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CONFORMAL AND QUASICONFORMAL MAPPINGS OF
CLOSE MULTIPLY-CONNECTED DOMAINS

Z. SAMSONIAT AND L. ZIVZIVADZE

Abstract. Doubly-connected and triply-connected domains close to each
other in a certain sense are considered. Some questions connected with con-
formal and quasiconformal mappings of such domains are studied using in-
tegral equations.
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1. CONFORMAL MAPPING OF CLOSE TRIPLY-CONNECTED DOMAINS

Let G be a finite triply-connected domain of a complex plane Z bounded by
the simple Lyapunov curves I'g, I'1, I's, one of which I'g envelops the other two
and z =0 € int I'y.

Assume first that the boundary I' = U I'; belongs to the class C/, (l <a<

1), while singly-connected domains Wlth boundarles I'; and I'y are star-like with
respect to z = 0. Let the equations of these curves be given in terms of polar
coordinates

t=gi1(p) = pi(p) - €%, t=golp) = poly)-€? (0<¢ < 2m)

and the finite domain with boundary I'y be star-like with respect to zy € int I's.
If we assume that the polar axis with a pole in z; is parallel to the abscissa axis,
then the parametric equation for I'y can be written in the form

t = ga(p) = 20 + pa(p)e® (0 < @ < 27).

Let us consider the second triply-connected domain G of type G bounded by
the curves Fg, Fl, Ty (with the same properties) whose parametric equations
are

t=pilp)e?, t=2z2+p(p)e?, t=p(p)e? (0<p<2m).

We introduce the following notation:
di = p(I';;T0), da = p(I'1;T2), ds = p(I'2; o), do = min{dy; do; d3}.
It is assumed that € € (0;dy/2).
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Definition 1. The domains G and G are called e-close to each other if the
conditions

1pi(p) — pi(e)| <& lpi(e) = pil@)llc, <€ (i=0,1,2) (1)
are fulfilled.

An infinite set of domains e-close to G are formed for any € € (0;d/2). We
denote it by G.. B

Let us conformally map the domains G' and G onto the canonical domains
K(p;r;1) and K(p;7;1), respectively, using the assumptions of [1], where
K(p;r;1) and K(p;7; 1) are annuli with concentric cuts along the arc of the
circumferences |[W| =rand [W| =7, (p <r <1, p <7 <r < 1), respectively.
Then for the definition of radii we have [1]

Inp= */ \/m ©))? dp,
0
27

Inp=— / \/m ©)]? dp,
0

Inr=— / (©)/P3() ©))Pdy
0

In7=— / \/p2 ©)]? dep.

It is assumed here that

v1(¢), when t €Ty,
v(t(p)) = S a(p), when t € Iy,
vo(p), when t € T.

The reasoning for U(f(¢)) is analogous. It is assumed that v(t) and 7(t) are
unique solutions of the integral equations

1

+ —/Ko(t;to)u(t)dt — _lnfty|, toel, (3)
T I
1 — -

+— [ Koltsto)o(t)at =~ to], to €T, (4)

where

1 dt .
Im(t—t@ds) —1, when t,tp el (j=1,2),

Im ( L . dt), in all other cases.
t— to ds

Ko(t;to) =
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Ko(t; ) is defined analogously.

Let us pose the problem: derive an estimate through ¢ for a difference of the
solutions of equations (3) and (4) (in an appropriate norm), and also for the
expressions |p — p|, |r — 7.

We can obtain such estimates by using the statements proved below. For
this, the integral equations (3) and (4) are represented in the complex form:

1 1
¢ —/—K*t;t #)dt = —In |t 3
V(o)+2m. v (t;to)v(t) n |t (31)
I
1 .
— | K. (t;to)p(t)dt = —1n |to], 4
+ g [ R0 = ~ni (4)
where
t—ty [, t—ty |lt—ty 1 .
t—t th—t t — 1| ——= -2
( 0) + (£ )t—t0+_0t—to O_t—tot—to 2
when ¢t €T (1 =1,2),
Ko(t;to) = - r r . (5)
(t'—t')—i—(t’—t’)t_t0+ t/t_tO_t_/ t_tO 1
0 t—to | “t—te °|t—tot—to
in all other cases.

Here t' = gi(¢), ty = gi(vo) and j take values 0, 1,2 dependNing on the fact
to which contour I'; (j = 0,1,2) the point ¢ or ¢, belongs. K*(t;ty), too, is
constructed analogously to (5). Clearly, in that case t = g;(¢), to = g;(v0),
' =g;(p), t = gi(wo) ( =0,1,2).

Let us represent the integral equations (3;), (41) in the operator form:

Av=(I+ H)v = fo, (31)
Av = (I+H)o = f,. (41)

It is assumed that (analogously to v[t(p)]), 7(t), fo(t), fo(t) are column-
matrices, [ is the uni t matrix of third order, and

Hyyvy + Hyovo + Hyovg
Hy = H21V1 + H22V2 + HQ()I/Q ,
Hovy + Hoyove + Hyglg
Hyyvn + Hyavp + Hyotl
Hv = H21V1 + H22V2 + HQOVO
Hoin + Hooia + Hool

Here H;;, H (1,7 = 0,1,2) are the concrete integral operators. Before repre-
senting them explicitly, let us make some additional observations.
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Observe that

dt gi(p)dg ( oo
- = = M. ct +z)d 7
t—to|er;  gi() — gr(o) @i o) ctg 9 2

to€l

where the function
g](go) ei(p - e’iSOO
2ie’?  g;(¢) — gr(o)

satisfies the Holder condition with index « with respect to its arguments, i.e.,
belongs to the class Cy,(I'; x T'y).
The function

Mgk(Sﬁ <Po) (6)

1 t—tg -1, t—tg
Rjk(to;t) = + {(t/—tf)) + (¢ _t/)t—to + [tot—to t ] f—t_o}

(t el to €Ty, j,k=0,1,2) figuring in (5) also belongs to the class Cy, (I'; xI'y)
and Ry (to;to) = 0.
We have in terms of the parameter ¢

Sule ) = Ryl (o) vlion)) = 1@ 4.() — gh(0)
i 9;(¢) — gr(¢o)
+ (91(w0) — Ti(9)) 7:(0) = x(20)

/ gi(®) — gr(o) o 9;(¢) — gr(¢o) '
[shton EEZIL g )| SO0,
S]k(SO ©0) € Ca(l'j X T'k), Skr(po; o) =0 (0 < < 27).

M. (¢, o) and Sji(; @o) are defined analogously.
Having introduced the notation, we can write that

[Hiyvy + Higvo + Hioh)(40)

2
1 S11(p0; ) Mi1(po; ) © =00 | N\iio  _icolf o
T 2mi O/{ leiv —eivo|8 <Ctg 5 +Z>|€ — 017 =201 (p)dy

2
1 /Slz(soo;w)Mlz(sOo;w) _ (Ctg L —|—i>|ew — "y () dep

271 |ew — elvo |B
1 510(900; ©) Mio(po; ¢) =90 | N\lio _ivo|s
—i-%/ |eiv — eivo|B . (ct 5 +Z>|e — e P (p)dep,

[Hoivn + Haagvs + Hoglp) (o

)
L / { S (10: ) Mo (005 0) ( o, ) e QW} 1 ()

‘e’“P — ewpo ’ﬁ
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S ©) M. ; — . ,
/{ 22(oi 2) Moal(0i 0) <ctg L +i>|e“‘ — eivo)f 22’} vo(p)dp

|6180 — eto |ﬁ 2

‘eZ‘P — etwo |ﬁ 2

2
1 S. ©) M. : — . .
2 /{ 20 S007 20(%00790) ) <ctg ¥ — Yo +z’>|e“" . €wo|ﬁ} Vo(SD)d%
0
[Hoivn + Hoavs + Hoo (o)

{501(<p07 ©) Mo (¢o; ©) ) (ctg ¥ — Yo i Z> ’ew _ 6is@0|ﬁ} v1(p)de
ctg

‘e“P — eiwo ’5 2

L.l + Z> le" — ewo|’6} ve(p)de

|6290 — eiwo |ﬁ 2

+

/
107{502(9007 ©) Moz (o5 ) <
/

1 Moo(o; — '
2— {800(4,00,90) 00(900%0) . (Ctg ¥ — ¥o +Z>|€w l@o‘ﬂ} I/O(QO)dSOa

’61@ — eWpo |ﬂ 2

where [ is any number satisfying the condition % <p<a.
From the above formulas we obtain

(Hyy — Hy o = /511(900, P)Mu1(0; ©) = Sui(po; ) Mu(¢o; ¢)
11 = — J i gt

1 — . .
X (ctg L4 2% + 2) " — e Py (@) dp

i 7511(900; ©) M1 (po; ) — 511(900; SD)MH((PO; 2
m

|ei%0 — ei@o ’/3

ie'? : :
g —aim 1€7 =€ P nile)dy

= 7:Z,/[Kll(%; 90) - ?11(900; @)]I/l(gp)dgp, (7)

In (7)

Kii(0; 0) = K1Y (00; 0) K (0; ), -

Ki(po; ) = K\ (00 ©) K12 (05 ),
where

M1 (go; ) iS11(po; p)e™?
1 11 05 11 0
K( )(3007 QO) = |€i<p — €Z¢O|ﬁ ; K£1) (¢07 QO) |€up 6i900|1_ﬁ . eiarg(ew—ewow

T oy - Mu(eoe) ey 511 (p0; )™
Kll (9007 ()0) - |€i<p — ei%ll@ ) Kl (@07 90) - |€i<p _ ei300|1—/3 ] eiarg(ew—ewo) '
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According to [2], if ¢(t) € Cu(T'), 0 < p < 1, then the function of two
variables (t,tp € T')
p(t) — o(to)
tity) =
w( ) 0) |t _ tO’)\ )
0 < X\ < pu <1, satisfies, on I', the Holder condition with index u— A. Moreover,
the estimate

[ (to; )|,y < A1+ A) (9)
holds true, where A* > % (see §85, 6 of [2]). Taking into account the

structure of the functions My (0;¢0), S (o), Mi1(@: o), Si1(e; o), this
result implies that the functions Ki1(p; o) and Ki1(¢;¢o) are continuous in
the Holder sense with respect to ¢q and ¢ with index d, 6 = min{a—f; a+5—1}
and

1K11(3 00) — Kui (@3 90) oy = KWK — KV KD e
<KD - 1KY = K lles + 1K ey - 1K — KD lo,- (10)

Let us define the order of smallness with respect to € in (10). Preliminarily,
we will prove the validity of the following propositions.
For small values of € the following inequalities are fulfilled:

L llg1(e) = g'(wo)] = [91(#) — G (@o)lllc < 2,
11g:(2) = 3'(v0)] = [G1(2) = F (po)lllc. < 2¢,

v ge)  @v—em gi(y) ~
t |gl<¢>—gl<soo> 2w~ Gale) —dilpn)  Ziew |, =4S
91(¢) = g1(¢0)  G1(¥) — Gi(0) ‘
- |gl<so>—gl<wo> 510~ aleo) o, =
y min g3 (¢)] min 145(¢)
IV. |g;(p )|>f for 5<f’
/ (()0) gl(@(J) o
H(WO) @) —an(s0) 91(“”(’))
7(0) = ulo) =
( B S o i 91“”0)) S

and all constants contained in the estimates do not depend on G.

Proof. Inequality I immediately follows from the definition of domain closeness,
i.e., from (1).
Further we have

191 () = 131(0)] < Nlgr(p) = Fi(@)lle < llgi(e) —q(p)lle. < e
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and if it is assumed that e < 1 [I(]n21% lg1(¢)], then the validity of inequality IV is

proved.

Before proving inequality II, note the following: for |s — sq| < %1, where [ is
the length of 'y, and s and sy are the arc abscissas of the points ¢t = ¢1(p) and
to = g1(0), we have

— 4.2 _ 2 _ 2
t—to]” _ g91(e) = g1(po)l” s — sol > k2. 2, (11)
|0 = ol? |s = s0|? |0 — @ol?
where p; = [1312111] l9:(0)| = p(0;T1) > 0, and k; (0 < k; < 1) is the constant

defined by giving the contour I';.

On the other hand,

[91(#) = g1(p0)] = [91(0) — G1(0)] = [91(90) — 91(©)] = [91(0) — G1(0)]
= Re[g1(p) — 91(¢)] — Re[g1(¢0) — g1(¢0)]
+i (Im[g1(¢) — g1(»)] — Img1(0) — G1(00)])
= (¢ = ¢0) Re[g1(€) = 01(&)] + i (v = wo) Imlgy(n) — ()],

where the numbers ¢ and 7 lie between ¢ and .

By virtue of (1) we can write that

[9(#) = 9(0)] = [91() = g1(0)]| < 4l — 0.

Moreover, since

[91(#) = 91(0)| — [91(0) — g1(00)]
< |lg1(¢) = 91(0)] — [91(#) — G1(00)]] < 4e|p — o]
we have
191(¢) — G1(v0)| = [g1(0) — g1(0)| — 4elp — ol-
Hence, assuming that ¢ < ’“Tpl, by (11) we obtain

191(¢) — g1(00)| 2 Fapn
= ol 2
Now we return to proving inequality II. Since

(12)

oo glp) e gie)
g1(p) — g1(wo) 2ie**  gi(p) — gi(po) 2ie™
el —elvo 91(@)[31(0) — Ti(0)] — Gy (0)[1(0) — gi(ip0)] € — €0

RN [91(2) — g1(v0)][g1(¢) — G1(0)] 2ie’?

1 ’
(p - ¢@[<>1mwm+ww eo)] du = 3,() [ gilipo + ulp = wo)ldu]
X Y
[91(#) — 91(0)][G1(0) — G1(0)]
by virtue of I, IV, (11) and (12) this expression obviously implies that inequality
IT is valid.
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Just in the same way, after carrying out analogous transformations, from

91(#) = 91(0) _ G1(9) — Gilpo) _ (e —w0)*
gilp) = ﬁl(wo) 91(®0) = 91(v0)  [91(¢) = 51(0)][91 () — 91 (0)]

/glwoﬂw ©o)] [0 + u(p — o)]du

- o
/

—/91s00+u (¢ + wo)ldu | Gilpo + u(e — o)]du

follows the validity of inequality III.
Inequality V immediately follows from inequalities I, IT and IV.
The validity of [-V is proved. [

Now taking into account formulas (6) and (5) for Mi1 (e, ¢o), S11(ip, ¢o) and
analogous formula for M1 (¢, ¢o), S11(i, ¢o), we can state by virtue of the above
inequalities and SH(QO(), QO()) = SH (SOO, (po) that

1511 (¢, o) €’ arg(e! ¥ =et70) _ 511(907300) giore(e! 7 et %)Hca < B -¢,
|M11(0,00) — Mii(p, o)., < Ba-e,

where the constants B; and B, depend only on the domain G.
By virtue of (9) and (13), inequality (10) immediately gives rise to the fol-
lowing estimates of its individual terms:

1 (1
1Y (9, 00) = K1Y (0, 00)l, < N -
1K (0, 00) = K2 (0, 00) oy < Vo -, (14)
(2
||K11 (W?@O)Hcg S N37 ||K£1)(¢7 900)”66 S N47

(0 = min{a — B;a + 5 — 1})), where all constants are expressed in terms of
the initial domain G, i.e.,for small € the estimates are uniform with respect to
domains G € G..

Therefore for the kernels represented by formulas (7’) we have

1K11(; 00) — Ki1(:00)l.,, < Ni(B) - . (15)

(13)

The estimates

1K22(03 00) — Kaa(300)l.,, < Na(B) - €
[ Koo (5 o) — f?oo(% 900)“% < No(B) -

are established analogously.
If the points (), t(o) and the corresponding points £(¢), t(o) lie on differ-
ent curves I';, I'; and T';, T'; (i # j), respectively, then estimates for the values

(16)

| Ky — EUHC(; (1 # j, 1,7 =0,1,2) are established immediately and have order
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O(e). This can be verified at once if, for the kernels of equations (31), (41)
representable by formulas of form (5), the difference

K.lgi(), 9i(p0)] = K.[gi(#); gj(o)]
is reduced to the common denominator and the latter is estimated from below by
the number dy = min{d;; ds; d3} assuming that 0 < ¢ < %0, while the difference
of their numerators is estimated using inequality (1).
We have thus shown that the following theorem holds for small values of the
parameter €.

Theorem 1. If the domains G and G € G, (0 < ¢ < g0) belong to the class
Gl (3 < a < 1), then the inequality

1K (5 00) — K5 00)ll,, < Ao(G; B) - € (17)

holds, where K. (y; o), Ki(v; o) are the kernels of the integral equations (31),
(41), respectively, 6 = min{a — B;a + 8 — 1} and 3 < 8 < . The constant
Ao(G; B) and small ey are completely defined by giving the initial domain G

g0 = ;min {do; kp/4; 9(90)}7

where k is the constant defined by giving the contour I', p=min{p(0,I';) : j =
0,1,2}, g(p) = min{|g;(¢)] : j = 0,1,2}.

The proven theorem makes it possible to obtain an estimate for the difference
v(p) —U(p) in an adequate norm. It is of order O(g), but it can be obtained in
a stronger form if we use the result from [3]. This technique implies estimating,
through e, the difference of the corresponding integral operators.

Let us estimate the difference (H — H)v. Having in mind the structure of
this difference, it suffices to confine the investigation to the case (Hi; — H 1)V

From (7) we have

(Hn - ﬁn) 151

27
1 To% . g . i i vi(p)
- W/ Kii(s po)ie'? - exp(—iarg(e’” — ) 1= Dl (18)
where
=, S11(5 00) Mi1 (65 00) — S11 (05 00) Mi1 (05
Ku(%SOO): 11( O) 11( O) 11( 0) 11( 0)- (19)

|eie — eivo

As has already been noted, the function K 11 (; o) is continuous in the Holder
sense with index aw — 3. Taking into account (9) and (19) as well as inequalities
[-V, we see that the inequality

.

KT (p ), _, < C(B) € (20)

is valid for small values of the parameter €.
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Let us use the following result from [2]. A function of form (18)

2

wlieo)) = = [ Bilgson) vl o0)

vi(p) dy
et ® —ei¢o|1—5’

where 7(p;p0) = ie'? exp(—iarg(e’? — €'#0)) belongs to the class Cs for any
bounded function v1(¢) and § = a — [ (see §51 of [2]).
Now, by virtue of this result, (18) and (20) give rise to the estimate
I(Hu = Hu) mll,,, , < C'(8) Inlle, , - <. (21)

Ca—p —

where C'() and Cy(f) from (20) are the absolute constants, while v () is any
function of the class C,_g.

The proof that the values ||(H; — Eii)ViHCOHB for i = 0,2 have order O(¢)
repeats the proof of inequality (21).

The estimate for the values ||(H;; — ﬁij)l/j‘|ca7B when i # j, i.e., when the
points t(¢) and to(¢o) belong to different curves I'y and T'y, while the corre-
sponding points () and #o(o) belong to the contours T'y and T's, is obtained
immediately if it is assumed, for instance, ¢ < %0. The constants in all such
estimates are expressed only in terms of the curves I'; and I's.

Hence the estimate
I(H = H) v, < ColB)- Wllg,_, -&. (22)

where Cy(3) is the absolute constant, is valid.
Assume now that v(y) and (p) are solutions of equations (31) and (44),
respectively. From (3]) and (4]) we have

v—U=AYA-A)v—A"(fo— fo)

=AY H - H)v— A" (fo— fo). (23)
But by (22)
1A= All, = sw (A=A,
Ivlc, ,=1
< s Gl e =Cold) e (24)
vllc,_g=1
and

1A =A) A7, <A = Alley_y - 1A ey < Co(B) 147, -

and if it is assumed that e < 1/(Co(8)-[|A~"||c,,_,), then the norm of the inverse
operator A~ [4] is uniformly (with respect to I') bounded in the space C,_g,

1A e s
1= [|(H - H)A Y|e,_,

1A e,y <
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Using further the obvious estimate ||fo — fo|| and (24), from (23) it follows
that the inequality

() = v(P)llcas < Bo(B) - [Wllca—p - €

is valid for all ¢ < &1, where

o {do, 9(e). 1 }
2 2 GB)IAT e, S

By() is the constant depending only on G and § (f is any positive number
smaller than «). Thus we have proved

Theorem 2. If the boundaries of the domains G and G € G-, 0 < £ < 1,
belong to the class C!, (0 < aw < 1), then the inequality

() = v(P)llcas < Bo(B) - Wllca_s - € (25)

is valid, where v(p) and U(p) are unique solutions of the integral equations (31),
(41), respectively. The constant By(f) and small €1 are defined by giving the
initial domain G; (3 is any positive number smaller than .

The proven theorem solves the problem we have posed. As for estimating
the differences ||r —7|| and ||p — p}, such an estimate is immediately implied by
Theorem 2 and formulas (2).

Corollary 1. If the triply-connected domains G and G are e-close to each
other (0 < e < ¢ey), then the inequalities

lp=pll <@Qi-e& |[r—7<Q-¢ (26)

are valid, where p, r, p, T are the radii defining the canonical domains K (p;r;1)

and E(ﬁ; 73 1), respectively, while the constant Q1 and Qo depend only on the
domain G.

2. CONFORMAL MAPPING OF CLOSE DOUBLY-CONNECTED DOMAINS

In the complex plane Z let us consider the finite doubly-connected domain
G whose boundary I' consists of the simple closed Lyapunov curves I'y and I'y,
one of which I'y envelops the other, and z =0 € int I';.

Assume that the boundary I' = I'y U I'; of the given domain belongs to the
class C7, (0 < a < 1) and is given parametrically by the equations

t=q1(7), t=go(r) (0<7<2m ¢(0)=g(2nm), i=0,1).

Let dy = p(I'1;Tg) and assume that 0 < € < dy/2.
Consider another doubly-connected domain G of type G.
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_ Definition 2. The domains G' and G whose boundary I consists of Ty and
I'y whose parametric equations are

t=g1(r), t=go(r) (0<7<2m gi(0) =gi(2m), i=0,1)
are called e-close to each other if the conditions

19:(7) = g:(T)| < &, Nlgi(T) = Gi(T)llea <& (i=0,1) (1)
are fulfilled.

As has already been noted, G. denotes a set of domains e-close to G for any
0<e<dy/2.

Let us map conformally (under the assumptions of [5]) the close domains
G and G onto the canonical domains K(p;1) and K(p;1), where K(p;1) and

K(p; 1) are respectively annuli with p < |w| < 1 and p < |w| < 1, while the
radii p and p are defined by the formulas

27

1
np=— [ () g, (7)ldr.
0
1 2
np=— [5(r) 13 (7)ld

0

where
y t) _ Vl(t), when ¢ € F17
vo(t), when t € T.

Apply an analogous treatment to (¢) too. Note that v(t) and v(t) are so-
lutions of integral equations of form (3;) and (4;), respectively, derived for the
doubly-connected domains G and G.

Using the methods from Section 1 one can similarly obtain an estimate for
the norm |[v — 7||¢,_, of difference of solutions of integral equations. Namely,
we have

Theorem 3. If the boundaries of doubly-connected domains G and G € G,
0 < e < e, belong to the class Cl, (+ < a < 1), then the inequalities

lv(7) = 2(T)llca—s < By(B) - [Vllca-s - €,
|lInp—Inp| < Q-

are valid, where 0 < B < « and the constants By(3), Qo and €y are defined by
giving the initial domain G.

These estimates allow us to construct, with the aid of the function v(t) defined
by giving the initial domain G, an approximation to the function w = f;(z)
(f+(21) =1, 1 > 0, Z € Ty) which maps conformally an arbitrary doubly-
connected domain G € G. (0 < € < g) onto the canonical domain K (p;1).
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By virtue of inequalities (25) and (26), we can regard the function (see [3])

';@_)it +ic (27)

. 1

w= f,(z) =z-exp —/

mi J

T

(fu(z1) =1, 20 > 0, z € Tp), where v(t) is a solution of equation (3), as an

approximation to the function w = f;(z). By the proof of the Plemelj-Privalov
theorem [2] (§18) the use of (25) and (26) leads to

Theorem 4. The function w = f(2) (fo(z) =1, >0, 21 € To) given in
the doubly-connected domain G by formula (27), where G € G (0 < e < €7),
admits, in G, an estimate

£o(2) = F(2)| < P e,
where P depends only on the domain G.

Note that it is assumed here that the given boundary points z; and z; corre-
spond to one and the same value of the parameter 7 (say, 7 = 0).

3. To THE QUASICONFORMAL MAPPING OF CLOSE DOUBLY-CONNECTED
DOMAINS

Let us consider the problem of quasiconformal mapping of close domains. As
a construction tool we take the method of integral equations [5], which stipulates
the knowledge of the concrete global homeomorhism of the Beltrami equation

Wg = q(Z) . Wz, (28>
constructed by I. N. Vekua’s scheme [6]. This homeomorphism figures in the
kernels of integral equations whose solutions are used to construct the wanted
functions.

Assume that the coefficient ¢(z) of the Beltrami equation is given in some
doubly-connected domain Gy containing the initial domain G and all domains

G € G. which are e-close to G (in the sense of (1')). As Gy we can take, for
instance, an annulus 2 < [z| < Ry, where py = p(0;T'1), Ry = max p(0; o).
0 0
Assume further that the boundary of the domain G belongs to the class C7,
(0 < a<1),and g(z) € C!(Go), (0 <~ < 1), and the so-called Vekua basic
homeomorphism W (z) of equation (28) is constructed with the coefficient

§(z) = {q(z), when 2z € Gy,

0, when z lies outside Gj.

In that case g(z) belongs to any Lebesgue class L,(E) (where E is the entire

complex plane) and, according to [7], W5 and W, satisfy the Holder condition
with index vy and 0 < 79 < min{c;~}. In what follows this global homeomor-

phism of equation (28) is denoted by W¢,(2).
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We use the technique of exit in the plane of this homeomorphism. Then the
integral equations (3;) and (4;) take the form

1 1
pe) +sn [ gRAEEmE
r)

Wea, (
= —In|& — We, (0)], & € We, (), (29)
]_ —
) + 5 /~ R (& C(E)de
Wa, (I)
= —In|& — We, (0)], & € W (D), (30)

where £ = %0 gk (7)], € = I:/IV/GO [9k(7)] (k = 0,1) are the parametric equations of
the curves WGD (Fk)a WGO (Fk’>7 respectively. K*(&SO) = K. [WGD [gk(T);gl(TO)H

(k.0 =0,1). In an analogous manner we define K.(&;&). Moreover, [We,(2)]:
(Weo(2)]: € CVQV(GO) [7] and p[é(T)], plg(T)] € CyW[0;27]. We can also write

that 1(So) = v[We, (9(70))]-
By virtue of (1) we have

(Wil (7)] = Wa, [6;(7)]] < C3(Way: Go)lg; (1) — G;(7)]

< Cj(Wey;Go) - (j=0,1). (31)
For convenience, denote W, (2) = W (z).
We have
(Wlg; ()]} = Wilg(m)](g5(7)) + Wilg; (1)) (g;(7))}
(Wlgi(T)])7 = Wlg(m))(g; (7))~ + Wilg;(7)](g,(T));
and

(Wlgi))7 € Cyl0,27], (W[g;(T)]); € C,[0527]; (5 =0,1).
Compose the difference
(Wlgi ()]s = (WG (m])s = Wilg;)(g))- — Wilg;) (@) — Wild,)(3))-
+Wi(9;)(G5)- + Wilg;) (@) — Welg;)(35)-
—Wi(@) (@) + Wilg)) (@), (G =0,1).
Using (1’) in these expressions and taking into account the inequalities

195(7) =3 (T)llc,, ,» < constj - |lg;(7) — G5 "(7)]lc.
155(7) = 4" (T)lles,, o < comstyp - [|g5(7) = G (7).
we obtain

1Wilg;) = Wi@))lle,, o < Cs;(Way; Go)lgs (T) = g5(m)[°2
< Cj e (j=0,1). (32)
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We see that the closeness conditions (1) of the contours I'; and fj in the plane of
the homeomorphism Wy, () for the corresponding curves W, (T';) and We, (T;)
are replaced by conditions (31) and (32).

Now, by virtue of the estimate established in Theorem 3, we come to the
validity of the following proposition.

Theorem 5. If the doubly-connected domains G C Gy and G C Gy whose
boundaries belong to the class C!, (0 < a < 1) are e-close to each other in the
sense of (1'), then the estimate

~

11(6) = i) lley , < Q" (Wayi G B) - llullesy - (33)

holds for all € € [0;¢*]; here (&) and f(§) are unique solutions of the integral
equations (29) and (30), respectively, [ is any positive number smaller than
Y0/2, the constant Q* and small £* are completely defined by giving the initial

domain G and the homeomorphism We,(2).

Note that in Theorem 5 the order of smallness for € can be obtained arbitrarily
close to 7 [3], for instance, O(g7°~7), where 1 < 7 is any positive number, but
in that case we can estimate only “small” norms of the value ||1(§) — fi(€)|lc,
(the Holder index 7 decreases). In the considered situation the choice n = %>
seems optimal to us.

In conclusion, also note that, analogously to the conformal case, the estimate
in terms of ¢ for the difference of modules In p(§) — In p(q) calculated by [8] can
be established with the aid of estimate (33).
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