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ON STRONG MAXIMAL OPERATORS CORRESPONDING
TO DIFFERENT FRAMES

G. ONIANI

ABSTRACT. The problem is posed and solved whether the conditions
+ 2(R2
f € L(1+In™ L)*(R?) and supye(o,~/2) f{]\/1279(f)>1} M g(f) < oo

are equivalent for functions f € L(R?) (where Ms ¢ denotes the strong
maximal operator corresponding to the frame {OXy, OYp}).

The results obtained represent a general solution of M. de Guzman’s
problem that was previously studied by various authors.

1. NOTATION

Let By be a family of all cubic intervals in R™. We denote by M; a
maximal Hardy-Littlewood operator which is defined as follows:

M =sw{m [1flzer 1B}, zer
I

for f € Lioe(R™).

Let By be a family of all open rectangles in R? whose sides are parallel
to the coordinate axes; OXy be the straight line obtained by rotating the
OX-coordinate axis through the angle § about the point O in the positive
direction (OYj is defined analogously); Ba ¢ be a family of all open rectangles
with the sides parallel to the straight lines O Xy and OYy.

For a rectangle I C R? we shall denote by n(I) a number 6 € [0,7/2) for
which one of the sides of I is parallel to OXy. The regularity factor of the
rectangle I will be defined as the ratio of the length of the larger side of I
to the length of the smaller side of T and will be denoted by ().

For 6§ € R we shall denote by 6 (mod 7/2) a number such that 0 < 6
(mod 7/2) < w/2 and 6 — 6 (mod 7/2) = 7k/2 for some k € N. One can
easily verify that Ba g = B2 (mod =/2), ¢ € R.

The sets {OXy,0Yy}, 0 € [0,7/2) will be called frames.
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For f € Lioe(R?) let

Msy(f)(z) := sup{ﬁ/|f|:z€[7 IEBQ}7 z € R?,
T
Mao(P)()=sup {1 [1fl:2€ L1 Bag}. 2B
T

My is called the strong maximal operator, while Mg is called the strong
maximal operator corresponding to the frame {OXy (mod x/2), OYg (mod /2) }-
This definition is correct because by virtue of the equality B2 o = B2 g gnod «/2)
we have Ma g = M3 g (mod =/2)- The latter equality implies that the family
{M3,0}9e[0,x/2) exhausts the family of all operators Mz (0 € R).

2. FORMULATION OF THE QUESTION

As is known, the space L(1 + In* L)(R") can be characterized by the
maximal operator M; as follows (see [1], [2]):

Theorem 1°. Let f € L(R™). Then the following two conditions are
equivalent:

1. fe L(1+In" L)(R™);

2. / My(f) < oc.
{M1(f)>1}

The implication 1 = 2 was proved by Hardy and Littlewood [3] for n = 1
and by Wiener [4] for n > 2. The results of the reverse nature were obtained
for the first time by Stein [5] and Tsereteli [6, 7]. Guzman and Welland [1,
2] improved the above results by formulating Theorem 1°.

It is known that if f € L(1 +In™ L)?(R?) then (see [1])

{Ma(f)>1}
Guzman (see [1]) posed the question whether it was possible to character-
ize the space L(1 + In* L)2(R?) by the operator M, as was done for the

space L(1 +1In" L) using the operator M;. Gogoladze [8, 9] and Bagby [10]
answered this question in the negative. Their results give rise to

Theorem 2°. For any functions f ¢ L(1 +In" L)2(R?) and f € L(1 +
In* L)(R?) there erists a Lebesgue measure preserving an invertible mapping
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w: R? = R? such that

Ms(f ow) < 0.
{Mz(fow)>1}

Now we proceed directly to formulating our problem. It is easy to verify that
if f € L(1 +1In™ L)2(R?) then

Mso(f) <oo forany 0 €[0,7/2), (2.2)
{Mz,6(f)>1}
and, moreover,
sup M o(f) < o0 (2.3)
0€[0,7/2)

{M2,0(f)>1}

Clearly, conclusion (2.3) is stronger than (2.1) and hence there is a better
chance for us to improve the integral properties of the function f when
(2.3) is fulfilled than in the case of fulfillment of (2.1). Having given this
information, we formulate the problem:

Let f € L(R?) and supe(o ~/2) f{M”(f)M} Ms¢(f) < oo. Is the inclu-
sion f € L(1 +In" L)?(R?) then valid?

We would like to note here that the functions constructed in [8-10] do not
satisfy condition (2.2) and thus [8-10] do not provide a solution of the above
problem. So we shall prove the following theorem which as a particular case
contains the answer to the problem.

Theorem 1. For any functions f ¢ L(1 +1In" L)*(R?) and f € L(1 +
Int L)(R?) there exists a Lebesgue measure preserving an invertible mapping
w: R? — R? such that

1. the set {|fow|> 1} is a square interval;

2. sup M o(f ow) < 0.
0€l0,7/2)
{M3,6(fow)>1}

3. AUXILIARY STATEMENTS

To prove Theorem 1 we shall need several lemmas. If A C R is some
interval and (length A) < /2, then by M3 o we denote the following oper-
ator: for each f € Ljo.(R?)

M3 A(F)(2) :=
=sup { M2 (f)(z):0 €[cen A—7/4,inf A]U [sup A, cen A+7/4)}, 2€R?
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where cen A = (inf A + sup A)/2.

Lemma 1. Let 0 < 0 <7w/4, H>0,0< A < H. It is assumed that the
regularity factor of rectangle I satisfies the inequality r(I) > ﬁ. Then
there is a rectangle It pr0,» such that

{M; A(Hx,) > A} C I,

H
T, 10| < C1X|f\7

H
/ M; a(Hx,) < c2H 1+ =21,

L1160,

where A = (n(I) — 0,n(I) + 0), while c1 and cy are the positive constants
not depending on I, H, 6, and \.

Proof. We begin by considering the case A = 1, H > 1. Without loss
of generality it will be assumed (see Fig. 1) that n(I) = 0, I is the rect-
angle ABCD the sides AB and BC' of which have the lengths I; and I
respectively and Iy/I; > H/ sin? 6.

Fig. 1

The strip bounded by the straight lines containing the segments AD and
BC respectively will be denoted by I. Using the convexity property of the
rectangle, it is easy to prove the inequality

I ~
M A(Hy,)(2) <3H—— for dist(z,1) > L. (3.1)
’ dist(z, I)

A minimal number « > 0 for which the straight line [ is parallel to the
0X,-axis will be denoted by n(l). Let l1 (n(l1) =0) and Iy (n(lz) =7 —0)
be the straight lines passing through the points C' and D, respectively. The
straight lines [; and l5 divide the plane into parts. We denote the right-hand
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part by £y, ;,. Due to the definition of the operator M3 , it is easy to show
that

. HII
M; A (HX,) () < ]

f Ey, g, 2
S (e, ) dist(z, ) 2 Pk (3.2)

Above and below the rectangle I let us draw the straight lines I} and I}
which are parallel to the segment AD and situated at a distance (3H +1)1;
from I. Now the rectangle A’B’C’D’ can be chosen so that A’D’ C I},
B'C" c 1}, and dist(A’B’,I) = dist(C'D’,I) = 10I5. We shall prove that
the rectangle A’B’C’D’ can be taken as Zr 79,1

The strip bounded by the straight lines I and 5 will be denoted by FE;
the part of E lying on the right of C’D’ will be denoted by ET, while the
part of E lying on the left of A’B’ will be denoted by E~.

By (3.1) we conclude that

{M; A(Hx,)>1} C E. (3.3)

By virtue of the inequality Ir/I; > H/sin?# and the definition of the rect-
angle A'B’C'D’ it is easy to show that

ET C By yy; (3.4)
dist(D’, 1) > \/H|I|; (3.5)
dist(C", 1) > /HII. (3.6)
Obviously, for any z € ET
dist(z,11) > dist(D’, l1); (3.7)

dist(z, 1) > dist(C’, o).
Using (3.2) and (3.4)—(3.8), we find that

Hll|
M3 A(H < <
2.a(Hx,)(z) < dist(z, 1) dist(z,l2) —
H|I| H|I|
< — - < =1 3.9
~ dist(D', 1) dist(C’, 12) T \/H|I|\/H|I] (39)
for any z € ET.
From (3.9) we readily obtain

M3 A(Hx,)(2) <1 forall ze E™. (3.10)

For this it is enough to ascertain that the following equality holds:

M3 A(Hx,)(2) = M3 A(Hx,)(2'), =z €R?,
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where 2’ denotes a point symmetrical to z with respect to the center of the
rectangle I.
By (3.3), (3.9), and (3.10) we have

{M; A(Hx,)>1} Cc A'B'C'D'. (3.11)
Clearly,
|A'B'C'D'| < (6H + 3)11211; < 200H . (3.12)
It is easy to prove the inequality
/M;7A(HXI)(x,y)dy< 15bH(1+1InH), z€R, (3.13)
Es
where E, :={(z,y):y € R} NE, z €R.

By (3.13) we obtain

M; A(HX, ) (2, y)dedy <
A'BiC' D!
<15H(1+InH)I1(length A’'D') <315H(1+InH)|I|. (3.14)

By virtue of (3.11), (3.12), and (3.14) the lemma is proved for the case
A =1, H> 1. Now it is easy to obtain the proof for the general case if we
take into consideration the following obvious equalities:

M5 (X, )(2) = M5 s (S0, ) (2, = € R (315)
{M3A(Hx,) >N} = {MS,A(gx,) > 1}. O (3.16)

As is well known (see [1]), if f € L(1 + In™ L)(R?), then for each A > 0
we have the inequality

{Ma(f) > A} < C3/‘—J;|(1+1n+ Lf\C') (3.17)
R2

where c3 is a positive constant not depending on f and A.

Let Ty be rotation of the plane through the angle 6 about the point O
in the positive direction. It is easy to verify that Mag(f)(z) = Ma(f o
Ty)(T, ' (2)). Hence we obtain [{Mao(f) > A}| = [{Ma(f oTg) > A}| which
by virtue of (3.17) implies that Lemma 2 is valid.
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Lemma 2. Let f € L(1 +In" L)(R?); then the inequality

820 > M <o [ (140 )

R2

holds for each 6 € [0,7/2) and X > 0.
By using this lemma we can easily prove
Lemma 3. Let f € L(1+1In" L)2(R?); then the inequality
2
Mao(f) < o [ 171(1+ 1% |£1)%
R2

{M2,6(f)>1}

where ¢y is the positive constant not depending on f and 0, holds for each
6 €[0,7/2).

Let Q C [0,7/2), B = UgeaB2, and for each f € Lio.(R?)
L 2
Mp(f)(2) = sup{m If| :zeI,IeB}, z € R2.
I

‘We have

Lemma 4. Let I}, be a rectangle, Hi, > 1, k € N, and Y ;- | Hi|I;| < oc.
1t is assumed that there exists a sequence {Iy} such that TpyNZ,, = &, k # m,
{Mp(Hgx,,) > A} C Iy, k € N, where X € (0,1] is a fived number. Then

{MB(inx,k) > )\} c G T (3.18)
k=1 k=1

Proof. Let fi := Hgx, (k€ N)and f:= 32 Hpx, = supgeyHrX,, -
Clearly, (3.18) is equivalent to the inequality

Mp(f)(z) €A 2 & U, . (3.19)

Let us assume that z & U2 7, R > z, R € B and prove the inequality

/ fe SARNTE|, keN. (3.20)
RNZy,
Let n(R) = 0 and Ry, := {(§,n) : & = xg,m9 € R} N R, for each xg € R

(where (£p,7m9) denotes the coordinates of the point (£,7) in the XpOYp-
system).
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We consider an arbitrarily fixed number k£ € N. The following notation
is introduced:

Ep = {z¢: Ry, NIy, # D, Ry, \Tic # D };
E,% = {xe : Ry, C Ik};
Ry:= ] (Ray NIi);

zg€E]
Ry = J (Ray NTi).
zoEE2
Clearly,
R,NR? =@ and RNI, = R.LUR:. (3.21)

For our further discussion we need the inequality
Mp(f)(z) <A, z€ 0Ly, (3.22)

which immediately follows from the condition of the lemma (0 denotes the
boundary of sets).

If 2 € E,i, then one can easily find that one end of the segment R,, NZx
belongs to 07 and hence by virtue of (3.22) one readily obtains

Sr(@o,yo)dys < X|Ryy NIy,

17

where | - |; denotes the Lebesgue measure on the straight line.
The above inequality implies

/fk Z/dl‘e / fe(wo,y0)dys <
iy

E} RyyNEy
< /A|Rzg NZk|, = A|Ry|. (3.23)
B}

It is easy to prove the following facts:

R} is a rectancle included in  B; (3.24)

R} has a vertex belonging to 9Zj. (3.25)
From (3.22), (3.24), (3.25) we obtain the inequality

/f1c < A|RZ]. (3.26)
R
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Taking into account (3.12), (3.23), and (3.26), we have
/ fr = /fk +/fk < AR+ A|RF| = ARNT|.  (3.27)
RN R; R
Since k € N has been chosen arbitrarily, (3.27) implies the estimate

/f Z / fr= Z / fk<Z)\|RﬂIk|<)\|R|

k=1grA1, k=1pAz,

Because of an arbitrarily chosen R (z € R, R € B) we hence conclude that
Mp(f)(z) <A 2 Uit T O
For each 6 € [0,7/2) let A(f) denote a set of all f € L(R?) for which
f{Mz,e(f)>1} Ms(f) < co. We have
Lemma 5. Let f and g belong to the set A(f). Then f+ g € A() and

Mo(f +9) <

{M2,0(f+g)>1}

SCs( / Mao(f / Ma.o(g

{M2,0(f)>1} {Ma,9(g)>1}
+eo (|| £+ ™ £, + [|g( + ™ [g])]|,), (3.28)

where c5 and cg are positive constants not depending on f, g, and 6.

Proof. One can easily verify the following inequalities:

Map(f +g) <
{M3z,0(f+9)>1}
< (Mao(f) + Mag(g));  (3:29)
{M2,0(£)>1/2}0{M2,6(9)>1/2}
Mso(f) <
{M2,6(f)>1/2}U{M2,6(9)>1/2}
1
< [ e+ 5l0ae) > 172} (3.30)
{Mz,(f)>1/2}
Mso(f) <

{Mz,6(9)>1/2}{M2,6(9)>1/2}
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< [ Mo+ 5l{0ea(r) > 172} (3:31)
{Mz,6(g9)>1/2}

By virtue of (3.29), (3.30), (3.31) and Lemma 2 we conclude that (3.28) is
valid. [

Let A denote a set of all functions f € L(R?) satisfying condition (2.3).
Lemma 5 immediately gives rise to

Lemma 6. Let f and g belong to the set A. Then f + g € A.

4. PROOF OF THEOREM 1

It is assumed without loss of generality that f is positive, [{f > 1}| = 1.
Let By :={k —1< f <k}, k € N. Clearly, there exists kg > 3 for which

o0

> k| Byl < 1. (4.1)
k=ko

Choose a sequence {my} C N such that
k1n® k| Ey|
my,

Let No := {k € N: k > ko, |E)| > 0} and the sequence {Agm }ye Ny =Ty
consist of pairwise nonintersecting intervals lying on the segment [0, 7/2).
For each k € Ny and m € [1,my] choose a rectangle Iy, such that

<1, keN (4.2)

[ Tem| = P (4.3)
n([k,m) =cenAy m; (4.4)
r(Lom) > i (4.5)

sin? [Agml1/2

By virtue of (4.5) and Lemma 1 there exists a rectangle 7y, ,,, such that

{M; A, (kxy, ) > 1} C T (4.6)
|Zkm| < k| Timls (4.7)

/ M;,Ak,m(szkym) < 2c0k In k| . (4.8)
Ti,m

Let {Qk,m } peng.m=Tmm: P€ & sequence of pairwise rectangular intervals lying
on [0,1]? and each having height equal to 1, and

|Qk,m‘ == ’Ik,m|a ke N07 m = lamk (49)
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(such a sequence exists by virtue of (4.1), (4.3) and (4.7)).

For each k € Ny and m € [1,my] we complete the rectangle Q. ., with
pairwise nonintersecting rectangles {Z ,,, o} which are homothetic to the
rectangle Zj, ,,,, i.e., we have

Tk,m,q = Pkﬁn,q(Ik,m)

where Py .4 is the homothety (¢ € N); (4.10)
Timg C Qroms 4 EN; (4.11)
Zk,m,q N Ik,m,q/ =49, ¢ 7& q/; (412)
‘Qk,m\ U Ik,m,q‘ =0. (4.13)
geEN
Let Ixm.q = Pim.q(Ikm), kK € No, m =1,my, ¢ € N. Clearly,
E

S Limgl = o] = 25 ke No, mem) (419)

mg

qeN

Since Py m,q is a homotopy, by (4.6)—(4.8) we conclude that for each k € No,
m € [1,mg], and ¢ € N

{M;’Ak,m (kXIkymyq) > 1} C Ik,m,q; (415)
’Ik,m,q| < clk’Ik,m,q 5 (416)

/ M, (kxi, ) < 200k 10k| T g (4.17)
Tk,m,q

We introduce the notation gi , := supqu(kXIk N q), k € No, mog = 1, my,
and g := sup{gg,m : k € No,m € [1,m]}. Let us prove that g € A.

It is assumed that 6 € [0,7/2) is an arbitrary fixed number. Two cases
are possible:

(a) 0 e kU Ak,m§

(b) 0 g k:U Ak,m;

(a) Let 6 € Ag(g),m(9)- We introduce the notation 7" := {(k,m,q) : k €
No,m € [1,my],q € N, (k,m) # (k(0),m(9))}.

Since 0 & A, for (k,m) # (k(6),m(0)), by the definition of M3 , and
(4.15) we obtain

{Map(kx,, ) >1} C{MIA, (Bxy, ) > 1} C Tiomogs
(k,m,q) € T.
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Hence by (4.12) and Lemma 4 we conclude that

{M2,6(9 — gro)m@)) > 1} C U Tkm,q (4.18)
(k,m,q)€T
M3.6(9 — gr(o),m(0)) () < Mz,a(kix,k,m,q)(Z) +1
for 2 €Zymygq (k,m,q)€T. (4.19)

On account of (4.14) and (4.16)—(4.19) we write

M3.0(9 = 9r(0),m(0)) <
{Mz2,0(9—9k(0),m(6))>1}

< Z / M2.0(9 — gr(0),m(0)) <
(k’m’q)eTIk,m,q

< Z / (Moo (kx,, ) +1] <
(k,m,q)ETZk’m’q

< Z [202k In k| Li,m.q| + |Zkm.q
(k,m,q)€T

<14 > 20kInk|Ey| <1+ 8c fIn' f|s. (4.20)
ke Ny

| <

By (4.2), (4.14) and Lemma 3 we have

2
M3.0(gr(0),m(0)) < C4/gk(9),m(e)(1 + 107" grioyme))” =
{M2,6(9K(6),m(0))>1} R2
2
=ca Y KO)(1+mk(0) [ Ir0)m).q] =
geN
)? |Ego)]

=c4k(0)(1 +1n k(0
KO+ k(@) KO

< dey. (4.21)

From the construction we easily find that

(9 = gr0).m@) (1 + 107 (9 = gro).m@) ||, <
< ||lg(1+1In* g)||, < 4l f In™ |1, (4.22)

Analogously,

| 9k(0).m(0) (1 + 107 gy meoy) ||, < 4lF In™ £l (4.23)
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Using the representation g = (9 — gk(6),m(6)) + 9k(6),m(6), Py Vvirtue of
(4.20)—(4.23) and Lemma 5 we obtain

Ms(g) <
{M2 9(g9)>1}
<5 (14 8ca| | fIn™ |1 +4ea) + 8| fIn* fl1c6. (4.24)

In proving the case (b) we have no “dangerous” term gy,(g),m (o) and there-
fore, applying the same reasoning as for (4.20), we can write

Ms(g) <

{Mz,6(g)>1}

< Z / Myg(g) < ) / [(Map(kx,,, )+1] <

(k7m;Q)€TOIk_m_q (k7me)€TOIk_m_q

< S ek Ik Dl + [ Zhmal] <
(k,m,q)€Ty
<1+ > 2ekInk|Ey| <1+ 8coflfIn £,
k€N
where T := {(k:,m,q):kENo7 m =1, my, qEN}. (4.25)

Since 0 € [0,7/2) was chosen arbitrarily, by virtue of (4.24) and (4.25)
we conclude that g € A.

We shall now find the desired mapping of w. From the construction it
easily follows that

ExNEy =9, k# k)/, (426)
< U Ikﬂ"”v‘]) m ( U Ik’,m,q) = @, k= ]{)/,
(m,q)€Tk (m,q) €Ty (4.27)

where Ty, := {(m,q) : m € [1,my],q € N} for k € Ny;

| Ek| =‘ U Ik,m,q’ >0, k€ No, (4.28)
(m,q) €T
‘{f> Ny Ek‘ _ ‘(0,1)2\ U Zima| >0 (4.29)
ke Ny (k,m,q)€To

By conditions (4.26)—(4.29) and one familiar result on measure-preserving
transformations (see, e.g., [11, Chapter: Uniform Approximation]) we con-
clude that there exists a Lebesgue measure preserving an invertible mapping
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w : R? — R2 such that

w( U Jk,m,q) — B, ke Ny (4.30)
(m,q)ET
(00N U fema) =1 >0 U B (43D
(k,m,q)€Ty keNy
w(R?\(0,1)) = {f < 1}. (4.32)

(4.30) and (4.31) clearly imply
{fow>1}=w " ({f>1}) =(0,1) (4.33)
From the construction and conditions (4.30)—(4.32) we obtain

(wa)X u Ek S g?

kENg

(Fow)Xu, o 5 €L(1+In" L)*(R?).

kEN

Hence, taking into account fow = (fow)x , , +(fo w)XR2\ L op
kENg k€N k
inclusions g € A, and Lemmas 3 and 6, we conclude that fow € A, i.e.,

sup M g(f ow) < 0. (4.34)
0e(0,7/2)
{Mz,o(fow)>1}

By (4.33) and (4.34) w is the desired mapping. O

5. REMARKS

Remark 1. On overcoming certain technical difficulties, we can prove by
a technique similar to that used to prove Theorem 1 the following general-
ization.

Theorem 2. Let a function f ¢ L(1+In" L)2(R?), f € L(1+In" L)(R?).
It is assumed that a set Gy, |G1| > 0, is such that fXRQ\Gl € L1+
In™ L)2(R?). Then for any set G, |G2| = |G1|, there exists a Lebesgue
measure preserving an invertible mapping w : R? — R? such that

1. w(Gl) = Gg,
2. {z:w(z) # 2z} C G1 UGq,
3. sup M o(f ow) < o0.
0€l0,7/2)
{M3,0(fow)>1}

Theorem 2 yields as a corollary
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Theorem 3. Let a function f ¢ L(1+In" L)2(R?), f € L(1+In™ L)(R?).
It is assumed that a set G is such that fx_, , € L(1+ In™ L)2(R?). Then

there exists a Lebesque measure preserving an invertible mapping w : R? —
R? such that

1. {z:w(z) # 2} CG,

2.  sup Mso(fow) < 0.
0el0,m/2)
{Mz,0(fow)>1}

Remark 2. Let X be a set and R an equivalence relation on X. A subset
Y C X will be called an R-set if the fact that y € Y implies that [y]gr C Y,
where [y]g denotes a set of all elements from X R-equaivalent to y. The
following problem is posed in [6]: Given an equivalence relation R on the
set X, characterize the set £ C X from the standpoint of R, i.e., give in
explicit terms the kernel E(R) (the greatest R-set contained in F) and the
hull E(R) (the least R-set containing E).

Consider an arbitrary set G C R? and choose |G| > 0, X¢g, Rg and
Eg in the following manner: Xg := {f € L(R?),suppf C G}, Eg :=
{f € Xg,f € A}, f and g € Rg will be called Rg-equivalent if there
exists a Lebesgue measure preserving an invertible mapping w : R? — R?,
{z:w(z) # z} C G, such that g = fow.

Let us agree that ¢(L)(G) denotes a class of functions f : R? — R with
the following properties: supp f C G, [, ¢(|f]) < oo. One can easily show
that E(Rg) = L(1 +Int L)?(G), while by virtue of (2.3) and Theorem 3
we have the equality Eq(Rg) = L(1 +In" L)(G). Thus the next theorem
is valid.

Theorem 4. For each G C R?, |G| > 0, we have
Eo(Rg) = L(1+In" L)*(G) and Eg(Rg) = L(1+In" L)(G).
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