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ON SOME ENTIRE MODULAR FORMS OF WEIGHTS !
AND 2 FOR THE CONGRUENCE GROUP T (4N)

G. LOMADZE

ABSTRACT. Entire modular forms of weights % and % for the congru-

ence group I'g(4N) are constructed, which will be useful for revealing
the arithmetical sense of additional terms in formulas for the number
of representations of positive integers by quadratic forms in 7 and 9
variables.

1.

In this paper N, a,k,q,r,t denote positive integers; u, s are odd positive
integers; H, ¢, g, h,j,m,n,«, 3,7, 9, £ are integers; A, B, C, D, G are complex
numbers; z,7 (Im 7 > 0) are complex variables, and H = {7 € C|Im 7 > 0}.
Further, (%) is the generalized Jacobi symbol; (7) is a binomial coefficient;
(k) is Euler’s function; e(z) = exp 2miz; n(y) = 1if v > 0 and n(y) = —1

if v <0.
Let
Dgn (2|56, N) = Z (_1)h(m—c)/N %
m=c (mod N)
1 g\2 g .
xe(ﬁ(m—ki) T)@((m+§)z>, (1.1)
hence

68? Ygn (2|56, N) = (mi)" Z (=1)Mm=/N(9m 4 g)" x
m=c (mod N)

xe(%(m—i—g)%)e((m—l—g)z) (n>0). (1.2)
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Put

an

—
ozn Y
It is known (see, for e.g., [1], formulas (11) and (12)) that

I (rie N) = 2 g elrie )|y (n 2 0), (13)

=0

19; 11+2J(7' ¢, N) = 19;2 (T3¢, N) (n>0), 14

I 300 e e Yt 20,

) (r = e, N) = (—D"e(* %(HQ)Q) g (15)
x 0" _isg—pn(Ti—e,N) (n20).

From (1.1) and (1.2), according to notation (1.3) it follows, in particular,
that

o0

9 (730, N) = (mi)" Z (=1)""(2Nm +g)"

xe(ZN(N +2) ) (n > 0). (1.6)
For §2 7& 0) 517.9’ h/vN with glg + th + §1§2N =0 (mOd 2)7 put
m—c € g
R D D e € ]
mmodN |2
m=c (mod N)

Finally, let

)
r0(4N):{j::ﬁ EF"y—O mod 4N)}

For 7 € H put
(74872 = (77 +6)'1?)", —Z <arg(r+90)/2 < 2

Definition. Let M be a matrix of an arbitrary substitution from I'g(4N),
and let v(M) be a multiplier system on I'g(4N) and of weight 5. We shall
say that a function F' defined on H is an entire modular form of weight 5
and of multiplier system v(M) on I'g(4N), if

(1) F is regular on H;
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(2) for all matrices M = <: ?) of substitutions from T'g(4N) and all
T E€H,

P(ETED) — oy r + 02 (7):

YT+ 0
(3) in the neighborhood of the point 7 = ico,
= Z A e(mt)
m=0

(4) for all substitutions from I" in the neighborhood of each rational point

T:_% (77&07 (775):1)7

(v7 +8)/2F(r) ZA’ (4";7 3:1’?)

Lemma 1 ([1], p. 58, Lemma 3). If g is even, then for n > 0 and all
substitutions from To(4N) we have

o (5 i 6;0,2]\7) -

I\ +6
20N )
— (sgn 62N (sen8-1)/2;(1~ 6)/2(ﬁ|5$gn)(,77_+§)(2n+1)/2 o
ayd2h2\ [ B6g? §2eCN)=2y
(- 16N )e( 1 4N )05 (710,28,

Lemma 2 ([1], p. 61, Lemma 4). If v # 0, then forn >0
(y7 + 6)@n D290 (110, 2N) =

=e((2n + 1) sgn~/8) (2N\7|)_1/2( —isgny)" x

(n) Cm’-i—ﬁ
Hn%;m% (on(0, H:2N) {07, (7 e JH2N) +
n t
At n—t) OéT-i—ﬁ.
;( )z:l k! glh’t (77+5’H72N)}’
where
g =069 —~vh— 27N, K = —fBg-+ah—2a8N, (1.7)
/
©ggn(0, H;2N) = e <4]€(H+ )) (—%(H-I- ))

5
X Sy ag sy ( ° il 2N),
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2k)\(=2NAmi(y + 6))*  if t =2k
Atk|Z:0 — ( ) ( Y (’Y )) f (18)
if t # 2k
(t=1,2,....n; k=1,2,....1).
From (1.8) it follows that
t Ay .
Z Ak = (tf/2/)? ‘z:O if 2[¢, (1.9)
= k! 0 if 24t.
2.

Lemma 3. For given N let

Q15 g1, hay e, Ny) =
= Q75 91,92,93; h1, ha, ha; c1, c2,¢3; N1, No, N3) =

= {7 ﬂglhl (T; €1, 2N1)1992h2 (T; C2, 2N2) +
A 19q/2h2 (73 c2,2N2)0 g,y (T3 €1, 2N1)}1993h3 (7;¢3,2N3), (2.1)
where

2lgk, NilN (k=1,2,3), 4|NZ (2:2)

Then for all substitutions from T' in the neighborhood of each rational point
T = —% (v#0, (v,0) = 1), we have

7/2 . n ar+pf
(v7 +8)7/2Q(7; g1, ha, 0, Ny) = ZG (1 7T+6) (2.3)

Proof. 1. From Lemma 2 for n = 2 and n = 0 (respectively with g1, hy, Ny,
g1, by, Hy and go, ha, No, g, hly, Ho instead of g, h, N, ¢, h', H), according
o (1.8)—(1.9), it follows that

1
N, — (vt + 6)31991h1 (750,2N1) g1, (750,2N3) =

3 _
= —e(Z sgn ) (4N1 Nav?) 12

X Z Lpgiglhl(O?I{U2]\[1)()09592112(07}12;QJVQ) X

Hymod2N;
Homod2N»
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1 ot + 3 ot + 8
. ( ;H,2N>q9/ /(7;1{,21\1)
X{Nl g\ yr 5" 1) ozhs T+ 9§ 2202 )+

. at + 3
—dymi(yT + 6) Vg s (m, Hy, 2N1) X
art +
9&%(

777+§;H2’2N2)}' (2.4)

ReplaCing N17917h17H17gI17h/1 by N27927h27H27g/27hl2 in (24)7 and vice
versa, we obtain

1
E(W +6)20; 1, (750, 2N2)0 g, 1, (750, 2N7) =

3
= _6(1 sgn ) (4N Noy?) 12 x

X Z 909;92h2(07H2;2N2)$Dg’191h1(03H1;2N1) X

Himod2N,
Hsoymod2No

1 ar + at +
X 77_9/// /<7,H 2N>’l9/ /<7H 2N>
{N2 S v e R L A iy S +
ar+

—dymi(yT + 6) gy (m, Hs, 2N2) X

aT +
on (Srrg Lo} (2:5)

Subtracting (2.5) from (2.4), we obtain

1
(7 + 5)3{Eﬁglhl (730, 2N1) g, 1, (730,2N5) +
1

35 Vi (730, 2N2 g (70, 280) | =

3 _
= —e(i sgnv) (4N1N272) 1/2

X Z gpgiglhl (O7H1;2N1)(Pg’2g2h2(0,H2;QNQ) X

Himod2N,
Hymod2N»

1 ar + at+
9" /<7'H 2N)19, ,(7.]{ ZN)
X{Nl g1hy 77—_’_5’ 1s 1 gshh ’7T+(5’ 25 2| +

ar + 0 at + 0
- . (m; Hy, QNQ)ﬁgllh/l (m; Hy, 2N1) } (2.6)

From Lemma 2 for n = 0, we have

(Y7 + 8)29gy0, (1:0,2N3) = e(sgny/8) (2N3|y|) /% x
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<D

H3m0d2N3

art +
@9§g3h3 (07 H3; 2N3)?9_qgh’ (

H,ZN)
P S

(2.7)

Multiplying (2.6) by (2.7), according to (2.1), we obtain

(v + 8)72Q(1; g1, i, 0, N;) =
= —e(Tsgn~/8)(8N1 NaNs|v|*) ~1/2 x

3
. at + 3 / ’
X Z H<Pg;gkhk(07Hk72Nk)Q(m7 I HlaNl) (2.8)
HlmOdQlezl
Homod2N,
H3m0d2N3

2. In (2.8) let v be even. Then, by (1.7), g, (k = 1,2,3) are also
even. Now in (1.2) and (1.3) instead of m let us introduce new letters of
summations my, defined by the equalities m — H = 2Nymy, (k = r,t,3),
respectively, and for brevity we put

12
T, = (Hk + 2Ny, + %’“) (k =r,t,3).
Then, by (2.1), in (2.8) forr=1,¢t=2and r =2, ¢t =1, we get

ﬁg;.ha.(w HT’QN) H Dgr n, (aTJFﬁ Hk,QNk) -

7THe VT3
3 et o+ ) e (M1 2T
< 3 i An 4
| Z ) -
S () S ()

ns =0

(e (1 O + 5)

= nz ar + B\
x Z B”36<W 77’4—5) 7;6'

2.
AN 1 +6 (2:9)

since by (2.2) ny = ]\%Tk are non-negative integers. Thus, for even v, (2.3)

follows from (

2.1),(2.8), and (2.9).

In (2.8) let now v be odd. If hy, ho, hs are even, then by (1.7), g1, g4,
g4 are also even, and we obtain the same result. But if h, is odd, then by
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(1.7), hl. and g, will also be odd, and in (1.2) we shall have

(m+g./2)° = (m+ (g, —1)/2)° + (m+ (g, — 1)/2) +1/4.

Hence

7 aT"‘ﬂ_ Y R, ar+p

v ”L’( 5’H’”’2N’") = (m) e(lGNr w+5> x
N/N, ar—f—ﬁ) (
4N "NT 46

X Z h " (2(H, 4 2N, mr)—l—gr)2 ( r=1,2).

my=—00

Here by (1.4) we can imply that k.. = 1, since by (1.7), hl. and h, have the
same parity, and

W, = (H, + 2N,m, + (g. — 1)/2)* +

+ (Hy + 2N,m, + (g1 — 1)/2)  (r=1,2). (2.10)
Analogously,
ar+ (3 h, ar+p
Dy | —=3 Hy, 2Ny ) =
gtht<77—|—5’ b t) e(lGNt 77+6)X

/ N/N; at + 3
_1\hymy t _
xS (ntime( S w+5) (t=2,1).

my=—00

The same formula is valid for ¢ = 3 with the same remarks concerning hj
as for hy, t = 2,1. Further, for kK =t,3 we have

Wi = (Hk+2Nkmk+( 71)/2) (2.11)
(Hy + 2Ngmy, + (g, — 1)/2) if 21 gj..
Thus, if among hf, hb, b at least one is odd, then, as in (2.9), for r = 1,

t=2and r=2,t=1 we have

ﬁg,rh,r(‘;‘:%ﬁ H,2N, ) H Dy (O‘T+§ Hy, 2N ) =

(N )T S (.
S (T 3 (1 -

'fL{—

3 / /
N )T S ()
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= r n ar+p
:Z%D; %(E vr+6)’ (2.12)

3.
since, by (2.2), (2.10), and (2.11), ni = Nika andn=1N > Fk +n' are
h—=1
2.

non-negative integers. Thus, for odd =, (2.3) follows from (2.1), (2.8), and

(2.12). O

Theorem 1. For given N the function Q(7;g;,hi,0,N;) is an entire
modular form of weight 7/2 and of the multiplier system

w(M) = 310080 6=1)/23(181-1) /4(5Asgn5) (2.13)
0]
(M = (: ?) is a matriz of the substitution from To(4N) and A is the

determinant of an arbitrary positive quadratic form with integer coefficients
in 7 variables) on I'o(4N) if the following conditions hold:

(1) 2lgk, NelN (k=1,2,3), (2.14)
(2) 4|N23: i 4] Zé: i (2.15)
NN
3) for all & and 6 with ad =1 (mod 4N)
(%)Q(ﬂagl,hlﬁ,]\m = <|5|) (1591, h1,0,N;).  (2.16)

Proof. 1. Tt is well known that theta-series (1.1)—(1.2) are regular on H;
hence the function Q(7; gi, by, 0, N;) satisfies condition (1) of the Definition.
2. Tt is easily verified that (2.15) implies

4\N§22h§/1vk, 4|Z52¥’ NK)=202 JAN, (2.17)
k=1 k=1
since 21 d, because ad =1 (mod 4N).
From (2.14) it follows that

To(4N) C To(4Ny) (k =1,2,3). (2.18)

By Lemma 1 for n = 2 and n = 0, according to (2.17) and (2.18), for all
substitutions from I'y(4N), we have

;’Thr(cwif: 0,2N, ) — 5n(V)(sgnd—1)/2,(1—8])/2 o

(ZQNT sgn

5] )( T+ 08)%29), , (730,2N,), (2.19)
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i (%;072]\&) () (sen-1)/2,(1-181)/2
(QBNt sgn d

6]
By (% 0, QNB) _ () (sen6-1)/2,(1-13)/2
2BN3sgnd

( 6]

)(’77‘ + 5)1/2190%,;“ (7;0,2Ny), (2.20)

)T 4 62y (730, 2N5). (2.21)

Thus for all substitutions from I'g(4N),if r =1, t =2and r =2, t =1,
we have

ar+ 0
;0,2Nr) Dy, <7;0,2N ) —
: grhi AT+ k

w o (oT+B
O ( 5
k=t

grhor yT _|_ 6

_ 1)/2.3(1— 2Bsgnd\ s NNy N3
— (7)(sgn6—-1)/2;3(1—|5])/2 r 7/2
i i ( K )( 7] )(77—1—5) X

+ 5 at + 3
! (L; 0, 2Nr) Do (7; 0,2N, ) 2.22

agrhe\ nr 4§ kl;[?) gt:h ) k ( )
It is not difficult to verify that

o 2 3(1611)2
B0 \5\)/2(@) — ;3(s1-1)%/a (2.23)

Hence, by (2.1), (2.22), (2.23), (2.13), and (2.16) we get

(ST g 0, = e s 2

YT + 90
sen &\ 7/ N1 NoN-
(ﬂ |§| )( 1 ‘57 B)WTJF5)7/29(7504917hz,0,Nl) _

= o(M)(y7 +8)"2Q(7; g1, b, 0, Ny).

Thus, the function Q(7; g, hy, 0, N;) satisfies condition (2) of the Definition.
3. From (1.6) it follows for r =1, ¢t =2 and r = 2, t = 1 that

o (T30,2N,)0 4,1, (750, 2N )0 g1y (750, 2N3) =

grhr
=(mi)* Y (SN (AN, 4 g)?
Moy, M, M3=—00
1 o0
AN, 2r) = (ryt)
xe(k;g N, (2Nkmy, + gi/2) r) = ;Bn e(nt),  (2.24)
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where

1
=Y — (2N, 2)? =
n Z4Nk( K+ gr/2)
k=1
3 1 3
= > (Nem32 + mpgr/2) + ZI;QI%/‘lNk,

k=1

by (2.14) and (2.15), is a non-negative integer. Thus, by (2.1) and (2.24),
the function Q(7; g1, ki, 0, N;) satisfies condition (3) of the Definition.

4. By Lemma 3, the function Q(7;g;, hy, 0, N;) satisfies condition (4) of
the Definition. [

Lemma 4. For given N let
Uy (7591, iy e, Ny) = Ve (7591, 92, 935 b, ho, hascr, c2, ¢33 N1, No, N3) =

1
= {E ﬁlgllhl (T; C1, 2N1)1992h2 (T; C2, 2N2) =+
1
,E19;'2,12(7;c2,2N2)19g1h1(T;cl,2N1)}79;3h3(7;c3,2N3) (3.1)

and
Uy (75 915 hu, e, Ni) = Wa(T5 g1, 92, 933 iy he, ha; ¢, ¢2, ¢33 N1, No, N3) =

1
= {E ﬁgihl(T;Cl,2N1)1992h2(T;62,2N2) =+

3
,Eﬁgth(T;02,2N2)z9'glhl(7;cl,le)}ﬁgshg(T;%,gNg), (3.2)

where

3
hi
2 NN (k=1,2,3 4NE*. 3.3
|gka k| ( P )7 | ! Nk ( )

Then for all substitutions from T, in the neighborhood of each rational point
T = _% (7 7é O: (’-Ya 5) = 1)7 we have

9/2 _ () (M aT+BY
(’YT—’_&) / \P](Taglvhl707Nl)—ZG%])€(W ’}/T—i—(s) (]—1,2) (34)

n=0
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Proof. 1. Formula (2.6) is obtained in Lemma 3. From Lemma 2, for n = 1,
we have

(Y7 + 8)*20, 1, (1:0,2N3) = —e(3sgn/8)(2N3|y]) /2 (isgny) x

at+ 3
XD a0 H 2N (ST

H 2N ) 3.5
5 3 3 ( )
Hsmod2N3

Multiplying (2.6) by (3.5), according to (3.1), we obtain

("}/7' + 5)9/2\111(7';91, hl,O, Nl) =
= 6(9 sgn/8)(8 N1 NoNs|v|?) ~1/2 (i sgny) x

T+,
x Z HSDQ gkhk(o Hk’QNk)\Ill( T-i—(S’ ;7 / Hlle> (36)
H1m0d2N1k 1
Hosmod2Ns
Hszmod2N3

Reasoning further just as in Lemma 3.2, but taking everywhere

ﬁ;shs(i:i’?;Hg,ﬂNg) instead of ﬁQShg(z:ig;Hg,QNg), from (3.1) and

(3.6) we obtain (3.4) if j = 1.
2. From Lemma 2 for n = 3, n = 0, and respectively for n =2, n =1, it
follows that

1
(7T+5)4?9/" (T;OaZNl)ﬂgghz(T;072N2) -

N, g1hi
1 .
= clsgn ) (AN1N27?) T 2 (isgn ) <
at+ 0
x ) <Pg;glh1(07H1;2N1){ ’g’i’h;( 5 H172N1)
Hymod2N;
At (3-t) (T + [
+Z()Zl i (S ) |
at+ 3
X Z Wgégzh2(07H2§2N2)ﬂg;h’2 (m;HQ,QNQ) =
Homod2No
= e(sgny)(isgn ) (AN1Nay*) 2N g, (0, His2N0) X
Hymod2N,
Homod2N»
at+ 0

X Pl g2hs (0, Ha; 2N2){*19m ( s Hy, 2N1)199’2h'2 (730,2N2) +

YT+’

aT +
JQHlaZNl)ﬁgéh/z (T;O,QNQ)} (3.7)

12~ 5, (
VmI(YT +0) Ty, T+
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and

3

E(’YT + 5)419/9/2h2 (150, 2N2)19;1h1(7;0,2N1) =

= e(sgn ) (isgny)(AN1N2y?) 2 3 g0, (0, His2N7) x
H1m0d2N1
H2m0d2N2

3 (aTJrB

XPgsgana (0, Ho; 2N2){ﬁ219;éh,2  Ha,2N;) +

T+ 4]
. I aT + ﬂ /
—12ymi(yr + 8)9), (m; Hs, 2N2> }199,1,,1 (;0,2N7).  (3.8)

Subtracting (3.8) from (3.7) and multiplying the obtained result by (2.7),
according to (3.2), we get

(’}/T + 5)9/2\112(7-; g1, hl7 07 Nl) =
= e(9sgn~/8)(8N1 NaN3|y]*) "2 (isgny) x

3
% Z Hsogigkhk(oaHk;sz)\IfQ(

Himod2N; k=1
H2m0d2N2
H3m0d2N3

ar+p6 , .,
’YT+67gl7 1y 441, l) (3 9)

In (3.9) let v be even. Then, reasoning as in Lemma 3.2, by (3.2), from
(3.9) we obtain

ot (g 20 g (5 22) 4
s (g ) (7 #0200 )
géhé(%;H372N3) = {(;rvzl)z”
X mlioo(—l)h;ml (2(H1 + 2N1my) +gi)se(]\;/]]vv1 T1 j:i?) X
£ ).
_3(;?3 miw(_m;mz (2(Hy + 2Nyms) + g'2)2e(2\;/]]\>f2 T j::?) x
x i (—1)Pm™ (2(Hy + 2Nymy) +g’1)e(1\;/f\>fl T ii?)} x

mp=—00
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- tma (N/Ns ot + 3\
X Z (=)™ Q(WgTS'yT—HS)*

(S ) S )
Sl £ el )
S (T S e T

1’7,3—

Here T}, and nj have the same meaning as in Lemma 3.2.
Thus, for even 7, (3.4) follows from (3.2), (3.9) and (3.10) if j = 2.
Further, reasoning as in Lemma 3.2, we obtain (3.4) forodd yif j =2. O

Theorem 2. For given N the functions ¥1(7; g1, hi, 0, N;) and Uo(T; g1,
hi,0, N}) are entire modular forms of weight 9/2 and of the multiplier system

o(M) = () e 5-1)/2,(15)-1) /4(5A|f§n5) (3.11)

(M = (i ’g) is the matrixz of the substitution from T'o(4N) and A is the

determinant of an arbitrary positive quadratic form with integer coefficients
in 9 variables) on To(4N) if the following conditions hold:

(1) 2[gk, Ne|N (k=1,2,3), (3.12)
3 s
h2 g2
(2) AN 4D (3.13)
k=1 K k=1 'k

(3) for all & and § with ad =1 (mod 4N)

N1N3N-:
SgH(S(#)@j(T?agl»hlaole) =
|6
_A ,
= (W)q}j(T;glahlaoaNl) (.7 = 172) (314)

Proof. 1. As in the case of Theorem 1, the functions ¥ (7; gi, ki, 0, N;) and
Uy (73 g1, hi, 0, N) satisfy condition (1) and, by Lemma 4, also condition (4)
of the Definition.

2. By Lemma 1 for n = 3 and n = 1, according to (2.17) and (2.18), for
all substitutions from T'y(4N), we have

i (%;0,2%) = sgn §i77(7) (580 I-1)/2;(1-16)/2 o
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23Ny sgnd
(ﬁT)(W +8) 200, 1, (7:0,2N7), (3.15)
/ at + 3 -3n(v)(sgn 6—1)/2,:(1—18])/2
Vgin, (ﬁ, 0, 2N1> = sgn o4 i %
23Ny sgn 6
(#)(W +0)Y20, 5, 1, (7:0,2N7), (3.16)
gsha (%5 0, 2N3) = sgn §i1(7) (sgn0—1)/2;(1=101)/2 5
23N3 sgn
<$>W + 8)*/ 29, gy 1y (750, 2N5). (3.17)

Thus, for all substitutions from I'o(4N) we respectively get:
(1) by (2.19), (2.20), and (3.17)

0 (%W'O,zm)ﬁgtm(mJFB;Oa?Nt)W (aTJrﬂ'o’zNg):

grher _|_67 ’)/T—F(S gshs ,77_4_57
— sgn 6i1(0(En8-1)/2;3(1-181)/2 (25 Sgn5> <N1N2N3>
0] 0]
X (v 4 8)°7290 o (730,2N,) 00, (750, 2N )0 . 1, (750,2N3)  (3.18)

forr=1,t=2andr=2,t=1;
(2) by (3.15), (2.20) for t = 2 and (2.21)
" aT—i—B. a7+ﬁ_ at + 0
1991}11(,)/7_ ¥ 570’2N1)1992h2<77, Iy 7072N2)1993h3(,YT T
. o S 31— 28sgnd\ /N1 NoNj
— n(v)(sgnd—1)/2,3(1—15)/2
sgn 0i ’ ( 0] )( 0] )

X (v 4+ 6)207 1 (730, 2N1)Dagy 1y (750, 2N2) 00 gy 1y (15 0,2N3); (3.19)

agi,hi

;0,2N3) -

(3) by (2.19) for r =2, (3.16), and (2.21)
/ ar + [ , art + at + 3 B
9 s (T 502N, )i (? 50,28, )b, (? —50.2Ny) =

. s _ . _ 2ﬁ Sgn(5 N1N2N3
- §5in(v)(sgnd—1)/2,3(1—|8])/2
Sgn ot 7 ( |5| )( ‘§| )

X (v +6)220 o (130,2N0) 0 o (750, 2N1) 00, 1y (T50,2N3). (3.20)

aga,ha agi,hi

It is not difficult to verify that

. —2\ (1512
B0 |5|)/2(W> — ;(81-1)%/4 (3.21)
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Hence, by (3.1), (3.18), (3.21), (3.11), (3.14) (if j = 1) and (3.2), (3.19)~
(3.21), (3.11), (3.14) (if j = 2) we get

v; (aT - ﬁagh hy, 0, Nl) = sgn6iﬂ(v)(sgn5—1)/22'("5'_1)2/4 X

+90
—Bsgné\ / N1 NoN.
( |§? )( 1 |5T 3)(77 +5)9/2‘1/j(7'§0491,h1,0,Nl) —

= o(M)(y7 + 8)"2 W, (391, i, 0, Ny) (j = 1,2).

Thus the functions U,;(7;g;, hi,0,N;) (j = 1,2) satisfy condition (2) of
the Definition.
From (1.6) it follows that

lg/rh (730,2N,)0 g, 1, (75 0,2N)0,, 1, (750,2N3) =

gshs
oo

=(mi)® > (—1)2kmres ™ (AN, + g,)2(AN3ms + g3) X

xe( Z 4N (2Nkmk—|—gk/2 ) ZC(H&) e(nr)

k=r,t,3
forr=1,t=2andr=2,t=1,

m (130, 2N1)V g1, (750,2N2)V g1, (750,2N3) =

g1hi
Q > 3 .
= (ﬂ-i)d Z (—I)Zkzl haemi (4N1m1 —+ 91)3 X
mi1,mM2,M3—=—00
3
(Z (2Npmy + gi/2)? ) ZC e(nr)
k=
and
g2h2(7' 0, 2N2)19g1h1(7;O,2N1)19g3h3(7';(),2N3) =
00 5
= (i)’ > (—1) 2 M (AN + g2)2(ANymy + g1) X
mi,m2,M3=—00

xe<Z4N (2Npmy + gr/2)* ) ZD e(nT)

since in all these expansions

3
= ]CZ T (2Nymy, + gk/2)
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as has been shown by Theorem 1.3, is a non-negative integer. Therefore,
in view of (3.1) and (3.2), the functions ¥;(7;g;, hi, 0, N;) (j = 1,2) satisfy
condition (3) of the Definition. [J
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