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A NOTE ON WEIGHT ENUMERATORS OF LINEAR
SELF-DUAL CODES

N. LOMADZE

ABSTRACT. A partial description of (complete) weight enumerators
of linear self-dual codes is given.

0. Let F = Z/pZ, where p is a prime number. If C is a linear code on
F of length n, ie., a linear subspace in F™, then its (complete) weight
enumerator W¢ is defined to be

S ( I1 xza(w)

ueC a€F

Here x4, a € F are indeterminates; s,(u) denotes the number of entries of
u in C' equal to a. This is a homogeneous polynomial in p indeterminates
of degree n. Define the additive character ¢ of F' by

k— (e%)k, k € F,

and let 1
Further, for each a € F, let U, be the diagonal matrix with v(ai?) at the
(4,1)th place for each i € F; for each b € F™*, let V}, be the matrix with 1 at
the (bi,4)th place for each ¢ and 0 elsewhere. One knows well that weight
enumerators of linear self-dual codes are invariant relative to A, U,, and
Vi (see [2]). Therefore, a natural problem is to determine all invariants of
these transformations. The problem seems to be difficult. At the moment
there are solutions for the case p = 2 (Gleason) and p = 3 (McEliece) (see
2)).

In [3] we have described the invariant ring of A, which is undoubtely the
most interesting transformation. The goal of this short paper is to describe
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the invariants of A and V,, b € F*. It should be pointed out that the
exposition is elementary and uses no technique of invariant theory of finite
groups.

In what follows p # 2. Let R = C[(24)qcr| be the ring of polynomials
with complex coefficients and let G be the group generated by A and Vj,
be F*.

We remark that the generators of this group satisfy the following relations
only:

(1) b+— V4 is a multiplicative homomorphism;

(2) A2 = V_l;

(3) VA = AV
1. Choose a generator b of the multiplicative group of F', and denote by
V' the transformation V;. Let Gg be the subgroup in G generated by V.
Clearly, G is isomorphic to F*. It is easy to see that Gy is a normal

subgroup in G of index 2 and G = Gy U AGy.
Let us find the invariants of Gy. Denote by x that multiplicative character

of F which takes b to e~T. For each k = 0,1,...,p—2, put

p—2

ue = > X (0)zy.

=0

Clearlyv R = C[IOa Yo, Y1, - - - ayp—2]~

Lemma 1.1. One has

(1) V(’Io) = To;

(2) V(yo) = yO:'2 s

B)YV(yr)=e 1y, k=1,...,p—2.
Proof. (1) and (2) are obvious. To prove (3) take any y; with & # 0. We
have

p—2 p—1
V) = > xF0ap =D xF O ay =
=0 =1
p—1
_ 27ki
=xFO) D> X ay =e iy O
=1

Denote by I the set of all mappings i : [1,p— 2] — [0, p — 2] which satisfy
the congruence

p—2
> ki(k) =0 mod (p— 1).
k=1

For each i € I, put n; = yi(l) . --y;(pQ_Q). Let Ry denote (C[xo,yo,yffl, N

yﬁ:l]. This is a subring in R.
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Lemma 1.2. The invariant ring of Gy is RS0 = @ n;Ry.
il

Proof. Let i run over all the mappings of [1,p — 2] into [0,p — 2]. Then,
every element in R can be written uniquely as a sum

p—2
S (I o™) s
k=1

%

where f; € RO Notice that V f = f for each f € Ry. So letting ¢; denote

Zk‘l
(e P ) =1 , we have

V(S (T)s) =S ()

) %

One can therefore see that

<Z(Hyz<k>) l) :Z(Hyz(k)) Z

if and only if, for each i, either ¢; = 1 or f; = 0. Certainly, ¢; = 1 <—
1el. O

2. Foreachk=1,...,p—2put

1 <
T(k) = —= > X" ("))
Pz
These are the so-called Gaussian sums. They satisfy the relations
r(k)T(p—1—k)=x"(-1), k=1,...,r—1
Here and below r = pgl. These relations are immediate consequences of
Theorem 4 in [1, Ch. I, §2] and the fact that 7(k) = x*(—=1)7(p — 1 — k).

One has also
1 if p=1mod 4,
T(r)=1. .
i if p=3mod 4
(see Theorem 7 in [1, Ch. V, §4]).

Lemma 2.1. One has
1
Az = %(wo +10),

Ayo = \;ﬁ((P —1)zo — yo),

Ay = 7(k)yp—1-k, k=1,...,p—2.
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Proof. This can easily be checked. See also [1, Ch. V, §4, Exercise 17].
From the above lemma follows in particular that

ARy C Rp.

We want now to find the absolute and relative invariants of A belonging to
Ry, in other words, those polynomials f, g € Ry which satisfy the conditions

Af=f, Ag=-g

Put
201 = (1 + v/P)To + Yos
202 = (1 — \/P)To + Yo;
2kl = yz_l + T(k)pflyg:ifk, k=1,...,r—1;
o =yl — T(k)p_lyij_k, E=1,...,r—1;
Zr = yf—l.
Certainly, Ry = C[201, 202, 211, 212, - - - » Zr—1,1, Zr—1,2, Zr). [

Lemma 2.2. One has

Azor = 201, Azo2 = —z02,
Azpy = 211, Azgo = —ziko, k=1,...,r—1;
Az, = (=1)"2,.

Proof. Follows easily from the preceding lemma. One should have in mind
the relations 7(k)P"1r(p—1—- k)Pt =1(k=1,...,r —1) and 7(r)P~1 =
(—1).

Consider two cases.

(1) p=1(mod 4). Let «, 8 run over all the mappings [0, — 1] — {0,1}
satisfying the conditions

r—1 r—1
a(k) =0 mod 2, Zﬁ(k‘) =1 mod 2
k=0 k=0
respectively. Put
0 -1 0 —1
fa=20" 2l gp =2y 20,
Set
Sl = @fa(C[ZOl, ey erl,la 2(2)2, ey 2371’2, ZT],
o

_ 2 2
Sy = Gggg(C[zm, ey Zro115, 202y 2125 Zr)-
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(2) p = 3(mod 4). Let a, § run over all the mappings [0,7] — {0,1}
satisfying the conditions

T

> a(k) =0 mod 2, iﬁ(k) =1 mod 2,

k=0 k=0

respectively. Put

0 -1 B8(0 B(r—1
Ja = 7532( ) Zgym )Zg(r)7 9 = 302( )"'Z7-£T1,2 )Zf(r)-
Set
Sl - @fa(c[%h .. 7z7“—1,17 ZSQ; sy ZE—l,Qa Zg]a
«
_ 2 2 2
So = %gg@[zm, ey Bro 1152020 Zre1,25 2

In both cases there holds the following

Lemma 2.3.
(a) S1={f € Ro|Af = f} and Sz = {g € Ro|Ag = —g}:
(b) Ry =51 @ S,.

Proof. Left to the reader. [

3. We are now ready to describe the invariants of G.
For each ¢ € I, put

p—2
a; = H (k)R
k=1
For each i € I, let ¢ be the function defined by the formula
i(k)y=ilp—1—k) k=1,...,p—2.

It is clear that 7 € I and i = i. Let I, = {i € Ili = i}. The complement
to Iy in I breaks into two parts I; and I so that i € I; = i € I and
icly=icl.

Lemma 3.1. For eachi € I a;a; =1.

Proof. We have

p—2 p—2
aa; = 7)™ [[r0—1-k)'™ =
k=1

k=1
- i pP—2, .
— H(Xk(_l))l(k) — X(—l)zkzl ki(k) _ . O
k=1

Lemma 3.2. For each i € I An; = a;n;.
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Proof. Tt is obvious. O

Lemma 3.3. Suppose we are given a polynomial
> nihi € R
icl
with h; € Ry. It is invariant under A if and only if, for each i, Ah; = azh;.

Proof. We have

iel iel
From this and from the fact that ARy C Ry follows the assertion.
By Lemma 3.1, if ¢ € [, then a; = £1. Put

I01:{i€I0|ai:1} and I()Q:{Z'EI(”CLZ':—I}. O

Theorem. Every polynomial which is invariant relative to the action of
G can be written uniquely as

Z fz + Z gi + Z(nzhl + am;Ahz),
€11 i€lo2 i€l

where f; € S1, g; € S2, h; € Ry.

Proof. Follows from Lemmas 2.3 and 3.2. [
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