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Abstract

In this paper a theorem on degree of Approximatba function f O Lip a

by product summabilit)(E,q)(N, pn) of Fourier series associated with
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1 Introduction

Let > a, be a given infinite series with the sequence ofiglasums {s,}. Let

{p,} be a sequence of positive real numbers such that

(1.1) P=>p, - as n-ow, (P, =p,=0,i20)
u=0

The sequence —to-sequence transformation
1 n
(1.2) tn = FZ Pn-vSy
n v=0
defines the sequencé,} of the (N, p,) -mean of the sequencgs,} generated

by the by sequence of coefficie, } . If

(1.3) t S ,asn- o,

n

then the seried " a, is said to be(N, p,) summable tos .
The conditions for regularity of Norlund summalyili(N, pn) are easily seen to

~ P
be »— -0 as n-
()Pn ©
(i) > p,=O(R,) as n - w
k=0

The sequence —to-sequence transformation, [1]

(1.4) T, = : Zm s,

(L+a) =l

defines the sequend®,} of the(E,q) mean of the sequends, } .
If
(1.5) T, -sas n-w

then the seried” a, is said to be(E,q) summable tos.
Clearly (E,q) method is regular

Further, the(E,q) transform of the(N, pn) transform of{s,} is defined by
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1+

" T

k=0
1 N 1
1.6 = — S,
o (L+q)" é(k]q {Pk;pk }
If
a.7) I, ->S as nN- o

then > a, is said to be(E,q)(N, p,)-summable tos.

Let f(t) be a periodic function with periodt2L-integrable over ), The
Fourier series associated with at any point x is defined by

(1.8)

o)

f(x) ~ % +>(a, cosnx+b, sinnx) = i A, (%)

n=1

Let s, (f;x) be the n-th partial sum of (1.8).
The L_-norm of a function f : R - R is defined by
(1.9) I =sud| f(9]: xOR }

and theL,-norm is defined by

1
21T ;
010 I, :[ﬂf(x)r’j
0

The degree of approximation of a functioh:R - R by a trigonometric
polynomial P, () of degree n under nornf . |_ is defined by [4].

(1.11) IP, - f]. =sud p,() - f(¥|: xOR}
and the degree of approximatiof, (f ofya function f OJL, is given by

(1.12) E.(f) =min|P. - f],
B
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This method of approximation is called Trigonomefourier approximation.
Afunction fULipa if

(1.13) [f(x+t)- (0] =0l{°) o<a =<1
We use the following notation throughout this paper
(1.14) g(t) = f(x+t)+ f(x—t)-2f(x),

and

L " (n 1 & sin(u+2)t
(1.15) Kn(t)=—2( an‘k FZ P

2rr(1+q)" =\ k k =0 sin_
2

Further, the methoc(E,q)(N, pn) is assumed to be regular and this case is
supposed through out the paper.

2 Known Theorem

Dealing with The degree of approximation by thedorct (E,q) (c,l)-mean of
Fourier series, Nigam [2] proved the following them:

Theorem 2.1 If a function f 272 - periodic, belonging to claskipa, then its
degree of approximation b()Eq) (C,l) summability mean on its Fourier series

1
(n+1)

Er?cﬁ—wa:o( j 0<a<l

iﬁh(t) is given by‘

where Elc’ represents the(E,q) transform of(c,l) transform ofs, (f;x).

3 Main Theorem

In this paper, we have proved a theorem on degfegpproximation by the
product mean(E,q)(N, pn) of Fourier series (1.8) .we prove

Theorem 3.1 If f isa 27— Periodic function of clasd-ip@, then degree of
approximation by the produc(tE,q)(N, pn) summability means on its Fourier
series (1.8) is given by
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Ira = | = O((n jl)”j 0<a<1l wherer, on definedin (1.6) .

4  Required Lemmas

We require the following Lemmas to prove the theare

Lemma4.l

- 1
K,(t)=0(n) 0s<t< e,

Pr oof:

1 ) .
For OstsTl, we have sinrt nsint then
n

1 " (1 1 & sin(u+;jt
K0 -t ( ]q“ 1sp, 2

2rr(1+q)" [k P = sint
2
1 \ (2w +1)S|n;
<— P,
(1+q) kz[ j k; . Sin*
2
1

Z@ q"* (2K +1){Pikﬁ pk_u}

< -
27T(1+ Q)n k=0 v=0

e

This proves the lemma.

(2n+1)
" 2n(L+q)"

=0(n).

Lemma4.2

1
K, ()= [j forn—+1<t<71
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Pr oof:

For ists 7T, we have by Jordan’s lemnsn t 2l sinnt <1
n+1 2 T

1 " (1 1 & sin(u+2jt
— n-k =
Then ‘ Kn(t)‘ - 27_[( )n Z(k) q ; Peep —

1+q sint

This proves the lemma.

5 Proof of Theorem 3.1

Using Riemann —Lebesgue theorem, we have for thepartial sums, (f ; x) of
the Fourier serie1.8) of f(x),

sin(n +1]t

U 2)

[t
sinf —
)
following Titechmarch [3],the(N, p,) transform of s, (f;x) using (1.2) is
given by

s, (Fx) =109 =~ [ a0

17 i sir(n+2jt
= F9 =AY Py —— 5 d

Mo ko sin(tj ’
2
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Directing the (E,qg)(N, p,) transform of s, (f;x) byr,, we have

L " " (n 1 & sin(u+jt
£l = — | ¢/t) [Jq”‘k— Py dt
Ir. =1l 2”(1+Q)I ; k Pk; k sin—
4 @A) K (t)dt
0
1
n+1 T
J+j @t) K () dt
o 1
n+l
(5.1) =1, +1,, say
Now

1 %Hl n n 1 k Sin(u-i-z)t
P — t =3 p,, ——=2 Lt
||1| - 27'[(1+ q)” ;[ A )é(kJ a P UZ:‘, P sini

2

1

n+l

S O(n) J. |¢(t)|dt , using Lemma 4.1
0

t dt

=0(n) T

1

_ O(n)|: ta+t i|n+1

a+l0

:O‘”)Laﬂ)(rlwl)ﬂﬂ]
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1
=0
Next
1o]s | le®][K, (t)] dt

n+l

i 1
= .” @(t) ‘O(J dt , using Lemma 4.2
1

n+l
o(l)dt
t

= ‘[‘ta

(] 1
[tet ¢
_.[t t

n+1

n+1

63 Q[(n +11>“]

Then from (5.2) and (5.3) , we have

R

1
(n+1)”] ,for O<a <1

lr, - T (x). = _iuxgr\rn - f(x) = O[ﬁj O<a<1

This completes the proof of the theorem.
6 Corollaries

The following corollaries can be derived from ouaimtheorem.

Corollary 6.11f p, =1 ,0n0N, theorem 2.1 follows from theorem 3.1.

31
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Corollary 6.2 If p,=1,0n and g=1 then the theorem 3.1 reduces to degree
of approximation for (E]) (C1) method of Fourier series.
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