, we have
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M (z)o(x) + Q1(z)Y(prz) + Ri(x)v(prz :
Q2(y)¥(y) + Ra(y)v(y) + Ma(y)p(p2y) = Fa(y), 0 <
Qs()Y(y) + Rs(y)v(y) + M3(y)p(p2y) = Fs(y), 0 <

where

P2y

- / P(y) + S:(y) (pay — E)p(€)dE, i =23, 0<y <y,
0
Ri(z) = Ni(z) + 2Q1(x), 0 <z <z,

Ri(y) = Ni(y) + p2yQi(y), i =2,3, 0 <y < yo.
Rewrite equations (3.4) and (3.5) as follows:

Qi(Y)Y(y) + Ri(y)v(y) = Fi(y) — Mi(y)e(p2y),
i=2,3, 0<y<uyo. (3.6)

Assuming that

_ | Q2(y) Na(y)
Aly) = Q3(y) Ni(y)

we find from system (3.6) that

Y(y) = a1(y) — bi(y)p(p2y),

#07 OS ySyOa (37)

v(y) = az(y) — b2(y)e(p2y), 0 <y < yo, (3.8)
where
ar(y) = A7 (y)[Fa(y) Rs(y) — Fa(y) Rz (y)),
bi(y) = A7 (y)[Ma(y) Rs(y) — Ms(y) Ra(y)),
az(y) = A7 (y)[Fs(y)Q2(y) — Fa(y)Qs(v)],
ba(y) = A~ (y)[Ms(y)Qa(y) — Ma(y)Qs(y)], 0 <y < yo.
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Note that here and in what follows the upper index —1 means the inverse
value.

Let
Mi(x) #£0, 0<a < x. (3.9)

If the obtained expressions for the functions 1 (y), v(y), 0 <y < yo, are
substituted from (3.8) into equality (3.3), then we shall have

p(x) = a(@)p(ror) = F(z), 0<z <, (3.10)

where a(z) = My (2)[Q1(2)b1 (p12) + Ra(2)b2(p12)], F(x) = My (2)[F1 (@)
— Qi(z)ai(piz) — Ri(x)az(p1x)], 0 < < xo, 70 = p1p2-
Simple calculations lead to

= Jo Ki(z,£)p()dé + [ Ka(x, &)p(&)de+
+K3( ) ot p(m)dn + Ka(x) ¢ v(n )dn+F4(x), 0 <z < m,
a1(y) = [ Ks( E Y)e(&)dé + Ke(y) [ v (n)dn+
+K7 fO n)dn + F5( ), 0<y< yo7 (3.11)
as(y) = ”’Ks(é y)p(£)dE + Ko(y) f3 w(n)dn+
+K10 ) J5 v(n)dn + Fs(y), OgySyo,

where K1(x,€), 0 <z <z, 0 <& <z, Ko(,8), 0 <z <12, 0<E< 71001,
Kl(z)7 0 S X S Xo, 1= 3747 Kz(gvy)v 0 S g S P2Y, 0 S Y S Yo, 1= 5383
K;(y), 0 <y <wyp,i=6,7,910, expressed in terms of the My, N;, P;,
Qi, Si, p1, p2, i = 1,2,3, are continuous kernels of the integral terms
contained on the right-hand sides of system (3.11), while the functions Fj,
i1 =4,5,6, denote the following values:

Fiy(z) = My () fi(2) + [M] ' (2)Ra(a JA™ (1) Qs (p12)—
—M;H(2) Q1 (x) A (PlfU)R:s(PlI)]fz(PliEH

+[MH (2)Q1 (2) A (1) Ra(pr) —

Ry(x)A~ 1(P1$>Q2(P1$)]f3( ) 0 <2<z, (3.12)

Jfg(y)— Y(y)Ra(y) f3 fa(y), 0 <y <o,

J3y) = AT W)Qs () f2(y), 0 <y < wo.

Introducing the notation

(Kp)(z) = p(z) — a(@)p(ror), 0<z <z, (3.13)
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equalities (3.8), (3.10) due to (3.11) we can write as

(Kp)(z) = [y Ki(z,&)p(€)de + [;°" Ka(,&)p(E)dé+

+K3( ) o p(m)dn + Ka(x) [ v(n )dn+F4(x), 0< 2 < o,

= [J*Y Ks( 6 Y)e(&)dé + Ke(y) [ ¢(n)dn+

+K7 fo dn_bl( ) (P2y)+F5( ) 0 <y < o, (3.14)
v(y) = [ Ks(&, y) (&)de + Ko(y) [ (n)dn+

+K10(y) fy v(m)dn — ba(y)e (sz)+F6( ), 0<y < yo.

Remark 3.1. It is obvious that if conditions (3.7), (3.9) are fulfilled, then
in the class C 21(Dg) problem (1.1)—(1.4) is equivalent to the system
of equations (3.14) with respect to the unknowns ¢ Eé’a [0, zo], ¢¥,v €
Ca [0,50].

§ 4. INVERTIBILITY OF THE FUNCTIONAL OPERATOR K DEFINED BY
EQuaLiTy (3.13)

Assume that conditions (3.7), (3.9) are fulfilled. Set 0 = a(0) and oy =
—loglol/logmo (o £ 0).

Lemma 4.1. Let either 1 or v2 be the characteristic of equation (1.1)
(i.e., 70 = 0).Then the equation

(Ko)(z) =g(x), 0<x< w0, (4.1)
has a unique solution in the space 8’& [0, 0] for all a > 0.

The proof follows from the fact that under the assumption of the lemma

[e]
K is the identity operator in the space C [0, o).

Lemma 4.2. Let the straight lines 1, 2 be not the characteristics of
equation (1.1) (i.e., 0 <19 < 1) and o # 0. Then for a > ag equation (4.1)

[e]
has a unique solution in the space Co [0,20] and for the inverse operator
K~! we have the estimate

[(K™g)(@)] < ca®gll -

4.2
Sl (4.2)

where the positive constant ¢ does not depend on the function g.
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Proof. We introduce into consideration the operators

(Tp)(x) = a(x)p(rox), 0 <a <wo, K '=T+ ZF]’, (4.3)

where I is the identity operator. It is easy to see that the operator K !
formally inverse to the operator K. Thus it enough for us to prove that the
Neuman series I + 72, TV converges in the space Ca [0, zo].

By the definition of the operator I' from (4.3) we have (IV¢)(z) =
a(z)a(rox) ...a(rd ' z)p(riz), 0 < & < x. The condition a > ag is
equivalent to the inequality 7§*|o| < 1. Therefore by virtue of the continuity
of the function a and the equality a(0) = o there are positive numbers &
(e < x0), 6 and ¢ such that the inequalities

la(x)| < o] +6, 75(Jo]+d)=qg<1 (4.4)

will hold for 0 <z < e.

It is obvious that the sequence {7-01:} ° o uniformly converges to zero as
j — oo on the segment [0, zo]. Therefore there is a natural number jy such
that

Tgl' <eg, for 0 <z <z, j>Jo. (4.5)

log emgl
log 7o

We can take as jo, say, jo = [ } +1, where [p] denotes the integral

part of the number p.
Let omax la(x)| = B. By virtue of (4.4), (4.5) the following estimates

hold for j > j9, g GC’Q [0, zo):

(L g)(@)| = la(@)a(rox) ... a(rg"2)| - la(r3"z) ... a(r] " "2)] - |g(rg )| <
< B (o] +6)7 7% () g

Cal0,z]
< 8((a] + ) (5ol + ) 2l =eowialgll,
0 o[0,2] Cal0,a)’
where cq = 37 (|o| 4 §) 770
For 1 < j < jo we have
(T g) ()] < B () lgl - < Falglle, . (4.7)

Ca[o z) C«al0,x]
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Now by (4.6) and (4.7) we eventually have

@) = (K g)(@) < lg@) + | S (Mg)@)| +| 3 (Mo)e)| <

Jj=jo+1

Jo 0o
< (1 + I+ j)x"‘ o =
(e o 3 ),

Jj=jo+1

Jo y glott
- 1 ) @ o 5
( £ 3 eog)e oleg

from which we obtain the continuity of the operator K ~' in the space
o
Ca [0,20] and the validity of estimate (4.2). O

Remark 4.1. If o = 0, then the inequality 7§|o| < 1 is fulfilled for any
a > 0 and, as seen from the proof, in that case Lemma 4.2 holds for all
a > 0.

Lemma 4.3. Let the straight lines 1, v2 be not the characteristics of
equation (1.1) (i.e., 0 < 79 < 1) and o # 0. Then equation (4.1) is solvable

[e]
in the space Cy [0, 0] for a < ag and the homogeneous equation correspon-
ding to (4.1) has in the said space an infinite number of linearly independent
solutions, i.e., dim Ker K = oo.

Proof. The condition a@ < g is equivalent to the inequality 7§o] > 1.
Therefore, as in proving Lemma 4.2, there are positive numbers ¢1 (¢1 < ),
61 and ¢ such that the inequalities

o™ (@) < (lo] = 61)7, Jo] =61 >0, 75 (lo = 61) =q; ' > 1 (4.8)

will hold for 0 < z < &7.
It is easy to see that the operator I" from (4.3) is invertible and

(T™p) (@) = a™ (15 '2)p(rg '2), 0<a < 7oer.
Rewrite (4.3) in the equivalent form
p(z) = (T p)(x) = (T g)(2), 0<a < mer (4.9)

Obviously, for any « from the interval 0 < x < 7pe; there exists a unique
natural number n; = nq(z) satisfying the inequalities

T0E1 < 7o ta < e7.
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It is easy to verify that

log e7* log 7"
i (z) = [Og “1 x} >%®at (4.10)
log 79 log 79

Similarly, for e; < x < z( there exists a unique natural number ny =
ng(x) satisfying the inequalities

ToE1 < T6L2!E <é€q.

o log e e
Clearly, no(z) = [1 s e }
One can easily verify that any continuous solution on the half-interval

0 < z <z of equation (4.1) or (4.9) is given by the formula

ooz ), T0e1 < x <eq,
@) (z) — (T g) (@), 0<a < mer, (4.11)

plz) =S (T
(I=@g ><x>—Z?i<o“*1<rjg><x>, x> el

where ¢ is an arbitrary function from the class C[rge1, 1], satisfying the
condition ¢°(g1) — a(e1)@’(10e1) = g(e1).

Let us show that the function ¢ given by (4.11) belongs to the class
Cla [0, 2] for g eCa [0, 79]. The arbitrariness of ¢° implies that Lemma 4.3
holds for equation (4.1).

By (4.8), (4.10) the estimates

(OO p(@)] = |a (r5 ' w)a (5 ). a7 mp " Pae(ry V)| <

< (Jo] = 61) "™ @[ otryeren] < 76" Nl roes,e) <
log 5;11 )

— 1)« P
S 7—0( s ||<PO||C[7051,51] =To Oéé—l axaH(pO”C[ﬂ)EhEl] (412)

hold for 0 < z < T9e1.
In a similar manner for 0 < z < 79¢; and 1 < j < nj(x) we have

(T g)(@)] < (lof = 61) 7 (rg )Hﬂ

Ca[Oa:]

_ « _ —7 . _ P
= [0l = 01 e gl =ala"lgl

Cal0,zo]
Hence it follows that

n1(x) ni(z)

> @] < (X d)allaly, . <

j= j=1

q1 «
< —=z o . 4.13
S — ”mwad (4.13)

=
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By (4.12) and (4.13) we conclude that the function ¢ given by (4.11) and
being a solution of equation (4.1) belongs to the class 8’a [0,20]. O

§ 5. PROOF OF THE MAIN RESULTS
Theorem 5.1. If at least either ~y1 or s is the characteristic of equation
(1.1) (i.e., 190 = 0) and conditions (3.7), (3.9) are fulfilled, then problem
(1.1)—(1.4) has a unique solution in the class C 21(Dy) for all a > 0.

Theorem 5.2. Let conditions (3.7), (3.9) be fulfilled and the straight
lines 1, 2 be not the characteristics of equation (1.1) (i.e., 0 <19 < 1). If
the equality o = 0 holds, then problem (1.1)—~(1.4) is uniquely solvable in the

class C 2L(Dy) for all o > 0. If however o # 0, then problem (1.1)—(1.4)

is uniquely solvable in the class (Oj' 2L(Dy) for a > ag, while for a < ag
problem (1.1)—(1.4) is normally solvable in Hausdorff’s sense in the class

8’ 21(Dy) and its index » = +oo. In particular, the homogeneous problem
corresponding to (1.1)—(1.4) has an infinite number of linearly independent
solutions.

Proof. Rewrite system (3.14) in terms of the new unknown functions

Y(y) + b1 (y)e(p2y) = w(y), v(y) + ba(y)e(p2y) = Ay), 0 <y < yo,

as
(Ko)(z) = [y Kui(z,8)e(&)dé + Ks(z) [ w(n)dn+
+K4( ) p1$>\( )d’I]+F4( ) O<$<CEO,
w(y) P2y K12( ) ( df + K(; fO d?H- (5 1)
+K7 ) Jo A(m)dn + Fs(y), 0<y<yo, '
Ay) = [ K13(&, 9)@(€)dE + Ko(y) [ w(n)dn+
+K10 fo dn+F6() OSyﬁyo,
where
K1 (7, §) = Ki(w,§) + K{(x,§),
K (2, €)= K(2,6)+p3  [K(2)bi(p3 1 €) + Ka(2)ba(p3 '€)], 0<E <o,
LS/ 0, mr<é<Lua,

K12(&,y) = Ks5(&,y) + p3 ' [Ke(y)bi(p3'6) + K7 (y)ba(p3 ")),
Ki3(&,y) = Ks(&,y) + p3  [Ko(y)bi(p3 '€) + Kio(y)ba(py '€)]. O
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Remark 5.1. If po = 0, then ¥(y) = w(y), v(y) = A\(y), 0 <y < yp, and
the introduction of the new unknown functions w and A is superfluous.

We can rewrite system (5.1) in terms of the new independent variables
m:x0t7y:y0t7€:$07—77]:y07—70§t77§ 17 as

(K@)(t) = [y Kui(t,7)@(r)dr + K5(t) [ &(r)dr+

+K4() X )dT+F4()o<t<10<%zﬁ<1,
G(t) = f”‘leg(T OG(r)dr + Ke(t) [y O(r)dr+

+K7 fO dT+F5()0<t<]. O<METQ<1,
At) = f”tmg(r H@(r)dr + Ko(t) [5 O(r)dr+

+K10 fO dT+Fb() OStSL

(5.2)

where the functions with waves are expressions of the corresponding func-
tions in terms of the variables ¢ and 7, for example, ¢(x) = @(xot) =
o), wly) = w(got) = w(t), Kn(t,NT) = xoK11(zot, zoT), Kio(7,t) =
roK12(w0T, yot), K3(t) = yoKs(zot), Ke(t) = yoKe(yot), 0 <t, 7 < 1.

Let T;(p, @, X), i =1,2,3, be the linear integral operators acting by the
formulas

T1(@.5, (1) = [y Kn(t.7)@(r)dr + Ks(t) [;" O(r)dr+

+K4t)f0”)\ )dr, 0<t<1,0<7 <1,

( /\)(t)zfo Kio(m, )@(r)dr + Ko(t) fy O(7)dr+
Kz(t) [y A(r)dr, 0< ¢ <1, 0< 7 < 1,

( 3, A1) foﬁKlgn)( )dr + Ko(t) [5 &(r)dr+

+Eo(t) [y A(r)dr, 0 <t < 1.

(5.3)

Remark 5.2. The integral operators T;, i = 1,2,3, acting by formulas
(5.3) are Volterra type operators.

To prove Theorems 5.1 and 5.2 we shall solve system (5.2) for the un-

known functions @ GCo'a, w Gco'a, A ECo‘a, using the method of successive
approximations. B
Set @o(t) =0, Wo(t) =0, Ag(t) =0,0<t <1, and for n > 1,

T1t

(K&n)(t) :/f{u (t,7)Pr_1(7)dT + K3(t) /an,l(T)dTJr

0
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t t

W (t) = / K1o(7, )@ (7)d7 + Kg(t) / B (T)dr +
0 0

+ K7 (t) /Xn,l(T)dT +F5(t), 0<t <1, (5.5)

0
t

() = / Rus(r, )31 ()dr + Kolt) / B (F)dr 4+
0 0

+km@/5%uﬂM+ﬁumOStSL (5.6)
0

where the operator K acts by (3.13).

Using estimate (4.2) and taking into account Remark 5.2, we shall prove
below that under the assumptions of Lemma 4.1 or Lemma 4.2 we have the
estimates

>4 > Ln n+o

|[Pr+1(t) — En(t)] < Mﬁt e, (5.7)
. _ L

|Dn41(t) — @n(t)] < Mﬁt"“‘, (5.8)
~ - "

[An41(t) = An ()] < Mﬁt"“‘, (5.9)

where M = ]\4(]\427 Ni, Pi, Qi7 Sz', fl,’L = 1, 2, 3, f, C, P1, pg) > O7 L = L(Ml,
N;, P, Qi,Si,i =1,2,3,¢,p1,p2) > 0 are sufficiently large positive numbers
which do not depend on n and which are to be defined, while ¢ is the
constant from (4.2).

Proof of Estimates (5.7)—(5.9). Since a restriction is imposed on f, f;, i =
1,2,3, we have ﬁ3+i Eco'a, i = 1,2,3. Indeed, by (1.6) we have |f1(z)] <
k1z®, k1 >0, a > 0, x € [0,z¢]. Further, the first of equalities (3.2) gives

pLT T
LMMsmw+m%/u%mwmm+m%/@+ﬁﬁw%u-
0 0

T p1T

—|—k;466/ /(52 + ) 2dedn < ksz®, x € [0,x0], a >0,
00

where ky = kqy(My, N1, P1,Q1,51), ks = ks(k1, k4, ¢, o, @, p1) are the com-
pletely defined positive numbers.
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Hence we conclude that fl ECO’a. The case fg, fg €Co’a is proved similarly.

Taking into account the expressions of the functions Fs;, i = 1,2, 3, from
(3.12), it is now easy to establish that f3+i Eé’a, i = 1,2,3. Therefore by
(1.6) the following estimates hold: |F54;(t)] < 034t or t~*|F34;(t)| < 0344,
1=1,2,3, « >0, t € [0,1]. If in this inequality ¢ is replaced by s € [0, ],
then by the definition of a norm in the space Co’a [0,t] we shall have

[ i || o < 1= . .
1Fotillg, oy < Osvi i=1,2,3, ¥t €[0,1] (5.10)

Since Fo(t) = @o(t) = Ao(t) =0, 0 < ¢ < 1, and under the assumptions
of Lemma 4.2 estimate (4.2) holds, from (5.4), (5.10) we shall have

Z1(t) — Go(t)] = |B1(8)] = (K F)(t)| <
< ct®||Fyll o a, )
<ty < hat (5.11)

)

(5.5), (5.10) in turn imply

@1(t) = Bo(t)| = @1 (1)] = [F5(1)] < Ot (5.12)
Similarly, (5.6), (5.10) give

X1 (t) = Ao(6)] = (M (B)] = |Fs(t)] < Ogt™. (5.13)

Assuming that estimates (5.7)—(5.9) hold for n, n > 0, let us prove that
they are valid for n + 1 for sufficiently large M and L.

Denote by K the largest of the numbers sup | K14 (t, 7)),
B (t,7)€[0,1]x[0,1]
i=1,2,3, sup |Ki(t)],i=3,4,6,7,9,10.
t€(0,1]
From (5.4) we have

K(SEnJr? - ¢n+1)(t) = T(@nJrl - ‘Zm wnJrl - ‘*ij )‘n+1 - Xn)(t)> (5‘14)
where

t
T(Grst — Fos Bt — By At — ) () = / Bt (67) @i — Bu) (7 +
0

T1t T1t

+Ra() / (@ss — B (r)dr + Ra(t) / Gonss — Ao)(7)dr-
0 0
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Further, for the right-hand side of (5.14) we have the estimate

~ S ~ ~ ~ L7
T(gﬁn+1 — gpn,wn_H — Wn, /\n+1 — )\n)(t) S KMF /TnJradT +

T1t T1t
~ n

L ~ L"
+KM— / A + KM — / T dr <
n! n!

0 0

<3KM it (5.15)

(n+1)!
As in deriving inequality (5.10), we shall have

||T(§57L+1 - &n; a}n-&-l - &ny )\n+1 - Xn)H o

<3KM nt1
Cal0t] — (n+1)!

Now (4.2), (5.14), and (5.15) imply

|(‘En+2 - ‘Zn+1)(t)| = HK_IT(@nJrl - ‘Zmarwl - ‘En: )‘n+1 - A )}(t)l <

< Cta||T(‘En+l - &na&n—&-l - ‘:}na n+l — )H Cul0d] =
7> n+l4a
< 3cKM nt 1)!t . (5.16)
Similarly, from (5.5) and (5.6) we find
~ o~ % n+l4a
(@rsa = ) (O] < 3eRM 2t
(5.17)
Atz — Ang1)(8)] < 3¢KM grtite
(o = Ao 0] < 3eRM 2

From (5.11)-(5.13), (5.16), and (5.17) it immediately follows that if we
set

M = max{cby, 05,06}, L =max{3cK,3K}, (5.18)

then estimates (5.7)—(5.9) shall be valid for any integer n > 0.
(5.7)—(5.9) imply that the series
P(t) = limp oo Gn(t) = 220 o (Prr1(t) — Pn(t)),
B(t) = im0 B () = 200Gt () — Du1), (5.19)

/\(t) = limy, 0 An(t) = Zzozo(/\n+1(t) - /\n(t))a 0<t<1,

converge in the space &1 [0, 1] and by virtue of (5.4)—(5.6) the limit functions
@, W, A satisfy system (5.2). Returning to the previous variables z, y and
the functions ¢, ¥, v, we thus conclude that these values satisfy system
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(3.14). Further, by Lemma 2.1 the function u represented by formula (2.1)
belongs to the class C 21(Dy). Tt is thereby shown that in the plane of the
variables z, y the function u is a solution of problem (1.1)—(1.4) belonging
to the class C 21(Dy).

We shall now show that problem (1.1)—(1.4) has no other solutions in
the class CO' 21(Dg). Indeed, let the function u® be a solution of the
homogeneous problem corresponding to (1.1)—(1.4) belonging to the class
C 21(Dg). Then the functions @°(t) = ¢%(zot) = ¢°(z) = 49, (,0),
5°(1) =8 (ot = (5) =0 (9) + b1 (4) (p2) =u(0. ) + b1 (9}, (2. 0).

X0(#) = A% (yot) = X°(y) =1 (y) + ba ()¢ (p2y) =ul, (0, 9) + ba(y)ul, (p2y, 0)
satisfy the homogeneous system of equations

(K@) (t) = [7 K11 (t, 7)@°(7)dr + K3(t) [ &0 (7)dr+
+K4 f“txo )dr, 0<t<1,

Ot) = Klz(T )@ (r)dr +K6 fo OO (r)dr+ (5.20)
+K7 fo/\o Ydr, 0<t<1,

No(t) = [T Kia(r, )@ (r)dr + Ko(t) [; &°(r)dr+
+Kqo(t fOAO Ydr, 0<t<1.

Apply the method of successive approximations to system (5.20), taking
the functions @°, &°, A° themselves as zero approximations. Since these
functions satisfy system (5.20), each next aprroximation will coincide with
the latter, ie., @0 (t) = @°(t), @ (t) = @°(t), Xo(t) = A°(¢), 0 < t < 1.
Recalling that these functions satisfy estimates of form (1.6), by a reasoning
similar to that used in deriving inequalities (5.7)—(5.9) we obtain

~ Ly
2°(t)] = |Ppar ()] < Mo—3t"+e,
w L n+o¢
|w ()|_|wn+1( )|<M t
~0 L n+a
A% )|_|/\n+1()|<M —rt

where Mg and Ly are positive constants defined as M and L. When n — oo
we obtain @ = &° = A = 0 or, which is the same, ¢° = ¢ = 2° = 0.
Finally, by (2.1) we have u°(x,y) = 0 everywhere in Dj.

We have thus proved Theorem 5.1 and also the first part of Theorem 5.2.
To prove the second part of Theorem 5.2, rewrite system (5.2) as a single
equation

Kix+TixX = F, (5.21)
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where ¥ = (3,3,1) €Ca X Ca X Car KiX = (K§,13,1N), TyX =
(Tl([)b/a [:), )‘)a TQ(@/) a}a )‘)a T3([)57&}a )‘))a F= (F47 F57 FG); and the operators
T;, i =1,2,3, are defined by (5.3).

It is obvious that the operator T, is compact in the space 8’ 30,1] =
8’a [0,1]x 5a [0,1]x 8’a [0, 1], since each of the operators T;, i = 1,2,3,
is represented as the sum of completely defined linear integral operators of
the Volterra type in the space Co'a [0,1].

Now let us show that under the assumptions of the second part of The-
orem 5.2, i.e., under

c#0, a<a, (5.22)

the equation
Kix=19 (5.23)
is normally solvable in Hausdorfl’s sense (see, for example, [6]) in the space

C 3[0,1] and its index » = +o0, i.e., the image of the space C 310,1]
at the mapping K; is closed in this very space and dim Ker K; = 400,
dim Ker K} < 400, where K7 is the conjugate operator of K. To this end,
as is easy to see, it is enough to show that the equation

Ko=a; (4.1

possesses the said property in the space Co’a [O, 1].

Lemma 4.3 implies by (5.22) that in the space 8’a [0, 1] equation (4.1') is
normally solvable in Hausdorff’s sense and its index s = +o00, dim Ker K =
+00, dim Ker K* = 0. Therefore equation (5.23), too, is also normally sol-

vable in Hausdorff’s sense in Banach space C 2 [0, 1] and its index » = +o0.
Hence, in turn, it follows that equation (5.21), too, possesses this property

in the space CO' 310,1], since the operator T} is compact and the property of
the equation to be normally solvable and to have an index equal to +oo is
stable at compact perturbations (see, for example, [20]).

The latter arguments prove the second part of Theorem 5.2, since in

the class ¢ 21(Dy) problem (1.1)—(1.4) is equivalently reduced to equation
(5.21) in the space C 30,1. O

Remark 5.3. Tt should be noted that the value agy appearing in the sol-
vability conditions of problem (1.1)—(1.4) depends only on the value at the
point O(0,0) of the coefficients M;, N;, Q;, i = 1,2,3, and on the value 79 =
P1P2;
since a simple verification shows that a(0) :MflA_l(MgNng—MgNng +
M3N1Q2 — MaN1Q3)(0).
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§ 6. ESTIMATION OF A REGULAR SOLUTION OF PROBLEM (1.1)—(1.4)
BELONGING TO THE CLASS ( 21(Dy)
Below it will be shown that if the conditions of Theorems 5.1 and 5.2
guaranteeing the unique solvability of problem (1.1)—(1.4) are fulfilled, then

for the solution u of this problem belonging to the class 8’ 21(Dy) we have
the estimate

lullgs g, < CUAN o +NLelly o+
2 o : * .1
+||f3HCa +||f|| & @ )) CC*(fr, fa; I3, 1), (6.1)

where C' is a positive constant not depending on f, f;, i = 1,2, 3.
The proof of the above statement will be divided into two parts. First

we shall prove that for the solution u of the class é’ 21(Dyg) of problem
(1.1)—(1.4) we have the estimate

o < * .
4l g ) < C1C7 (01004 5), (6:2)
where C; is a positive constant not depending on f, ¢(z) = ug.(z,0),

0 S X S Zo, w(y) = uy(O,y), V(y) = uzy(oay)v 0 S Yy S Yo-
Indeed, similarly to the proof of Lemma 2.1, by virtue of the definition

of norms in the spaces Co'a [0, d], Co'a (Dg) formula (2.1) yields

y
ju(z )] < zollely /w@+w%m]/wm+
0
y
taollvl /am+mwn //MWWK
Cal0,y0]
0
< 2% + |2|*
Cal0,z0] Cal0,0]
9602/0 a a
+ 2 4—xoyonfnéa(509z\,
from which it follows that
o . < (CyoC* 6.3
fullg, g, < CooC" (8004, (6:3)
where Cpo = max{ajl, ay+017 f;fi’,xoyo} In a similar manner one can

prove the estimates

ID:Djully, ., < CuaC* (s, f), (6:4)
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where C;;, i = 0,1,2, j = 0,1, i + j > 0, are positive constants not
depending on the functions f, ¢, ¥, v.

2 1
Estimates (6.3), (6.4) immediately imply (6.2) where C; = > > Cj;.
i=0j=0
Now let us prove the second part of the statement. From (5.7) and (5.19)
we immediately have

lp(z)] < i ons1(z) — @nl@)| < M(%)a f: % (xﬂo)” _
n=0 o

_ M(ﬂ) el3, 0< o <ap.
To
Hence we easily obtain
0 < M~, 6.5
el .y <M (65)

where v = x5 “el.

Similar estimates hold for the functions ¥, v as well:

<MF. Wl < MA, (6.6)

||,¢)H5a[07y0] Yo

where ¥ = y, “L.
By (5.18) and the proof of inequality (5.10) it is easy to see that we can
take as M the value

M = CoC*(f1, fa, f3, f), (6.7)

where C5 is a sufficiently large positive constant not depending on f, f;,
i=1,2,3.
Finally, with regard to (6.7) inequalities (6.2), (6.5), (6.6) give estimate
(6.1), where the positive constant C' is expressed in terms of Cy, Cs, v, 7.
Estimate (6.1) immediately implies that the solution of problem (1.1)—
(1.4) is stable.
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