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ESTIMATION OF THE INTEGRAL MODULUS OF
SMOOTHNESS OF AN EVEN FUNCTION OF SEVERAL
VARIABLES WITH QUASICONVEX FOURIER
COEFFICIENTS

T. TEVZADZE

ABSTRACT. The estimate of the modulus of smoothness of an even
function of several variables with quasiconvex Fourier coefficients ob-
tained in this paper extends one result of S. A. Telyakovski.

1. Let (a;;)i >0 be a double numerical sequence. Denote by Azam- the
expression A12(A12a;,5), where

Arzaij = A1(Aza;5) = A1(ai; — Qi jp1) = Qi — Qig1j — Qi1 + Aig1 1.

Definition 1. The double sequence (a; ;); j>0 will be called quasiconvex
if the series

SO MG+ 1)G + DA% 5] + (i + 1)|A1(Arzai;)| + (5 + 1)[Az(Ar2ai;)]]
i=0 j=0
converges.
As can be easily shown, if the sequence (a; ;); ;>0 is quasiconvex and
li ij =0,
im_ai;

then the series

Zz/\i’jai’j CoS 1T CoS jv, (%)

i=0 j=0

where )\070 = )\07]' = /\i,O = %, 1,] = . )\i,j =1 for 1,7 > 0,
2

i? 17 27
converges on (0,2m)? to some function f € L(T?) and is its Fourier series
with T2 = [0, 27]2.
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The expression

wmn(6 P?f)l -

s [0 1 (") (1) 1+ (o = 2+ 0= 20y ko

|hl<é T2 p=0v=0 v

In|<pT
is usually called an integral modulus of smoothness of order (m,n) of a
function f € L(T?). Here and in what follows it is assumed that § € [0, 7],
p € [0,7].

Aljanci¢ and Tomié [1], [2] considered an estimate of the integral modulus
of continuity in terms of Fourier coefficients of the function f for some classes
of sequences in the one-dimensional case. In 1963 M. and S. Tzumi [3] proved
that if the Fourier coefficients a,, — 0, n — oo, form a quasiconvex sequence,
then the estimate

w(d; )1 < ey i?|ATa; + ) i|ATa;!

i<t i>4

holds for the integral modulus of continuity w(d; f)1.
This result was later generalized by Telyakovski [4] who proved a theorem
giving an estimate of an integral modulus of smoothness of order m, m € N.
In this paper an estimate is obtained for the integral modulus of smooth-
ness for a function of several variables which is even with respect to each
variable.

2. For a further discussion we need

Lemma 1. Let 2mh <t < x. Then

T = \Z (7 )t + G — 2001 | < ctmpemym e,
73" < c(m)h™p™*,
where K, (t) is the Fejer kernel, p € N.

Proof. 1t is easy to show that

= i(_l)i (T) Kplt + (m — 2i)h] =

=0
m—1 m—1
= (1)1< . >{Kp[t + (m—2i)h]— Kp[t+(m—2(i+1))h]} =
=0
1Here and in what follows, ¢, ¢(m), c(m,n),... denote, generally speaking, various

positive constants depending only on the parameters indicated in the brackets.
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:‘2"2 ( .1>K’[t+( —2i4+1—Q))h]=--- =

= (-1 )mthw (t + c(m)h),

where c(m)=m—-2(m—-Q1— - —Qm), 0<Q; <1, i=1,....,m
Since —m < ¢(m) < m, we have

(m) (m)
K™ (t + c(m) p+1ZD (t + c(m)h) =
cos j c(m)h), 2|m,
— :l: N2
erl;; {smj +c(m)h), 21m,

where D;(t) is the Dirichlet kernel.
Let 2|m (the case 2 1 m is considered similarly). Then applying twice the
Abel transformation and taking into account the estimates

C
Kp<t) S p?7 0 < |t| S T,

Kp(t) S D, |t| S T,

we find
K™t + c(m) SS | -2+ 17
p+1 =0 j=1
+(J+2)™|iK;(t + c(m)h) +
1 &
o ; (i — 1)™ — i [i K (t + c(m)h) +
1 &
+ + D)™ K (t + e(m)h) +
P G (m)h)
1 m—+1
— K,(t h) <
— (t-+ clm)h)
c(m)p™~=2, 2mh<t<m,
c(m)p™tt, —r<t<nm
Therefore

Ty < e(m)h™p™ 7%, 2mh <t <m,
| < e(m)h™p™™, —w<t<w. O

The two-dimensional analogue of Lemma 1 given below is proved simi-
larly.



382 T. TEVZADZE

Lemma 2. Let 2mh <z < m, 2nn <y < m. Then

!i::g e (1) (1) Ryl 200+ (020 <

v

hmn pm 1q -1

(zy)?
(m’n)hmnnperl n+1 (x,y) c T2.

< c¢(m,n)

)

Lemma 3 ([5]). Let 2mh <z < w. Then

‘Z ( ) L[z + (m = 20)h)| < e(m)h™p™a

where Dy, is the Dirichlet kernel, p € N.

Theorem 1. Let a double sequence (a; ;)i j>o0 be quasiconvexr and

lim a;; =0.
i+j—00

Then for the sum f of the series (x) we have

(527 [z7]
Wenn (B f)1 < c(m,n){hmn" SO A% | +

i=1 j=1

(2]

Y Z i A%, |+
i=1 Jj= [27}”,]“"1

oo (57 ]

gt D> it A% ] +

i=[gir]+1 J=1

oo o0
+ D > Z'J'|A2az',j|}=

=g |+ 5=y 11

4
= Zps(m7 n’ h7 77)'
s=1

Proof. We write

2mh 2nn T 2nn 2mh

oo fareswsno [ [ ] [ ] ]

2mh O 2nn
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™ Ky

4
" } AMf drdy = S Ay(m,m ),
2742”/77 s=1
where
TS YE “*“( )(Z)fm(m—2u>h,y+<n—2u>m =
pn=0r=0

SR ()OS S5

pn=0r=0 ®

£33 fangcosilet (m - 2cosly + (n - 2] =

i=[£]+1j=[$]+1

3] 3]
T =Ti(m,n) =2 Z Zai’j sin” ¢hsin™ jn x
i=1 j=1
(—l)mgn COS 1T COS j¥, 2|m, 2|n,
" (—1)m+2n71 siniz cosjy, 2{m, 2|n,
(—1)m+’§_1 cosixsinjy, 2\m, 2{n,
(—1)m+§'_2 sinizsinjy, 21|m, 2tn.
Further,
T ow [i] [%]
1|dx c(m,n) i a; j|dx
/ /|T|d dy < c(m,n)h"n" / /ZZ " ag | da dy <
2mh 2nn 2mh 2nny "= 15=1
2mh 2nn (2] [v]
< c(m,n)h"n" / / xy) QZZZ " ai jldx dy <
1 1=1 j=1
[27}1}1] 2 n T s
< c¢(m,n)h™n" Z rs)*zzZimj"mi’ﬂ <
r=1 s= =1 j=1
Ti ] 271”;] [th [QTLT,

< c(m,n)h™n" ZZ j|aw|Zer

r=i s=j
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2mh [27”/

c(m,n)h™y™ Y i ag . (2.1)

=1 j=1

Applying twice the Hardy transformation [6], p = [51], ¢ = [ﬁL which
is a two-dimensional analog of the Abel transformation, we find

P q P q—1 J
> i ai| = Zim_l{ D (laigl = laijal) Yo"+
i=1j=1 = j=1 s=1

q
+an 1azq|} Z] {Zlm 1|A2a”|—|—sz 1 n|az)q|}
s=1

q—1 p—1 %
= j"{Z(Aza”| \A2Gi+1,j|)zrm_1 +

j=1 i=1 r=1

P p—1 i
+Zim_1|A2ap,j|} +0" Y (laigl = laiz1ql) Zrm_l +
=1 1 =
p—

i=

1g—1
+q" |apq‘z < Z|A12a”|z "+
1j5=1

1=

q—1 p—1
P M Asap i+ 4" i Avai gl + g  ap ] <
J=1 i=1
p—1lg—1 p—2
= Z Z i A% ]+ g Z " Aaig — Arzaip1gl +
i=1 j=1 =
q—2
Y Arzay = Avsap | + 0" Ay +
j=1
p—2 q—2
+q" Z z'"L-‘_1|A1(0‘i7q — Qit1,9)| + " Zjn+1|A2(a/p)j —ap 1)+
i=1 =

+q"p" T Avap | + P T | Avap gl + 0" apq| =
9
E Zla(m7nap7Q)' (2'2)
a=1

For I we obtain

p—2 p—2 o0
b= Y A Anaig) = 4" 30 | 3 A%y <
i=1 i=1 j=q
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p—2 00
<@y ATy IA%a ). (2.3)
i=1 j=q
Similarly,
oo q—2
Ig §meZij”+1|A2ai’j|. (24)
i=p j=1
Let us now estimate Is. We have
p—2
I; <q¢" Zim+1|A%ai,q|7
i=1
where
A%ai,q = Qi,q — Qitl,q T Ait2,q-
It is easy to show that
o0 oo oo oo o0
Afam = Z AQ(A%GLS) = Z Ag ( Z AQ(A2ai7S)> = Z Z AQai,s.
— i e i=q 5=j
Therefore
oo o0 o0
|A%ai,q < Z Z |A2ai78| < ZS|A2ai,S|- (2.5)
J=q s=J s=q
Thus
pP—2 oo
Iy < ¢" Z Z i s A%a; . (2.6)
1=1 s=q
Similarly,
co q—2
Ig <p™ Y0 it A%a ). (2.7)
i=p j=1
Next,
Ir = p™q" - plAiay,ql.
Since

oo
plArapq| = p’ Z Afaig
i=p

(o]
< Zi‘A?aiJZL
i=p

by repeating the arguments used for I5 we obtain

I Spmq”ZZiJIAQaml- (2.8)

i1=p j=q



386 T. TEVZADZE

The same estimate holds for Ig. For I, we have

L<p™q™) Y ijlA%a ). (2.9)

i=p j=q
In the same way,

oo oo o0

SN A, <pmq"Zer|A2ars| (2.10)

1=p j=q r=i s=j T=p s=4q

Ig < pmqn

Using (2.2)—(2.10), we find

s s 4
/ 71| da dy < Z (m,n, h,n). (2.11)
2mh 2nn a=1

Ifp= [%] +1,q= [i] +1, we again apply twice the Hardy transformation
for 74 and obtain

7= 3 50 () () {anaolo (m 2D (02000

ol -+ (m — 20 Agapg(g + 1) Kyly + (n — 20)n) -
+ (n—2v) ]Alapq(erl)K [+ (m —2p)h] +

+ Dplz + (m = 2u)h ZAQ%J Kily+ (n—2v)n] +

+ Dyly + (n—2v)n ZAﬂtqZ"‘l i+ (m—2u)h] +
+ Ayapq(p+ 1(g + 1)Kp[w + (m = 2u)h] Ky[y + (n = 2v)n] —

— (p+ ) Kplz+(m — 2u)h] Z Az (Aray ) (J + 1) Kjly+(n —2v)n] —
— (g + DEq[y+(n—20)m] Y Ar(Araa; ) (i + 1) Kifw+(m — 2p)h] +

i=p

+) 0N A% (i + 1) (G + DK [r+(m — 2p) B K y+(n — 2y)n]}:

1=p j=q

9
= > 7 (m,n,p,q). (2.12)
a=1
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By Lemma 2 (see (2.1)) we have

1

/ /\7}1(1)|dxdy§c(m,n)hmn" / g ple™ My dady <
1
15 5y

2mh 2nn

g»—‘ )—‘\g"i

< c¢(m,n)h™n" Z zm Lin=Ya, ;| dx dy <
=1 j=1

(m,n, h,n). (2.13)

\|M»>

Applying Lemmas 3 and 1 for 7;(2) we find

mh

//|’T()|d:cdy<cmnhm ”/
1

2mh 2nn

m

2™y | Asag) )| dady <

H\‘

1
[27%1;1] m

< e(m,n)h™n" Z Z i Agay ).

=1 j=1
Using the Abel transformation leads to

1

m l3mr
/ /|T | dx dy < c(m,n) {hm " Z]"'H Z ™A a | +

2mh 2nn

(7]
+hm77_1 Z Z-m_lA2a’i7[2nl,7]|}'

i=1

Again applying twice the Abel transformation we obtain

[27nh] 2”77
2 m,.n m N
/ /|T()|dacdy<c(mn{h NSt A% | +

2mh 2nn =1 j=1
(2]
g Z jn+1h—1‘ Z A (A Aza”))‘ +
j=l1 =57

2777/

S+ Z]”H‘ Z ZAl (A AQaM))‘

r=[5g] =T
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2mh]

+hm Z ZWL-i-l —1‘ Z A Q; 5 +77 ’ZAza[zmh 1,3 }_
Jj= 27”]]
(2] (27
< c(m,n){hmn" Z Z i A2, ]+
i=1 j=1
(7] oo (7] 0o
LD SRR IS SELS SRR PO
i=[zmp]+1 7=1 =[]+l
(5]
+R Y Z i A%, ]+ Z Z ij|A2a¢,j|} <
i=1 j= [21L7]]+1 i=[gmg ]+l i= [271u,]+1
4
Z (m,n, h,n). (2.14)
One can estimate 7;(3) quite similarly.
Let us now consider 7;(4). We have
4 = L - R
T = S (-1 (M)D[i][x—i— (m—2u)h] Y (1) (V> X
pn=0 v=0
27”/
( S+ 2 U0kl -2 =
=[L4+1 j=lg]+1
= 74“)(1) +7,0(2). (2.15)
Since
(577
4) n,.— .
T W) < elm, ™y ey ST " ATy,
J=ly1+1
we obtain
7T 27%1;7 [2nn] [27”/
/| )|dxdy<cmnhmn"22m 12 Z ”|A2a”|<
2mh 207 s=1 j=s+1
[z (7]

m n hmnn Z Jn+1 Z im— 1|A2a,7]|.
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Repeating the arguments used in estimating 7;(2), we find

T ()] de dy < Pr(m.n,hyn) + Pa(myn b, (2.16)
2mh 2nn
Similarly,
g [5mr ] )
/ |’2:L(4)(2)|da:dy < c(m,n)h™n Z imt Z |AZa; ;| <
2mh 2nn =1 j=[zk1+1
4
Z (m,n, h,n). (2.17)
By (2.16) and (2.17) we conclude that
s ™ 4
[ T dway < 3" Pt o). (2.18)
2mh 2nn s=1
Quite similarly we obtain
. 4
/ \ﬂ(5)| drdy < Zps(m,n, h,n). (2.19)
s=1

2mh 2nn

By Lemma 1 and analysis of the arguments used in estimating I we
have

(7] L7

/ |T4(G)| dx dy < c¢(m,n)h™n" Z Z i3 Arga, 4| <
2mh 2nn i=1 j=1

(zmir ) [z

< em. n)hmnn{ Yo D i A% ) +
j=1

1=

(7]

Y G A (Azag 1 )]+
j=1
(2m7]
o/ Z A (Arzag 1 R T Avsag 2l <
=1
(271 [z7]

< e(m. ”){"m”” SY Az |+

i=1 j=1
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+hmh Y A (Aroa )] +
i=[5Ay ]+

1
[ 2nn ]

+h™ " Z j"+1|A2(A12a[ﬁ],j)| +

4
() "HAwap g 1] << Z (m,n, h,n). (2.20)

For ’];(8) we obtain

//|’T | dx dy <c(m,n)h™n"

1(A12a, ) |dody+

2mh 2nn i=
2nn w+mh OO
c(m,n)n / / |A1(Ar2a; ) |drdy <
1 mh i= [2mh]+1
(5i7] lm] [55%)
c(m,n {hmn" Z Z g Z ™A1 (Argai,5)] +
r=1 j=1  i=r+1

[27177

+n" Z Z Z |A1(A12ai,j)|} <

r=li=(gg]+1

loer] 7]
< ¢(m, n){hm”" SN i A (Aras )| +
7j=1 r=1
[271L77]
+n" Z > i A A12aza)|}
i=[mmg]+1 =1
o7 ] (277
< c(m,n){hmn" Z im Z 7" A1(Arzai ;) +
r=1 j=1

[27]
Y Z;AlAmawn}

=[] +1
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Using the Abel transformation leads to

(7] (7]

D iMA(Aa )] < Y A% ]+ N A (Arza )]
Jj=1 j=1

Hence (see (2.8)) it is easy to show that

™ T 4
/ 178 | dwdy <> Po(m,n, h,n). (2.21)
2mh 2nn a=1
Similarly,
. 4
/ 77| dw dy < > Pa(m,n, h,). (2.22)
2mh 2nn a=1
Further,

[57)

SRR E S8 5

=0v=0 i=[2]415=[2]41  i=[gdp]+15=[2]

[z7]

N DD }<i+1><j+1>x

i=[3]4+1 i=lgs [+ i=lmmg 141 i=[55 141

x K[z + (m — 2u)h] K [y + (n — 2v)n Z 79(s (2.23)

By Lemma 2 we have

[smm]  Lzaw]

7 DI elmmp™® 35 32 i () A
i=[3]+15=[;]+1

Therefore

th] [2nn] [2mh] 27777

/| (1)|dzdy < ¢(m,n)h™n" Z Z Z sz]”|A2a”|<

2mh 207 r=1 s=1 i=r

(57 [z5]

<c(m,n)h™y* Y Y i AR, ) (2.24)

i=1 j=1
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The remaining terms of (2.22) are estimated by similar arguments. Thus
we conclude that

4

/ /|’T(9)|dxdy Z (m,n, h,n). (2.25)

2mh 2nn
Taking into account (2.13), (2.14), (2.18)—(2.22), and (2.25) we obtain

4
/ | 74| dx dy < Z (my,n,h,n). (2.26)

2mh 2nn

For 75 we have

@\»—‘

|3 < c(n Z (M) f: ai jcosifz + (m — 2u)h]|.

Applying twice the Abel transformation, we find

m

S (M) 3 ageosite + (m - 2nl =

pn=0 i=[1]+1
=S (M S G DAt Kile + (- 20 -
= i=21+1

1
~Avapyy ;[ =] Kpyle + (m = 200h) = agy) Dyl + (m — 2] }

By virtue of Lemmas 3 and 1 we obtain

[3] [47]
Tl < c(mm)hmnn{ Zjn( S A%l +
Jj=1 i=[L]+1

+ $7m72‘A104[%]7j| + |a[;]7j|asm1>} +

(5] 0
TL)’I]n Z]n( Z i|A%ai,j| X
=1 Nislgky)

| o () sl + 2

pn=0
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Hence
Omn = / / | 72| dz dy <
2mh 2nn
7 IR
< c¢(m,n)h™n" / 2 " Z i"|A%a; ;| dr dy +
2mh ong =1 =[]+
A ™ 3]
+ c(m,n)h™"n" / zmm2 J"Avapay 5l dz dy +
2mh 2nn J=1
™ ™ [3]
+c(m,n)h™y™ [ =™t i"lagxy ;| dv dy +
2mh 2nny J=1
Tom (4] 00

+c(n)n"//2j" Z i|Ata; ;| x

2mh 2nn J=1 i=[gmg 141

x ‘ i(_l)” (Zj) K[z + (m — 2u)h]‘ dr dy <

Zmh 200 lv] (277 ]

SC(mm)hmn"{/ /y‘QZj" > imAal dedy +
1 1

j=1 i=[z]+1

1

R T [
+ xm/y_QZj”|A1a[m],j|dxdy+
1

j=1

—

1 1

T )
I / 21 / Y2 Zj"Iam,ﬂ dxdy} +
1 i=1

1
1

oo

—|—c(m,n)n"/ /y_QZj" Z |Ala; ;| dz dy.
1 ' i

Next, as is easy to show,

(517 [2o7] s (2]

o < clm, n){hmn" SEYY AT+

r=1 s=1 Jj=1 i=r+1

393
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2mh 2mz

hm n Z m Z 2Zjn‘A1ar,j|+

2mh [2nn

+hm77n Z m— 12 —QZJ |a7’,g|+

1
2n,7) ] S oo

R SR WD DRNES I

J=1 i:[27ih]+1

Therefore, after simple calculations, we find

1
lzmm 27nh 2”77

Um,n, mnhm n{z m+lzjn 1|Aam-|+

[525] =) (577 ] [Tm] }

+ Z Z " HAa | + Z Z rm i ay |

r=1 j=1

[577]

+Cm,n77 Z Z g 1|A1a1,j|'

i= [27nh]+1

The analysis of estimates (2.14) and (2.18) gives

T T

'S

/ | Ta| dady < Pa(m,n,h,n). (2.27)
2mh 2nn a=1
Similarly,
4
/ /|T3|dacdy Z (m,n, h,n). (2.28)
2mbh 2n7 =
Therefore by virtue of (2.11), (2.26), (2.27) and (2.28) we obtain
4
Ag(m,n; f) < o(m,n, h,n). (2.29)
a=1

For Ay(m,n; f) we have

2mh 2nn

Ao )= [ [ 1A pldody =

0 O
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2mh 2nn

//1(2&22 Yy .

=1 j5=1 1=r+1j=1 1=1 j=s+1

+ Z Z ) i+ 1)(j +1)A%; x

1= r+1] s+1
H""V n . _
X ZZ ( )(V)Kz[x—k (m — 2u)h] x
pn=0rv=0
4
X K j[y+(n—2v)n)|dz dy=">" A (m,n, h,n), (2.30)

a=1
where r = [515], s = [2nn] By Lemma 2 we obtain

2mh 2nn r

AL < ey [ [ 30 S e lardy <
0 o i=1j=1

1
2mh [2nn

]
m n hm n Z Z Zm—i—l n+1|A2CL2’]| (231)
=1 j=1

Further,

2mh 2nn

A§4>://‘Z Z i+ 1) +1)A%;

0 0 i=r+1j=s+1

(L >+

m>2pu n>2v

R R ey v ) (0)0)-

v
m<2un>2r m>2un<2vr  m<2un<2v

4
x Kilx + (m = 2p)h| K[y + (n — 2v)n]| dz dy = Z A(14) ()

a=1

Obviously, it is sufficient to estimate A§4) (4). For the term of this sum

AYLL ,(4), where p ([%] < p <m)andv ([§] <v < n)arefixed, a = 2u—m,
b = 2v — n, we obtain, after passing to the variables t =z —ah, 7 =y — bn,

o o 3 3
AL L@ <cmn) Y > A% YD R,

=g 1 i=lm 141 r=ls=1

where

F. o= //(z +1)(j + 1)K, (¢) K, (1) dt dr,

Up Vg
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uy = [—ah,—ﬂ, ug = [—1.,1.], ug = F,(Zm—a)h},

11 1
UlZ{—bU,—ﬂ, 022[—},%}, 1)3:[%7(2”—5)77],

[—ah, —(2m — a)h] x [~bn, (2n — b)y| = U Up X Vs,

r,s=1

Taking into account the properties of Fejer kernels in the respective intervals,

we have
dtdr 02 dr
Fll_l]// 3 F21_’42]2*. o
ij(tr)? 1) T
Ul v1 V1
dtdr .2 dt
F31<Z]// F1,2§ZJ*./7,
ij(tT)? 7 it
u3z v Ul
4 2 dt
Fyp <i?j? —, P9 <ij*= —3
1) J it
u3
dtd 2 d
F13<l]// a Fy3<i?j= .i»
ij(tT)? ' 1) jT2
U1 v3 v3
dth
F33 < Z]//
u3z vs3
Therefore

AP M) <clmn) > S ijlAa%al. (2.32)

i=[gy |1 =55 ] +1

A(12) and A(lg) are estimated by the same scheme as used in deriving (2.31)
and (2.32). Therefore for A; we have

| A

Z (m,n, h,n). (2.33)

It remains to consider Az(m,n; f) (As is estimated similarly). We have

e [ Jismenaea= [ lf5

oo oo

+Z YD }@H)@Hw%x

= OJ [2!L7]]+1 i= [L]+1j:[ L ]+1

Znn

e} 271 77

Z

Znn
0 j= Jj=0
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x ZZ #+V< >(Z>Ki[:z:+ (m — 2p)h] x

pn=0r=0

4
dx dy = Z Aéa)(m, n, h,n). (2.34)

a=1

x Kjly + (n = 2v)1]

Again, by Lemma 2 we obtain

3

nn

H\»—A

(1] lzn7)

A(l) < e(m,n)h™n" P22 A%, S| de dy <

—

2
omh 0 =1 7=

3
Hw

[z

Znn

[ 1
< c(m,n)hmn” T2 ym2 Z i"tA%a; jld <
j=1

i=1

i o]

[z
c(m,n)h™n" Z Z i A%, ) (2.35)
i=1 j=1

For Aéz) we have

th
AP = ( o+ Z )Zz+1 (G +1)|A%a ;| x
2mh i=[2]+1  i=[gmmg]+1” =0
;H—y n . _
X Z Z ( ) (V)Kz[x + (m — 2u)h] x
pn=0rv=0
x K[y + (n— 2v)y)| de dy = AP (1) + AP (2). (2.36)
Further,
(377 ] z el
AP (1) < e(m,mphmy 3 Y i A% ldw dy <
Jj=1 i=[x]+1
[z77] (577 ] [2mh
< c(m,n)h™y" Y Z 2N i |A%e, jlde <
j=1 i=r+1
[th] 2nn
m Tl hm n Z Z Zm+1 n+1|A2a1J| (237)

=1 gj=1
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Similarly (see (2.32)) we find

1
2nn ]

o0 [
AP @) <clmnn™ Y0 i A%l (2.38)

i=[515]+1 =1

By (2.35)—(2.37) we obtain

A(22) é Pl (ma n, hv 77) + P3 (mv n, ha 77) (239)

It is likewise easy to show that

Agg) S ,PQ (ma n, h7 "7) + P4(ma n, hv 77)7 Agl) S P4 (mv n, h? 77) (240)
Keeping in mind (2.33), (2.34), (2.38)—(2.40), we find

4
A2 < Z Ps (ma n, h7 77) (241)
s=1

With regard to (2.29), (2.33), and (2.41) we conclude that

4
A<D Py(m,n,hyn). O
s=1

3. Let now R” be a k-dimensional Euclidean space of points x= (z,. . .,7x)
with ordinary linear operations and the Euclidean norm ||x||. The product
of two vectors x, y € R* is understood componentwise and so are the
inequalities x < y, x < y. It is assumed that 7% = [0, 27]*.

If n = (nq,...,n;) is a multi-index with non-negative integral compo-
nents, 0 = (0,...,0), 1 = (1,...,1), and (an)n>0 is a k-multiple numerical
sequence, then

Aian = Qn — An4(8;4,..., Gik)?
where d;; is the Kronecker symbol, i,j € M = {1,...,k}.
We introduce the notation

Apran = Av.pan = A1(As(- - (Agan) ---)),

for each B, @ # B C M, Apay is defined similarly, and assume that A(n)
is the number of zero coordinates of the vector n (see [7]). We will also use
the notation B’ = M \ B, where B C M.

Definition 2. A sequence (an)n>0 will be called quasiconvex if the series
S Y ] +1)]As(Aan)]
n>0 BCM, B£@ i€B

converges.



ESTIMATION OF THE INTEGRAL MODULUS OF SMOOTHNESS 399

If the sequence (an)n>0 is quasiconvex and

lim a, =0,
In|l—o0

then the series
k
Z 2 A Hcosnixi (xx)
n>0 i=1

converges on (0, 27)* to some function f : R¥ — R summable on T* and is
its Fourier series.

Let m, i, 6, h € R¥, where m and i have non-negative integral compo-
nents, while ¢ has positive components. Consider

wm(8; )1 = sup / > (- EJ 14 H( ) + (m — 2i)h]| dzx

—0<h<é 0<i<m

as an integral modulus of smoothness of order m of the function f € L(T*).
The validity of the following analogue of Lemmas 1 and 2 is obvious.

Lemma 4. Let p € R* have natural components, h > 0 and 2mh <
x <7wl. Then

0<i<m j=1
k k
—2;mj pmji—1 m mj pm;+1
m) [[ 22 P70 1T < e(m) [T 70 P
Jj=1 Jj=1

‘We have

Theorem 2. Let a sequence (an)n>0 be quasiconvexr and | lim a, =0.
= In||—oco

Then for the sum f of the series (xx) we have

SCHUEFCTID IR D DI DR

B:BCM *1<n,<N, N,+1<n,<oco
veB ueB’
—my smy+1 .
< [T~ ] ZH|AB(AMan)|}
veDB neB’

where N, = [%], veM.
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(As usual, the empty product is assumed to be zero.)

To prove the theorem note that the Hardy transformation is defined in R*
for k > 2 too and its structure becomes more complicated as the dimension
increases. Nevertheless, the estimates from the proof of Theorem 1 can hold
for the case k > 2 as well.
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