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CONDITIONS OF THE EXISTENCE AND UNIQUENESS
OF SOLUTIONS OF THE MULTIPOINT BOUNDARY
VALUE PROBLEM FOR A SYSTEM OF GENERALIZED
ORDINARY DIFFERENTIAL EQUATIONS

M. ASHORDIA

ABSTRACT. Effective sufficient conditions are established for the sol-
vability and unique solvability of the boundary value problem

da(t) = dA(t) - f(t,2(t)),
zi(ti) = @i(z) (i=1,...,n),
where z = (24)];, A : [a,b] — R™ ™ is a matrix-function with

bounded variation components, f : [a,b] X R™ — R™ is a vector-
function belonging to the Carathéodory class corresponding to A;

t1,...,tn € [a,b] and ¢1,...,¢n are the continuous functionals (in
general nonlinear) defined on the set of all vector-functions of bounded
variation.

1. STATEMENT OF THE PROBLEM AND FORMULATION OF THE MAIN
RESuULTS

Let t1,...,tn € [a,b]; amix : [a,b] — R be a nondecreasing function on
the intervals [a,¢;[ and ]¢;,b] for m € {1,2} and i,k € {1,...,n}; ax(t) =
arik(t) — azi(t), A = (aix)ip=1; f = (fi)i=1 : [a,b] x R" — R" be a vector-
function belonging to the Carathéodory class corresponding to the matrix-
function A, and ¢; : BV,([a,b],R") — R (i = 1,...,n) be continuous
functionals, which are nonlinear in general.

For the system of generalized ordinary differential equations

da(t) = dA(t) - f(t,x(t)), (L.1)
where & = (x;)!_;, consider the multipoint boundary value problem
zi(t) = @i(x) (i=1,...,n). (1.2)
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In this paper sufficient conditions are given for the existence and unique-
ness of solutions of the boundary value problem (1.1), (1.2). Analogous
results are contained in [1-4] for the multipoint boundary value problems
for systems of ordinary differential equations.

The theory of generalized ordinary differential equations enables one to
investigate ordinary differential and difference equations from the commonly
accepted standpoint. Moreover, the convergence conditions for difference
schemes corresponding to boundary value problems for systems of ordi-
nary differential equations can be deduced from the correctness results for
appropriate boundary value problems for systems of generalized ordinary
differential equations [5-15].

Throughout the paper the following notation and definitions will be used.

R =]—00,+0[, Ry = [0,4+00[; [a,b] (a,b € R) is a closed segment.

R™™ is the space of all real n x m-matrices X = (x;;); /2, with the
norm || X|| = max;j—1,.m > iy |Zij);

R™ = {(mij);ff;l: vy >0(i=1,...n sz...,m)}.

If X = (2i5); 21, then |X] = (Jwi;[);7%, [X]+ = (1 X+ X)/2.

R™ = R™! is the space of all real column n-vectors z = (z;)";
R" = Rnxl

+ 7

If X € R™™" then X! and det(X) are, respectively, the matrix inverse
to X and the determinant of X; I, is the identity n x n-matrix; d;; is
Kronecker symbol, i.e., d;; =1if i =jand 6;; =0if i #j (¢, =1,...,n).

b
V(X) is the total variation of the matrix-function X : [a,b] — R™*™,
a

i.e., the sum of total variations of the latter’s components.
X (t—) and X (t+) are the left and the right limit of the matrix-function
X :[a,b] — R™™ at the point t!;

X)) =X(@)— X({t-), doX(t)=X(t+)— X(1);
1X1ls = sup {|I X (®)[| = ¢ € [a, 0]}
BV ([a,b], R"*™) is the set of all matrix-functions of bounded variation
X :[a,b] = R™ ™ (i.e., such that g(X) < +00);
BV, ([a,b], R"™) is the Banach space (BV ([a, b], R"),|| - ||») with the norm
lelly = (@) + V(x):
BV ([a,b], R™) is the normed space (BV ([a,b], R™), || - |s);

BV,([a,b], R") = {x € BV, (ja,b, B") : a(t) € R" fort € [a,b]}.

We shall assume X (t) = X (a) for t < a and X (t) = X (b) for ¢t > b, if necessary.
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If D C R, then C(D, R"™) is the set of all continuous vector-functions
z:D— R"; C(D,R})={x e C(D,R"): x(t) € R} fort € [a,b]}.

If « € BV ([a,b], R) has not more than a finite number of discontinuity
points and m € {1,2}, then Daom = {tamis---»tamna, } am < - <
tamn.,,, ) 18 the set of all points t € [a, b] for which d,,a(t) # 0;

Iham = Max {dma(t) i te Dam} (m=1,2);
VomgBj :max{djﬁ(taml)—k Z d;B(r): 1= 1,...,nam}
tam,i+1-m <T<tam,l+2—m
for § € BV ([a,b], R) (j,m = 1,2), here tain,,+1 =b+1, tazo =a— 1.
If 8 € BV ([a,b], R), then
ppji(t) = (=17 [B(t) = B(t)] — d;B(t:) (j=1.2 i=1,...,n)
If g : [a,b] — R is a nondecreasing function, z : [a,b] — R and a < s <
t < b, then
t
[amrsr) = [ ar)ds(e) + sOrdig®) + a(5)dagls),
s 1s,t[
where Jis i x(7)dg(T) is the Lebesgue—Stieltjes integral over the open inter-
val s, t[ with respect to the measure ;4 corresponding of the function g (if
s =t, then fst x(7)dg(T) = 0);
LP([a,b], R;g) (1 < p < +400) is the space of all p1-measurable functions
x : [a,b] — R such that fab |z(t)|Pdg(t) < 400 with the norm

mmgz(jmmwww)a

L*T>([a,b], R;g) is the space of all pg-measurable essentially bounded
functions x : [a,b] — R with the norm

] o0.g = esssup { ()] : ¢ € [a,b]}

sk : BV([a,b], R) — BV ([a,b],R) (k = 0,1,2) are the operators defined
by

si(@)(t) = Y diz(r), sa(x)(t)= Y doa(r) for t € (a,b],

a<t<t a<t<t
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A matrix-function is said to be nondecreasing if each of its components
is such.

If G = (gik)li:;z:l : [a,b] — R'™™ is a nondecreasing matrix-function
and D C R™™, then L([a,b], D;G) is the set of all matrix-functions X =
(:L'kj),” L la, b] — D such that x; € L'([a,b],R;gix) (i = 1,...,1; k =
L..,nyj=1,...,m);

t

l,m
/dG( —(Z/xkj Ydgar (T ) for a<s<t<b,

4,j=1
S

S;(G)() = (s; <gik><t>)21::1 (j=0,1,2).

If D; ¢ R™ and Dy C R™*™, then K([a,b] x Dl,Dg,G) is the Cara-
théodory class, i.e., the set of all mappings F' = (fkj)k ", la,b] x Dy —
Dy such that for each i € {1,...,1}, j € {1,...,m} and k € {1,...,n}:
a) the function fi;(-,x) : [a,b] — Da is pg,, -measurable for every z € Dy;
b) the function fy;(t,-) : D1 — Dy is continuous for pg,,-almost every
t € [a,b], and sup {|fx;(-,2)| : © € Do} € L([a,b], R; gi1,) for every compact
Dy C D;.

If Gj : [a,b] — R™™ (j = 1,2) are nondecreasing matrix-functions,
G =G; -Gy and X : [a,b] — R™™, then

t

/d /dG1 )—/thQ(T)-X(T) for s <t

54(G) = S4(G) — Su(Ga) (k=0.1.2).
K([a,b] X Dl,DQ;G) = .ﬂlK([a,b] X D17D2;Gj).
j=

The inequalities between the vectors and between the matrices are un-
derstood componentwise.

If By and By are the normed spaces, then an operator ¢ : By — Bs is
called positive homogeneous if p(Az) = Ap(z) for A € Ry and = € Bj.

An operator ¢ : BV([a,b], R™) — R" is called nondecreasing if for every
z,y € BVs([a,b], R™) such that z(t) < y(t) for t € [a,b], the inequality
w(x)(t) < @(y)(t) is fulfilled for t € [a, b].

A vector-function z € BV ([a,b], R"™) is said to be a solution of system
(1.1) if

¢
x(t) = z(s) + /dA(T) f(ryz(r)) for a<s<t<h.

S
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By a solution of the system of generalized differential inequalities
dx(t) — dA(t) - f(t,z(t)) <0 (=0)

we understand a vector-function x € BV ([a, b], R™) such that

¢
x(t) — x(s) — /dA(T) < f(ryz(r)) <0 (>0) for a<s<t<h.
Definition 1.1. We shall say the pair ((ci1)7;—1; (¢0i)j=1), consisting of
a matrix-function (c;1)j;—; € BV ([a,b], R"*™) and a positive homogeneous
nondecreasing operator (yo;)i_; : BV;([a,b], Rt) — R, belongs to the set
U(ty,...,ty,) if the functions ¢; (i #1; 4,1 =1,...,n) are nondecreasing on
[a,b] and continuous at the point ¢;,

djcii(t) >0 for te€fa,b (j=1,2; i=1,...,n) (1.3)

and the problem

M=

[dxi(t) — sign(t — t;) xl(t)dcil(t)] sign(t —t;) <0 (i=1,...,n),

(1.4)

=1
(=1 djm(t;) < @i(ti)djen(ts) (G=1,2 i=1,...,n);

has no nontrivial non-negative solution.

Let the nondecreasing matrix-functions A,, = (az(-zl))?’k:l ¢ [a,b] — R™*"
(m = 1,2) be defined by

ap? (1) = aman(ts), ali (t) = aman(t) +
(1) ([djari(t)]- + [djazi(ts)]-) for (—1Y(t—1t;) >0 (j=1,2).

Theorem 1.1. Let the conditions

(=)™ fr(t 2y, . .., mp) sign[(t — t;) ;] <

< pmir ()] + i (t, > |$l|)
1=1 =1
for pa,,,. - almost every t € [a,b\{t;} (i,k=1,...,n) (1.6)

and

n
|:(_1)m+j+1fk(ti7$1a cos ) signa; — Zamikﬂ\xz\ -
1=1
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qk<“Z|xl|)]damlk( )<0 (=12 ik=1,...,n) (L7

be fulfilled on R™ for m € 1,2, and let the inequalities
[pi(@1,. . zn)| <

<oi(lzl o fonl) + (Y lmlls) G=1,...m) (1.8)
=1

be fulfilled on BV ([a,b],R™), where amiyi € R (jym = 1,2; i,k,1 =
L...,n), (Pmikt)g =1 € L([a, 0], R™*" Ay) (m = 1,2;i=1,...,n), ¢ =
(qr)p_y € N2,_1K([a,b] x Ry, R"; Ay,) is a vector-function nondecreasing
with respect to the second variable, v € C(R4+, Ry) and

b

Jin = [ a0+ 40) - atp) =0, 0. o)

Let, moreover, there exists a matriz-function (cu)i,—; € BV ([a,b], R"*™)
such that

((Cil)?,lzl; (9001‘)?:1) € U(tlv s 7tn)7 (1'10)

~+

2 n
SN pmika(7)damin(r) < cult) — ca(s)
1
for a<s<t<t; and t;<s<t<b (i,l=1,...,n) (1.11)
and

2 n
Z Zamzk]ld amzk ) < 5zld Cu( z) (] =1,2; i,l=1,.. .,Tl). (1'12)

m=1k=1

Then problem (1.1), (1.2) is solvable.

Corollary 1.1. Let conditions (1.3), (1.9), (1.11), (1.12) and
|ca(t) = ca(s)] <

S/hil(T)dal(T) fora<s<t<b (i,l=1,...,n) (1.13)

hold and let conditions (1.6) and (1.7) be fulfilled on R™ for every m €
{172}; where Qmikjl € R (],m = 1a2; iakal = 1,...,’!1), (pmikl)z’lzl S
L([a,b], R™*™; Ap) (m=1,2;,i=1,...,n); ¢ = ()7, € N2, _1K([a,b] x
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Ry, RY; Ay,) is a vector-function, nondecreasing with respect to the sec-
ond variable, v € C(Ry,Ry); ¢y (i #1; 4,0 = 1,...,n) are the functions
nondecreasing on [a,b] and continuous at the point t;, ¢;; € BV ([a,b], R)
(t=1,...,n); oq (I =1,...,n) are the functions nondecreasing on [a,b]
and having not more than a finite number of discontinuity points; hy €
L*(a,b],Ry;0q) (1,0 =1,...,n), 1 < pu < oco. Let, moreover, the inequali-
ties

lpi(z1, ... 20)| <

n

2 n
<3 bmitlelsony + 7 (D lwills) (=1,.0m)

m=0 k=1 =1

be fulfilled for x = (x;)7_, € BV ([a,b],R™) and the module of every charac-
teristic value of the 3n x 3n-matriz H = (Hj41,m+1)5 m—o be less than 1,
where Ly € Ry (m=0,1,2;4,k=1,...,n), i—&— % =1;

HjJrl,erl - (gzjlmzk + )\kmijHhikHu,Sm(ai))Zkzl (]am = Ou ]-» 2)7

gij = [Sj(al)(b) - Sj(ai)(a)} v (.7 = 07 1727 i = 1a R 777');
AkOko = [(27T_1)%§k0]2 (k=1,...,n),
Nemij = Eem&ij for m*+ 32+ (i—k)> >0, mj=0
(jym=0,1,2; i, k=1,...,n);

1

B . 9 T v
)\kmij* Zﬂakmyakmaij sin m

(jym=1,2; i,k=1,...,n).

Then problem (1.1), (1.2) is solvable.

Corollary 1.2. Let inequalities (1.12) hold fori #1 (i,1=1,...,n), let
there exist m,my € {1,2} such that m+m; = 3 and conditions (1.6), (1.7),

n

(_1)m1+1fk(t, X1y ,xn) sign[(t . tl)xz] < Z nil|xl| + gk (t, Z |(El|)
=1 =1
for e, .. - almost every t € [a,b]\{t; iLWk=1,...,n),
myik

n
|:(_1)m1+j+1fk(tivmlv Sy Tp) Signa; — Zamlmjl|$l| -
=1

—an (ti,z |xl|)}djamﬂk(t,-) <0 (j=1,2 i,k=1,...,n)
=1
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be fulfilled on R™, and let the inequalities
itwr, ozl < cilz(m)l + (D laills) (=1,...,0)
=1

be fulfilled on BV ([a,b], R"), where cumikji € R and amyikji € R (j = 1,2;
ia k= 13 s 777‘)7 (pmikl)zjlzl € L([(L,b], Rixn; Am) (Z = 13 cee 7n); nil € R+
(t£il=1,....,n),1n:; <0 (GE=1,...,n), amr (i,k=1,...,n) are the
functions, nondecreasing and continuous on every interval [a, ;[ and |t;,b],
satisfying the condition

> djam,w(t) <0 (j=1,2 i=1,...,n); (1.14)
k=1

q = (qu)}_; € N3,_1K([a,b] x Ry, R%; A,,) is the vector-function nonde-
creasing with respect to the second variable, v € C(R4, Ry) and conditions
(1.9) hold; ¢; € Ry and 7 € [a,b], 7, #t; (i =1,...,n) are such that

ciijCiy <1 if (=1)(i—t;)>0 (j=1,2; i=1,...,n); (1.15)

Yij = 14+ nudjo(t;) + meiki(ti)djamik(ti),
k=1

Gij = exp (mi,uaiji(n-)), a;(t) = Z amyie(t) (4,5 =1,...,n).
k=1

Let, moreover,
gii; <1 if (=1 (r;—t;)>0 (j=1,2 i=1,...,n) (1.16)

and the real part of every characteristic value of the matriz (@l)ﬁl:l be
negative, where

&it = na [0 + (1 — 6u)hij| — misgi; for (=1)7(r; —t;) > 0
(.7 =12 4l= ]-w"an)v
gity = ciij (1 = €i7ijCij) ™ ipaji(mi) + max {pg,1i(a), pp,2:(0) },

5= Y [ puia(*)damis (7).
k=1

a

hij =1 fO’I‘ Ci’)/ij S 1 and hij = ].+ (ci%j — 1)(1 701"‘}/1‘]'@]')71 fOT’ ci%j > 1.
Then problem (1.1), (1.2) is solvable.

Theorem 1.2. Let the conditions

(=)™ [ fult, 21, zn) = feltyr, - yn)] X
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x sign [(t — t;) Z Pmiki(t)|T1 — Y1
for g, .. - almost every t € [a, b]\{t } (t,k=1,...,n), (1.17)

{(‘Umﬂﬂ [feltiz, .. @) — feltivyr, . yn)] sign(z; — y;) —

—Zamzk]”xl yl|}d amik(t;) <0 (j=1,2; i,k=1,...,n) (1.18)
=1

be fulfilled on R™ for every m € {1,2}, and let the inequalities

l@i(1, .- @) — @i(Y1, - yn)| <
S@Oi“xl_yl‘w--v'wn_ynl) (i:17-~'7n) (1.19)

be fulfilled on BV ([a,b],R™), where iy € R (jym = 1,2; i,k =
L..oyn), (pmik)iy=1 € L([a,b], "™ Ap) (m = 1,2; i =1,...,n). Let,
moreover, there exist a matriz-function (c;)?,_; € BV ([a,b], R"*™) such
that conditios (1.10)~(1.12) hold. Then problem (1.1), (1.2) has only one
solution.

Corollary 1.3. Let conditions (1.3), (1.11)—(1.13) hold and let condi-
tions (1.17) and (1.18) be fulfilled on R™ for every m € {1,2}, where
Omikjt € R (j,m=1,2;4,k,1=1,...,n), (Pmirt)y =1 € L([a,b], R"*"; Ap)
(m=1,2;i=1,...,n), cg i #1; i,l = 1,...,n) are the functions
nondecreasing on [a,b] and continuous at the point t;, ¢;; € BV ([a,b], R)
(i =1,...,n); g (I =1,...,n) are the functions nondecreasing on [a,b]
and having not more than a finite number of discontinuity points; h; €
L*([a,b], Ry; ) (4,0 =1,...,n), 1 < pu < +4oo. Let, moreover, the inequal-
ities

2 n
|(Pi(x17 o 7$n) - L)Di(yla cee ayn Z Z mzkak - kaV,sm(ak)

m=0 k=1

(i,k=1,...,n)

be fulfilled on BV ([a,b], R™), where Ly € Ry (m=0,1,2; i,k =1,...,n);
% + % = 1 and the module of every characteristic value of the 3n x 3n-
matric H = (HjJerH)?’m:O appearing in Corollary 1.1 is less than 1.
Then problem (1.1), (1.2) has only one solution.

Corollary 1.4. Let inequalities (1.12) hold for i # 1 (i,l = 1,...,n),
let there exist m,my € {1,2} such that m +mq = 3 and conditions (1.17),
(1.18),

(=)™ felt, z, o mn) = frltoyr, - yn)] sign [(¢— i) (2 — yi)] <
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n
< Zmlkﬁl =yl for pa,,, .- almost every t € [a,b]\{t;}
I=1

{(_1)7,L1+j+1 [fk(tla Tlyen- 7xn> - fk(ti7 ERERE) yn)] Sign(xi - yz) -

= myinjilr — yl}djamﬂk(ti) <0 (=12 4,k=1,...,n)
=1

be fulfilled on R™, where cmikji € R and amyigj € R (7 = 1,2; ik, 1 =
Loooyn), (pmikt)g =1 € L([a, 0], R Ay) (i = 1,...,n), nu € Ry (i £ 1;
Wl=1,...,n), 0 <0 (G =1,...,n); amk (i,k = 1,...,n) are the
functions, nondecreasing and continuous on the intervals [a,t;[ and |t;, 1],
satisfying condition (1.14). Let, moreover, ¢; € Ry and 7; € [a,b], 7, # t;
(i =1,...,n) be such that conditions (1.15) and (1.16) hold and the real part
of every characteristic value of the matriz (&;),_, be negative, where v,;,
Cijs ity hij, gi; (=1,2; 4,1l =1,...,n) and o’zi(t) (i=1,...,n) are the
numbers and the functions, respectively, appearing in Corollary 1.2. Then
for every A\; € [—c;,¢;] andy; € Ry (i =1,...,n) system (1.1) has only one
solution satisfying the boundary conditions

.ﬁl(tl) = )\ﬂ?i(ﬂ) + i (’L =1,... ,’I’L). (1.20)

Remark 1.1. The 3n x 3n-matrix H appearing in Corollaries 1.1 and 1.3
can be replaced by the n X n-matrix

(o

Theorem 1.3. Let ¢o;: BV([a,b],R})— R, (i=1,...,n) be the linear
continuous functionals, a matriz-function C = (c;)7,_, € BV ([a,b], R"*™)
be such that the functions c¢;; (1 #1; 4,1 =1,... ,n)1 are mondecreasing on
[a,b] and continuous at the point t;, ¢;; € BV ([a,b],R) (i =1,...,n), and
condition (1.3) holds, but condition (1.10) is violated. Then there exist non-
decreasing matriz-functions Ap = (amri)j = : [a,b] — R™™ (m = 1,2),
matriz-functions (Pmikt) 5 -1 € L([a,b], R"*™Ap) (m=1,2;i=1,...,n),
numbers amirj € R (j,m =1,2; 4, k1l =1,...,n), a vector-function f =
(fr)p_, € N2, _,K([a,b] x R™; A,,,) and functionals ¢; : BVy([a,b], R") — R
(i=1,...,n) for which (1.11), (1.12) hold and conditions (1.17), (1.18) and
(1.19) are fulfilled respectively on R™ for m € {1,2} and on BV ([a,b], R"),
but problem (1.1), (1.2) has no solution.

n

2
(igtmit + Mgl ik o) = 2= 0,1, 2})
=0

J ik=1
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2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let g € BV ([a,b],R). Then

b
/signg(t)dg(t) =g —lg(a)| + > [lg(t-)| — g(t—)signg(t)] —

a<t<b

— > [lgt+)] - g(t+) sign g(t)]. (2.1)

a<t<b

Proof. Let (ag,0k) C [a,b] (B = 1,2,...) be a system of all maximal
nonoverlapping intervals on which the function sign () is constant. By G =
{71,772, ... } we denote a closure of the set AUB, where A = {a1, a9, ...} and
B = {B1,Ba,...}. Taking into account the relations [a, b] = U > (o, Bx)UG,
g(vk—) =0 for v & {a} U B and g(yx+) = 0 for v € {b} U A, we have

b
/ sign g(t)dg(t) =
+o00 Br—e ’
T4 (Ji%g [ sign g(t)dg(t) + [9(ve+) — g(vk—)] Signg(fyk)) -

= |g(®)] + lg(b=)| — g(b—) sign g(b) — |g(a)| — |g(a+)| + g(a+) sign g(a) +

> {lew)l = lgn)l + [ane+) — glnw—)] sign g(n) |-
e €EAUB\{a,b}

From this immediately follows equality (2.1), since
|x(t—)| = z(t—)signz(t) and |z(t+)| = x(t+) sign z(t)
for t € (Oék,ﬂk) (k': 1,2,...). O

Lemma 2.2. Let ¢ = (¢:)i~; € BV([a,b], R") and (ca)} =, € BV ([a,b],
R™ ™) be such that the functions ¢y (i #1; 1,0l =1,...,n) are nondecreasing
and

djcii(ti) >0, djcyu(t) > —1
for (=1)Y7(t—t;)>0 (j=1,2; i=1,...,n). (2.2)

Let, moreover, B = (by1)};—; € BV ([a,b], R"*™) be a matriz-function satis-
fying the conditions

s0(bii) (t) — so(bii)(s) < [s0(cii)(t) — so(cii)(s)] sign(t — s)
for t—s)(s—t;)>0 (i=1,...,n), (2.3)
(=17 (|1 4 (=1)"dpbis(t)| = 1) < dimeis(t)
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for (=1)(t—t:)>0 (jym=1,2 i=1,...,n), (2.4)
|s0(bit) (t) — s0(bir) (5)] < so(ca)(t) — solcu)(s)
for a<s<t<b (1#1l i,l=1,...,n) (2.5)

and
|d;bu(t)| < djea(t) for te[a,b] (i#1 i,l=1,...,n). (2.6)
Then every solution x = (x;)7, of the system
dx(t) = dB(t) - x(t) 4+ dq(t) (2.7)
will be a solution of the system
dlz;(t)] — sign(t — t;) > _ |a(t)|deq(t) —
=1

—sign xi(t)dqi(t)] sign(t —¢;) <0 (i=1,...,n),

(=1)7d;|x;(t;)| < Z |z (t;)|djcu(t;) + (—1)7 signa;(t;)d;jqi (;)

Proof. Taking into account (2.1) and the definition of a solution of system
(2.7), it can be easily shown that

t

|z ()] = |zi(s)] Z/Iwi(T)\dSo(bn)(T)Jr

S

+ Z /xl ) signz;(7)dso(bir)(T) +

1#i,1=1
+ Y [l = lair )] + Y [laa(rH) = lea(n)l] +

t
—i—/signxi(T)dqi(T) for a<s<t<b (i=1,...,n).

S

By (2.2)(2.6) from this we have

i) =) < 3 / Dldsolea)(r) + S [las(r)| — lwi(r)] +

s<t<t
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+ Y llatr )l = ot} + [ signas(r)das(r) <

s<T<t

() deia(r) + Z{|xi<f>|<1—d1cﬁ<r>>+

s<t<t

3w
-+

+’ xl(T)dlbil(T)’—|$i(7)||1—d1bii(7)|}—
144, 1=1

- ; |z (7)[(1 + dacii (7)) —

~| 3 arydaban)| - ) 1+ )] | -
14, 1=1

- Z Z |y (7)|d1cu(T) —

s<t<tl#i,l=1
t

S Y fn(m)ldaen(r) + / sign &:(r)dgi () <

s<T<tl#i,1=1

< |z (7)|deqy (1) + | signa;(7)dg; (1) +
;S/ l l 5/ g q

+ Z {xl dlcii(T) — ‘1 - dlbu(T)” +

s<t<t

S

Y )] [Jdbar)] dlcmr)]} -

14, 1=1

- > { | [1+ dacii(1) — |1+ dabys ()] —
s<t<t

=S (w) [Jdabalr)| - d2cﬂ<r>}} <
1#i,1=1

< | (7)|deq () + | signa;(7)dg; (1)
1—215/ l l / g q

S

for t;<s<t<b (i=1,...,n).

Therefore inequalities (2.8) are fulfilled for ¢ > ¢; and j = 2.
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Analogously, we shall show that

23 ()] — |a(s / a7 dea (7 / sign 24(7)dqi (7)

for a<s<t<t; (i=1,...,n).
The above inequality implies (2.8) for t < t; and j=1. O

Lemma 2.3. Let a matriz-function (cq)j,—, € BV ([a,b], R"*") be such
that the functions ¢y (i # 1; i,1 = 1,...,n) are nondecreasing, the condi-
tion (2.2) holds and system (1.4) has no nontrivial non-negative solution
satisfying the condition

zi(t) =0 (i=1,...,n). (2.9)

Let, moreover, a matriz-function B = (by)};—; € BV ([a,b], R") be such
that the functions by (i #1; 4,1l =1,...,n) are continuous at the point t;,

L4+ (=1)dbi(t;) #0 (j=1,2; i=1,...,n) (2.10)
and conditions (2.3)~(2.6) and
|1+ (=1)7d;bis ()] > 1 — dg—jeu(t)
for (=1)7(t—-t)>0 (j=1,2; i=1,...,n) (2.11)
hold. Then
det (I, + (—1)7d;B(t)) #0 for t€[a,b] (j=1,2). (2.12)

Proof. Assume the contrary. Then there exist j € {1,2}, 70 € [a,b] and
&€= (&)1, € R™ such that

det (I, + (=1)7d;B(r0)) = 0
and the following system of linear algebraic equations
(In + (=1)'d;B(r0))y = € (2.13)

is not solvable.

Let My = {i1,...,in,} be a set of all indices i € {1,...,n} for which
ti =70. Put =€ if Ng = @ and n = (m)iy, n =& = >0 EF if NG # 2,
where £ = (§;;,&;,)7-, (k=1,...,n9). Then the system

(In + (=1)d;B(r0))y =1 (2.14)
is not solvable, either, since in view of (2.1) the system
(In + (=1)Yd;B(r0))y = €
has a solution (&;;, &, (14 (—=1)7d;b;, i, (ti,)) "), for every ke{1,...,no}.
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Let B*(t) = (b;;(t));",=; be a matrix-function whose elements are defined
by the equalities b};(70) = 0, b3 (t) = (—1)7d;bu(ro) for t # 70 (i # 1);
b;(t) = b”(t) if ti = 705 b;(t) = So(b”)(t) for (T() - t)(’TO - tl) S 0 (tl 7& ’7'0)
and b:‘z(t) = So(bii)(t) + (—1)jdjb“‘(7'()) for (’7’0 — t)(To - ti) >0 (ti 75 To).

By (2.3)—(2.6) and (2.11) it is easy to show that the matrix-function B*
satisfies conditions (2.3)—(2.6). Consequently, according to Lemma 2.2 it is
not difficult to ascertain that the system

da(t) = dB*(t) - z(t)

has only a trivial solution satisfying condition (2.9). This, in turn, is equiv-
alent to the condition
Ker(I,, — F) =@,

where F' : BV, ([a,b], R") — BV,([a,b], R") is a completely continuous ope-
rator given by

(Fa)(t) = (; / () (o))

Therefore the operator equation

for x = (x;)j=, € BV,([a,b],R").

n
%

=1

(In_F)xZQO

has a unique solution y = (y; ), where ¢(t) = 0 for t # 79 and ¢(79) =7
(see [7], p. 28). It is clear that

yi(t):Z/yl(T)db;}(T) for t#7 (i=1,...,n) (2.15)

=1}

and
yi(10) = Z/yl(T)db;}(T) +m (i=1,...,n). (2.16)

Assume that an index ¢ € {1,...,n} is such that 79 # t;. Then by (2.15)
and the definition of B* the function y; is a solution of the problem

dyi(t) = yi(t)dso(bii)(t), wyi(t;) =0

on [ + &,t;] for t; > 19 and on [t;, 70 — €] for t; < 79, where ¢ > 0 is
an arbitrary sufficiently small number. But the latter problem has only a
trivial solution ([7], p. 106). Therefore

yi(10) + (=)™ dmyi(10) =0 for (=1)™(t; — 1) >0 (m =1,2).
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On the other hand, it follows from (2.15) and (2.16) that

n

dnyi(10) = Y 9i(70)dmby(10) = (=1)™n;  (m =1,2).
=1

Hence, with regard for the equalities
dinby(10) = (—1)" d;jbir(10)
for (=1)"(t; —70) >0 (m=1,2; l=1,...,n),
we have
yi(’ro) —+ (71)J Zyl(’ro)djbil(’ro) =" fOf ti 7é T0-
=1

The latter equality is obviously true for t; = 7y as well because 7; = 0 and
functions b; (i #1; 1 =1,...,n) are continuous at the point ;.
According to what has been said, it is clear that

(In + (=1)'d;B(10))y(r0) = 1,

ie., system (2.14) is solvable. The contradiction abtained proves the
lemma. O

Lemma 2.4. Let condition (1.10) hold. Then there exists a positive
number p, such that every solution of the problem

[dmi(tﬂ — sign(t — t;) ( Z | (t)|dea(t) +
=1

—&—dui(t))} sign(t—t;) <0 (i=1,...,n), (2.17)
i ()] < @oi(|z1], ... |znl) +9 ((=1,...,n) (2.18)

admits an estimate

Sl < pu [y + - u() — u(@]ls]. (2.19)

n
i=1

where v € Ry and v = (u;)j, € BV ([a,b], RY) are an arbitrary number
and vector-function, respectively.

Proof. Let
g(x) = (Jzi(t:)] = poi(|lzal, - - lzal))
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and let S be a set of all matrix-functions B = (b;)7,_, € BV ([a,b], R"*™)
for which conditions (2.3)(2.6), (2.10) and (2.11) are fulfilled and the func-
tion b;; is continuous at the point ¢; for every i #1 (i,l =1,...,n). Accord-
ing to Lemma 2.2 and (1.10) the problem

dx(t) = dB(t) - z(t), g(x) <0

has no nontrivial solution if only B € S. Moreover, by Lemma 2.3 the
condition (2.12) holds. By Lemma 1 from [13] there exists a positive number
po such that

lls < po [||[g<y>}+|| 4

t

sswp{ o) - wi@ - [ano) -y eclon)] 20

a

for every y € BV ([a,b], R™) and B € S.
Let (z;)_, be a solution of problem (2.17), (2.18). For every i€ {1,...,n}
we assume

bi(t) = [so(cii)(t) — so(cii)(t;)] sign(t — t;), (2.21)

[gj / a1 (7)dea(7)

¥i(t)

- / i (7)o (cas)(7) + wa () — wi(t:) | sign(t —t,).

Since the function b; is continuous, the Cauchy problem
dy;(t) = yi(t)dbi(t) + di(t), yi(t:) = |zi(ts)]

has a unique solution y; for every i € {1,...,n} (see [7], p. 106).
Taking (2.17) into account it is not difficult to verify that for every i €
{1,...,n} the function

zi(t) = |zi(t)] — v (1)

satisfies the conditions of Lemma 2.4 from [15], where to = ¢;, ¢g = 0,
a(t) = bi(t) and ¢(t,x2) = z. In addition, the problem

du(t) = u(t)db;(t), wu(t;) =0 (2.22)
has only a trivial solution. Hence, by this lemma

|z ()] < yi(t) for telab] (i=1,...,n) (2.23)
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and
\33()|—7h() z() (i:1,...,n),

where n; : [a,b] — [0,1] (i = 1,...,n) are measurable functions. Moreover,
it is easy to see that

t
yi(t) = )+ / yi(7)dby (T

=17
+ [wi(t) — ui(t;)]sign(t —¢;) (i=1,...,n) (2.24)

and

g+ < nv, (2.25)

where
bii(t) = bi(t) + sign(t — ;) /m(T)d(Cm‘(T) —=so(cii)(7)),  (2.26)

t;
t

bii(t) = sign(t — t;) /m(T)dcil(T) (£l i,l=1,...,n). (2.27)

tq
On the other hand, according to Lemma 2.3 and condition (1.3) it can be
easily shown that B = (bi);;—; € S. Therefore, inequality (2.20) holds. By
(2.23)—(2.25) inequality (2. 20) inplies estimate (2.19), where p. = n?pg. [
3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let p, be a positive number such that the conclusion
of Lemma 2.4 is true.
By (1.9) there exists a positive number p such that

f%P@)*iHidMﬂﬂ+Aﬂﬂfﬁtmm<J)brPZP&(3U

Let b;(t) (i =1,...,n) be defined by (2.21),

1 for |s| < po,
s
x(s) = 2= 2 or py < 1s] < 200, (3.2)
0 for |s| > 2pp;

n

@(ml,...,xn)zx(zmeHS)(pi(a:l,...,xn) (i=1,...,n), (3.3)
m=1
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and let B(t) be a diagonal matrix with diagonal elements by (t), ..., b,(t).
Then

sup{x( Z |acm|) Az, x| (2a)ieg € R"} €
m=1
L([avaRiaAl +A2) (34)
and

Sup{ S 1Bm(@r, )|t ()i, € BVS([a,b],R")} < +o0. (3.5)

It is clear that the problem
dx(t) =dB(t) - x(t), x;(t;)=0 (i=1,...,n)

has only a trivial solution. With regard to this, conditions (3.4) and (3.5),
by Lemma 2.4 from [14] the following problem

du(t) = dB(t) - (1) [1 -x( zn: mm(“)] "

+ dA(t) (Z|xm) 2(1)2, (3.6)

xi(ti):goi(xh...,xn) (it=1,...,n) (3.7)

is solvable. Let x = (x;)_; be an arbitrary solution of problem (3.6), (3.7).
According to Lemma 2.2, (1.6), (1.7), (1.11) and (1.12) we have

(=1) [l ()] = fai(s)]] <

< / ) [1 — (3 fom]) i) +

m=1

Z / |xm ) - fulr,o(r)) sign i (7)dai(r) <
/\xz )| dso(eis)( / ( Z [T (T ) . \l‘i(T)|d(Cz’i(T) - SO(Cii)(T)) +
£y / 2 o (7)) - o (7l e (7) +

1#i,1=1

2A vector-function from BV/([a,b], R") is said to be a solution of this system if it
satisfies the corresponding integral equality.
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n ¢

+ /Qk(ﬂ [z (T)[Nd(arir(T) + azin(7)) <

k=17

<y / () ldea(r) + 3 / au (7, () Dd(arsn (7) + asi (7))
=1 s k=1 s

for s <t, (=1)7(t—1t;)>0, (=1)(s—t;)>0 (j=1,2; i=1,...,n),

since by conditions (1.3) and (1.10) the functions ¢;; — so(c;i) and ¢y (3 # 1)
are nondecreasing. Consequently, condition (2.17) holds, where

EZ/ T, lx(7)])d(a1ik(T) + a2 (7)) (=1,...,n).
k=17

On the other hand, by (1.8), (3.2), (3.3) and (3.7) condition (2.18) holds.
Therefore, according to the conclusion of Lemma 2.4

Zuxzn <ol (Zuxiu )+

H/d (A1) + Ax(1)) -1 anzn)

From here with regard for (3.1) we conclude that

|

n

> laills < po.
i=1

According to this inequality from (3.2), (3.3) (3.6) and (3.7) it follows that
x = (x;)P, is a solution of problem (1.1), (1.2), too. O

Proof of Theorem 1.2. (1.17)—(1.19) imply inequalities (1.6)—(1.8), where

g (@, [|l2)) = [fx(t,0,...,0)] (k=1,...,n), W(T)EZI%(O,M,O)

Hence all conditions of Theorem 1.1 are fulfilled so that the solvability of
the problem (1.1), (1.2) is guaranteed. It remains to prove that problem
(1.1), (1.2) has not more than one solution.

Let (z;), and (y;)"_; be arbitrary solutions of problem (1.1), (1.2) and

Zl<t) = (L‘i(t) — yl(t) (Z = 1, . ,’I’L).
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According to Lemma 2.2

3

[d|zi(t)| — sign zi(t) cpk(t)daik(t)} sign(t — ;) < 0
k=1
for t€fa,b] (i=1,...,n)

and
(_1)de|ZZ( Dl < (=1 Slgnzz Z@k daix(t
k=1

(j=1,2 i=1,...,n),

where

or(t) = fult,z1(t), ..., 20 () = frlt,y1(t), ..., yn(t)) (K=1,...,n).

By virtue of (1.11), (1.12) and (1.17)—(1.19) this implies that (|z;(¢)])2, is
a non-negative solution of problem (1.4), (1.5). Therefore, in view of (1.10)
z(t)=0(GE=1,...,n). O

Corollaries 1.1-1.4 are immediately obtained from the proved theorems
and Lemmas 2.6 and 2.7 from [15]. In addition, ¢; (i, = 1,...,n) are
defined in just the same way as in [15] (see p. 36) for Corollaries 1.2 and 1.4.

Remark 1.1 follows from the proof of Lemma 2.6 from [15].

Proof of Theorem 1.3. As condition (1.10) is violated, problem (1.4), (1.5)
has a nontrivial non-negative solution (z;)}_;.
By y; we shall denote unique solution of the following Cauchy problem

dy(t) = y(t)dbi(t) + di(t), y(t:) = zi(ts), (3.8)
where b;(t) is defined by (2.21), and

= {gtljm(ﬂdw(ﬂ _/tzi(T)dSO(Cii)(T)} sign(t — ;)

for every i € {1,...,n}. Moreover, it is easy to verify that the function
zi(t) = x;(t) — yi(¥)

satisfies the conditions of Lemma 2.4 from [15], where to = ¢;, ¢o = 0,
a(t) = bi(t), ¢(t,z) = x and problem (2.22) has ounly a trivial solution for
every i € {1,...,n}. Consequently, according to this lemma

x;(t) <wy(t) for te€fa,b] (i=1,...,n)

and
xz;(t) = n;(O)y(t) for te€[a,b] (i=1,...,n),
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where n; : [a,b] — [0,1] (i = 1,...,n) are some measurable functions. By
this, (1.5) and (3.8) the vector-function y = (y;)I, is a nontrivial non-
negative solution of the linear homogeneous problem

dy(t) = dA(t) - y(t), wi(t:) = dipoi(y1,--. yn) (E=1,...,n),

where §; € [0,1] (1 = 1,...,n), A(t) = (au(t))}=, for t € [a,b], and a;;(?)
and a;(t) (i # 1) are equal to the right-hand side of (2.26) and (2.27),
respectively.

Assume that system (1.4) has no nontrivial non-negative solution sat-
isfying condition (2.9). With regard to (1.3) it is easy to verify that the
matrix-function A = (a;1)j,_, satisfies the conditions of Lemma 2.3. There-
fore, there exist numbers ¢; (i = 1, ..., n) such that problem (1.1), (1.2) has
no solution if for every j,m € {1,2} and i, k,l € {1,...,n}

fk(t,ml, o ,CCn) = T, (pi(l‘l, Ce ,xn) = 62‘(,001'(3317 Ce 7;(:n) + ¢;;
pmikl(t) =0 and QAmikjl = 0 for I 75 k,
Pmikk(t) =1 and amikjk = 1 for i #k,
Prakine(t) = (1) sign(t — tr), g = (1)
() =0 for (~1)"(t 1) >0 (i #1),
amir(t) = ay(t)sign(t —t;) for (—=1)™(t—t;) <0 (i #1),
and aq;; and ag;; are arbitrary nondecreasing functions for which
a145(t) — ag4(t) = @y (t).

Moreover, fka Piy Amkl, Pmikl and Amikjl (jam = 1;2; ivkal = 17"'7”)
satisfy conditions (1.11), (1.12), (1.17)—(1.19).

Assume now that system (1.4) has a nontrivial non-negative solution
(x;)P_, satisfying condition (2.9). Then it is clear that the conditions of
Theorem 1.3 are fulfilled for functionals ¢g;(1,...,2,) =0 (i =1,...,n).
Reasoning as above, it is not difficult to ascertain that the problem

dy(t) =dA(t) - y(t), vi(t;))=0 (i=1,...,n)
has a nontrivial solution. Therefore
Ker(I,, — F) # &,

where F' is a completely continuous operator of the type appearing in the
proof of Lemma 2.3. By Fredholm’s alternative (see [7], p. 28) there exists
a vector-function ¢ = (¢;)7~; € BV ([a,b], R™) such that the problem

dy(t) = dAG) - y(0) + da(t), () =0 (i=1,...,n)
is not solvable. Assuming z(t) = y(t) — ¢(¢) we find that the problem

dz(t) = dA(t) - (2(t) +q(t)), zi(t) =¢ (i=1,...,n),
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where ¢; = ¢;(t;) (i =1,...,n) is not solvable either.
Let amit, Pmiki and aomikji (jym =1,2; i,k,l = 1,...,n) be defined as
above and

felt,z, ..o xn) = ap +qr(t) and  pi(z1, ..., 2,) = ¢(t;).

Then conditions (1.11), (1.12) and (1.17)-(1.19) are fulfilled and problem
(1.1), (1.2) is not solvable either.
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