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A MULTIDIMENSIONAL SINGULAR BOUNDARY VALUE
PROBLEM OF THE CAUCHY-NICOLETTI TYPE

J. DIBLIK

ABSTRACT. A two-point singular boundary value problem of the Cau-
chy—Nicoletti type is studied by introducing a two-point boundary
value set and using the topological principle. The results on the exis-
tence of solutions whose graph lies in this set are proved. Applications
and comparisons to the known results are given, too.

INTRODUCTION

Consider the system of ordinary differential equations

y = f(z,y), (1)

where z € I = (a,b), —co <a<b< oo,y € R" and n > 1.
We will study the following singular boundary value problem of the
Cauchy—Nicoletti type:

yila+)=A; (i=1,...,m), yp(b=)=4r (k=m+1,...,n) (2)

where A;, i =1,...,n, are some constants and 1 < m < n.

It is assumed that the vector-function f € C(Q,R™), where ) is an open
set such that QN {(z*,y) : y € R"} # & for each z* € I and, moreover, f
satisfies local Lipschitz condition in the variable y in Q (f € Lio(©2)). In
this case the solutions of system (1) are uniquely determined by the initial
data in €.

We define the solution of problem (1), (2) as a vector-function y =
(Y1, -, yn) € CH(I,R") which satisfies system (1) on I, (z,y1(x), ..., yn(z)
Cc Qifz eI and y(at) = A; (i = 1,....m), yp(b—) = A, (k =
m+1,...,n).
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In the paper certain sufficient conditions for the existence of solutions
of problem (1), (2) will be given whose graph lies on the interval I in a
two-point boundary value set Q° defined in the following way.

Definition 1. Let QY € Q and Q° N {(z*,y) : y € R"} # & for each
x* € I. We will call the set Q° a two-point boundary value set if each
continuous curve | = {(z,y) : = € I, y = y(z)} defined on I, for which the
relation (x,y(x)) C Q° holds on I, has the following limit values:

liril ye(z) = A (k=m+1,...,n). (4)

In the sequel ngb will denote such a type of set Q°.

Boundary value problems for systems of ordinary differential equations
were considered by many authors (see [1]-[9], for example). Singular bound-
ary value problems of such types were studied in [3]-[8], [L0]-[16]. Our re-
sults are independent of the known ones. Some specific comparisons to the
known results will be made in the paper. The main results are formulated
as Theorems 2 and 3.

MAIN RESULTS

Let Q0 C Q be some open set with the boundary 9Q°. According to
Wazewski ([1], [17]), a point (zg,y0) € 9Q° N Q is a point of egress from
00 with respect to system (1) and the set QO if, for the solution y = y(z)
of the problem y(z¢) = yo, there exists ¢ > 0 such that (z,y(z)) € [Q°
if ¥ € [wp — €,70). A point of egress is a point of strict egress from Q0 if,
moreover, there exists €1 > 0 such that (z,y(z)) € Q° if 2 € (xo, z0 + &1].

As usual, the set of all points of egress (strict egress) from QY will be
denoted by Q9 (Q2,).

Theorem 1 ([1], [17]). Let Q° C Q be some open set such that Q0 =
Q0.. Assume that S is a nonempty subset of Q°UQNY such that the set SNNY
is not a retract of S but is a retract of Q0.

Then there is at least one point (xg,yo) € S NN° such that the graph
of the solution y(x) of the Cauchy problem y(zo) = yo lies in Q° on its
right-hand mazximal interval of existence.

In a further discussion we will suppose that all sets of the type Q° satisfy
all the conditions of Definition 1, i.e., Q0 = Q ;.

Theorem 2. Let Q° = ngb and Q0 = Q0. Assume that there are
nonempty subsets S; C {(z,y) € Q,z = 2} N (QPUQY), i = 1,2,...,
where {x;} is some decreasing sequence of real numbers with z; € (a,b) and
lim; o0 @; = a such that S;NQY is not a retract of S; but is a retract of Q0.
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Then there is at least one solution y = y(z) of problem (1), (2) such that
its graph lies in Q° on the interval (a,b).

Proof. Let the index i be fixed. Then, as follows from Theorem 1, there is
at least one point (z;,y*) € S; such that the graph of the solution y*(z) of
the Cauchy problem y(z;) = y* for (1) lies in Q° on its right-hand maximal
interval of existence, i.e., on the interval [x;,b). Further, we denote by M;
the set of all initial points from the set €; = {(z,y) € Q°, x = x;} with
the property that each point (z;,y**) € €; defines a solution y = y*(x)
such that its graph lies in Q° on [x;,b). Obviously, M; # @. The set
M; is closed in ©Q; (including the case where M; consists of one point only)
since otherwise we get the contrary with continuous dependence of solutions
on the initial data. Let x{M;,[z;,b)} be the set of all solutions of (1) on
[z;,b) defined by the initial data from the set M;. Then M C M; where
M] = x{M;,[z:;,b)} N1, and if ¢ > 2 then M/ C M/_,. Then, as the sets
M/, i =1,2..., are compact, there is a nonzero set My = N2, M. If a
point (x1,y0) € My then for the corresponding solution y = yo(z) we have
(z,y0(z)) € Q%on (a,b). As Q0 =Q%, by (3) and (4) limy—a+ yoi(z) = Ai,
i=1,...,m, and lim,_,_ yo;(x) = Ai, i=m+1,...,n, ie., the solution
yo(z) is a solution of problem (1), (2) with appropriate properties. [0

Now we will suppose that the open region Q° can be described by the
functions n; € C1(Q),i=1,...,1, and p; € C(Q), j =1,...,q, as follows:

QO:{(x,y)GQ el ni<0,i=1,...1 p; <0, j:l,...,q}. (5)
For @ € {1,...,1} we denote
Na:{(x,y)eﬁoﬂﬁ, ng=0,n;<0,i=1,...,1; i # «,
<0, j=1,....q}
and for g € {1,...,q}
sz{(x,y)eﬁOﬂQ, P =0, <0,i=1,....1;
<0, j =10 j#8}
Definition 2 ([1]). The open set Q° C 2 given by (5) is called an (n, p)-

subset with respect to system (1) if for derivatives of the functions n, (a =
1,...,0) and pg (8 =1,...,¢q) along the trajectories of system (1)

dne(z,y)/de <0, for (x,y) € Na, (6)
dpg(z,y)/dz >0, for (z,y)€ Ps. (7)
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Theorem 3. Let f € C(Q,R™), f € Lie(Q), Q0 = Q°, and Q° be
an (n,p)-subset with respect to system (1). Let us assume that there are
nonempty subsets S; C {(z,y) € Q,z = 2} N (QUQY), i = 1,2,...,
where {x;} is some decreasing sequence of numbers with x; € (a,b) and
lim; o0 @; = a such that S;NQY is not a retract of S; but is a retract of Q9.

Then there is at least one solution y = y(x) of problem (1), (2) such that
its graph lies in Q° on interval I, i.e., the inequalities

nz(xay(x)) <07 izla"'vlv (8)
pi(z,y(x)) <0, j=1,...,q, (9)

hold on interval I.

Proof. From the known result in [1] (Lemma 3.1, §3, Chapter X) it follows
that Q0 = QJ, = N%_, Ps\ N,,_; No. Then Theorem 3 is a consequence of
Theorem 2 and that result. In this case (x,y(x)) C Q0 on I (instead of
(z,y(x)) € QY on I) because in view of (6), (7) {(z,y) € L,z € I,y =
y()}noQ® =2. 0O

APPLICATIONS

(A) Let system (1) be of the form

y' = Al@)y +9(z,y), (10)
where A = {a;j}ij=1,..n, aij € C(I,R), g € C(Q,R") and g € Lio.(2).
Let 6;(x), ¢ = 1,...,n be some functions continuously differentiable and

positive on the interval I with the property
lim 6;(z) =0= lim &x(z) (i=1,...,m, k=m+1,...,n). (11)

r—a+ z—b—

For some integers m1, 0 < m; < m and ny, 0 < n; < n—m and for
(z,y) € Q we define the functions

Ni(z,y) = Ni(x,yx) = (yx — Ak)2 — (52(33), (12)
where k € {1,...,mi}U{m+1,...,m+ny} and
P.(2,y) = P(v,y,) = (yr*AT)2*53(I)a (13)

where r € {m1+1,....m}U{m+n; +1,...,n}. If we put l =my +ny
and ¢ = n —1 then by formulas (12), (13) the functions n; (i =1,...,1) and
p; (=1,...,q) are defined as follows:

N, it ie{l,....m}
ni = iedl. . m} (14)
Nicmyem i i€{mi+1,....m3+n1},
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p; = Pj+m1 if je{l,...,m—ml},
"7\ Pitmyan, i jE{m—mi+1,...,n—my —n1}. (15)

In such a case the sets Q°, N,, o € {1,...,1}, and Pg, 8 € {1,...,q},
have the following simpler form:

00 = {zel, lys — Ai| < 8i(x), i 1n} (16)

No= {2 € L. [y = Aal = baa). |yi = Ail < 8i(2),
i:l,...,n,i;éa} (17)

Py ={w €I, ys — Asl = 05(a), Iy — Ail < 8i(a),
i:17...,n7i7éﬂ}7 (18)

In the proof of the next theorem we apply Theorem 3.

Theorem 4. Assume that:
(a) There are continuously differentiable and positive functions 6;(x),
1 =1,...,n, on the interval I with property (11).
(b) The inequality
S Ty @55 ) + 3 laa; (@) A5] + g ()] <
j=1,j#a0 =1
< 600(T) — 0000 (T)d00 () (19)
holds for each o® € {1,...,mi}U{m+1,...,m+n1} and (z,y) € N, where
a=avifa® € {1,...,m1} and o = a®+mi—m ifa® € {m+1,...,m+n}.
(¢) The inequality
Do lago;(@)[d; (@) + Y lago;()A;] + |gpo (z,y)| <
J=1,5#3° =1
< agogo ()00 (x) — O30 () (20)
holds for each 3° € {m1 +1,...,m}U{m+n; +1,...,n} and (z,y) € P,
where B = % —my if 0 € {m1 +1,...,m} and B = B° —ny — my if
Ble{m+ni+1,...,n}.
Then there is at least one solution y = y(x) of problem (10), (2) such
that for its components the inequalities

hold on the interval I.
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Proof. First we prove that the set Q° described by (16) (where the functions
n; (1=1,...,1),p; (j =1,...,q) are defined by formulas (14), (15)) satisfies
the property Q° = ng and generates some (n,p)-subset with respect to
system (10). The property Q° = Qg)b is a consequence of formulas (11) and
(16). Indeed, if I = {(z,y) : = € I,y = y(z)} is a continuous curve for
which the relation (z,y(z)) C Q° holds on I, then from (11) and (16) it
follows that

lim y;(x) =A;, i€{l,...,m}, 1irlr71 ye(r) =Ar ke {m+1,...,n}.

r—a+

Further we will compute the derivative of the function n,, « € {1,...,1},
along the trajectories of system (10) on the set N,. In view of (17) and (19)
we obtain

n

dneg(x,y
%) =2(Ya — Aa)Yo — 2000, = 2(Ya — Aa) { > aaily; — Aj) +
Jj=1,j#a
+ Zaa]AJ + Ja + aaa(ya — AO():| — 26a6/a <
=1
< 26(1 [aaaéa - §/a + Z ‘aaj|5j —+ Z |aajA]| + ga:| < 0.
Jj=1,j#a j=1

By analogy we can compute that in view of (18) and (20) for the derivative
of the function pg, 8 € {1,...,¢}, along the trajectories of system (10) the
inequality dpg/dx > 0 holds on the set Pg. Inequalities (6) and (7) hold
and, by Definition 2, the set QY is an (n, p)-subset with respect to system
(10).

Let {z;} be some decreasing sequence of numbers with z; € I and
lim; .« @; = a. For each fixed i we denote S; = (QPUQ)N{(z;,y) : y € R"},
where

q l
Q) = = |J P\ [J Na
p=1 a=1
(see the proof of Theorem 3). The set S; N Q0 is a retract of the set QY
because the continuous mapping
. 0 0 0
II: (sc,y) € Qe = (Iiay ) € Siera

with
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is identical on S; N Qg. On the other hand, the set S; N Qg is not a retract
of the set S;. This follows from the fact that the set S; C \S;, where

Si = {(z,y) €8 =4 y; = Cj € (A —6;(x5), Aj + 6 (21)),

Cj=const, j=1,...,mq; m—i—l,...,m—&—m}

with the property that S; NQ0 C S; N0, is not a retract of the set S; N Q0
as the boundary of the sphere is not its retract ([18]). Consequently, all the
assumptions of Theorem 3 are fulfilled and therefore Theorem 4 is valid.
We obtain inequalities (21) from inequalities (8) and (9) or from (16). [

Example 1. Let problem (10), (2) be of the form
Yy = —4x 2y +2%(x — 1) " Lyp + cosyp,

yh = (x — D2y, +4(x — 1) 2yp + cosy,
y1(0+) = y2(1=) = 0.

/
1
!
2

Then all the assumptions of Theorem 4 are fulfilled if we put n = 2, a1 (z) =
—4272 aa(z) = 2°(x — 1)1, agi(z) = (x — D*a~ 1, age(x) = 4(x — 1)72,
g1(x,y) = cosya, g2(z,y) = cosyy, my =1, n =0, m=1,a=0,b=1,
A; = A =0, §1(z) = x, d2(x) = 1 — z. Consequently, problem (10), (2)
has at least one solution y = y(z) such that |y1(z)| < z, |y2(z)] <1 —z on
(0,1).

Remark 1. [6] contains some theorems on the existence and uniqueness
of solutions of singular Cauchy—Nicoletti problems for systems of ordinary
differential equations. We note that these theorems are independent of
the above-proved results. For example, if we apply Theorem 4.1 from [6,
Chapter II, §4, pp. 37-38] to Example 1 then, in addition, the inequality

(— 4z %y +2°(x — 1) tyo + cosye) signyr < —a(@)|y1| + g(=, [y1], |v2])

must be valid on a set {(z,y) : 0 < x < 1,y € R?}, where a(z) > 0,
a(z) € L(0+,1-) on (0,1), and

sup {lga, Iy, lya)l = Iyl + 2| < p} € L(0, 1) (22)

for each p € (0,+00). In our case a(r) = —4272, g(x, ||, [y2]) = 2°(x —
1)~ Yya| + cos Jy2| and, consequently, relation (22) does not hold.

(B) Let system (23) be of the form

vy = f@)yr + F(x,y1,92), Y5 =1, (23)
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where f € C(I,R), F € C(Q,R?) N L;,.(Q). For system (23) we consider
problem (2) if a =0,b=T,0 < T =const, m =1, A; =0, 4y = —q,
0 < o = const.

Theorem 5. Let there exist a positive function h € C*(I1,R"), I =
(0,T) and a negative function w € C*(I,R™) such that h(0+) = 0, w(z) <
—aonl, w(T-)=—a, h(z) <w'(z) on Iy and on the set

D={(z,y2): z €, w(z) <y2 < —a}
the following inequalities hold:
f(x)h(z) — b (z) + F(z, h(z),y2) < 0 < F(z,0,y2). (24)
Then there is at least one solution y = y(x) of problem (23), (25) where
y1(0+) =0,

¥(T-) = —a (25)
such that the inequalities 0 < y1(z) < h(z), w(z) < y2(z) < —a hold on I.

Proof. Let n1 = y1(y1 —h(x)) and p; = (y2 —w(z))(y2+ ). Then the set QY
defined by (5) satisfies the condition Q° = Qf .. Compute the derivatives
along the trajectories of system (23). We obtain

W = [f(x)yl + F(x, y17y2)] (y1 — h(z)) +
+u [f(l')yl + F(x,y1,y2) — h’(x)]

For the value y; we have y; = h(z) or y; = 0 on the set Ny(z,y). Then
from (24) it follows that dni(z,y)/dz < 0. Analogously, dp;(x,y)/dz > 0
on the set Pj(z,y). Consequently, the set Q° is an (n,p)-subset.

The property that for some decreasing sequence of numbers {z;} with
x; € I and lim; . x; = 0 there is a set S; with the properties described
in Theorem 3 can be verified in a similar fashion as in the corresponding
part of the proof of Theorem 4. Now all the assumptions of Theorem 3 are
fulfilled and therefore Theorem 5 holds. [

Example 2. In system (23) let us put f(x) = —Lz™™, where 0 < L =
const and 0 < m = const. Let h(z) = exP where eT? < o, 0 < € = const, p
is an even positive number, w(z) = [—a— (x —T)P]exp(T —z), F(z,0,y2) >
0, and F(z,h(x),y2) < exP(Lz~™ + pz~') on D. Then all the assumptions
of Theorem 5 are valid and its conclusion is true.

Remark 2. Some classes of singular problems were studied in [14], [15].
For example, in [15] the problem

yi=—(N=DLyi/z+ Fi(y2,2), vy =11, (26)

y1(04+) =0, 42(T—) = —a <0, (27)
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where 2 < N, N is an integer, z € I; and F}; € C'(R™ x I}, R"), is consid-
ered in connection with the study of increasing negative radial solutions of
semilinear elliptic equations. In particular, this work contains the following
result:

Let 0 <d<I<NTH0<K<sT™h and 0 < Fy(ya,7) < (N —
l2) K exp(—Iz) hold for some constants d, [, K, and s if ¥(z) = —a— s(T —
x)exp(—dzr) < y2 < —a and = € I;. Then problem (26), (27) has at least
one solution y = y(z) which satisfies the inequalities 0 < y1(z) < ¢(z) =
Kzexp(—lz) and ¢(z) < y2(x) < —aon I.

We note that problem (23), (25) is more general that the one given above.
If we put f(z) = —(N — 1)z~ and F(z,y1,y2) = Fi(y2,7) then from
Theorem 5 (if h = ¢ and w = v) it follows that there is at least one solution
of problem (26), (27) with the mentioned properties. Moreover, as Example
2 shows, we may obtain more precise estimations of this solution if the
functions h and w are chosen in a proper way.
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