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We consider the modulus of u-convexity of a Banach space introduced by Ji Gao
(1996) and we improve a sufficient condition for the fixed-point property (FPP)
given by this author. We also give a sufficient condition for normal structure in
terms of the modulus of u-convexity.

Let X be a Banach space and let C be a nonempty subset of X . A mapping T :
C→ C is said to be nonexpansive whenever

‖Tx−Ty‖ ≤ ‖x− y‖ (1)

for all x, y ∈ C. A Banach space X has the weak fixed-point property (WFPP)
(resp., fixed-point property (FPP)) if for each nonempty weakly compact convex
(resp., bounded, closed, and convex) set C ⊂ X and each nonexpansive mapping
T : C→ C, there is an element x ∈ C such that T(x)= x.

It is well known that the WFPP holds for Banach spaces with certain geomet-
rical properties. Among such properties, weak normal structure is, maybe, the
most widely studied (see [5, Chapter 3.2]). In order to give sufficient conditions
for the WFPP or weak normal structure, different moduli of convexity of Banach
spaces have been introduced by several authors (see [5, Chapter 4.5]).

At the origin of these moduli is the classical modulus of convexity introduced
by J. A. Clarkson in 1936 to define uniformly convex spaces. It is the function
δ : [0,2]→ [0,1] given by

δ(ε)= inf
{

1−
∥∥∥∥x+ y

2

∥∥∥∥ : x, y ∈ BX, ‖x− y‖ ≥ ε
}
. (2)
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The related characteristic of convexity is the number

ε0(X)= sup
{
ε > 0 : δ(ε)= 0

}
. (3)

It is well known (see [5, Theorem 5.12, page 122]) that Banach spaces, with
ε0(X) < 1, are superreflexive and enjoy a uniform normal structure and hence
the FPP.

On the other hand, uniformly nonsquare Banach spaces (i.e., Banach spaces
with ε0(X) < 2) are superreflexive [4], but it remains unknown if the FPP holds
for these spaces. Nevertheless, there are several partial results which guarantee
the FPP for uniformly nonsquare Banach spaces with some additional properties
such as the property WORTH, introduced in [6] by Sims as follows: a Banach
space has the property WORTH provided that for every weakly null sequence
(xn) in X and any x ∈ X ,

liminf
n→∞

∣∣∥∥xn + x
∥∥−∥∥xn− x

∥∥∣∣= 0. (4)

In [7] the same author proved the following theorem.

Theorem 1 (Sims [7]). If X is a uniformly nonsquare Banach space with the
property WORTH, then X has normal structure.

In this paper, we concentrate on the modulus of u-convexity introduced in
[1] by Gao.

The modulus of u-convexity of a Banach space X is defined by

u(ε) := inf
{

1− 1
2
‖x+ y‖ : x, y ∈ SX, f (x− y)≥ ε for some f ∈�x

}
, (5)

where

�x := { f ∈ X∗ : ‖ f ‖ = 1, f (x)= ‖x‖}. (6)

Gao proved in [1] that u(ε)≥ δ(ε) for any ε∈ [0,2] and he gave the following
results.

Theorem 2 (Gao [1]). Let X be a Banach space. If u(1) > 0, then X is uniformly
nonsquare (hence X is superreflexive).

Theorem 3 (Gao [1]). For any Banach space X , if there exists a δ > 0 such that
u(1/2− δ) > 0, then X has a uniform normal structure, and therefore X has the
fixed-point property.
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In order to give a sufficient condition for the FPP, more general than the one
required in the above theorem, we need some definitions and lemmas.

Recall that a Banach space X is weakly nearly uniform smooth (WNUS) pro-
vided that there exist ε ∈ (0,1) and δ > 0 such that if 0 < t < δ and (xn) is a basic
sequence in BX , then there exists k ≥ 1 such that ‖x1 + txk‖ ≤ 1 + tε.

In [2] Garcı́a-Falset defined the coefficient

R(X)= sup
{

liminf
n→∞

∥∥xn + x
∥∥}, (7)

where the supremum is taken over all weak null sequences (xn) in BX and any
x ∈ BX . He gave the following characterization of WNUS in terms of this coeffi-
cient: a Banach space X is WNUS if and only if it is reflexive and R(X) < 2.

The same author proved in [3] that Banach spaces with R(X) < 2 have the
WFPP, obtaining as a corollary that WNUS Banach spaces have the FPP.

We obtain an equivalent expression for the coefficient R(X) which will be
useful later.

Lemma 4. Let X be a Banach space which is not Schur, then

R(X)= sup
{

liminf
n→∞

∥∥xn + x
∥∥}, (8)

where the supremum is taken over all x ∈ SX and weak null sequences (xn) with
liminfn→∞‖xn‖ = 1.

Proof. Let

λ= sup
{

liminf
n→∞

∥∥xn + x
∥∥ :
(
xn
)

is weakly null, liminf
∥∥xn∥∥= 1, x ∈ SX

}
. (9)

If R(X) = 1, it is evident from the lower semi-continuity of the norm that
R(X) ≤ λ. Suppose that R(X) > 1. Let ε be an arbitrary scalar in (0,R(X)− 1).
By the definition of R(X), we find a weakly null sequence (xn) in BX and x ∈ BX

such that

liminf
n→∞

∥∥xn + x
∥∥ > R(X)− ε. (10)

If x = 0, then

liminf
n→∞

∥∥xn∥∥= liminf
n→∞

∥∥x+ xn
∥∥ > R(X)− ε > 1, (11)

which is a contradiction, so x 
= 0.
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We have

∥∥xn + x
∥∥=

∥∥∥∥∥(1−‖x‖)xn +‖x‖
(
xn +

x

‖x‖

)∥∥∥∥∥
≤ (1−‖x‖)∥∥xn∥∥+‖x‖

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥
≤ (1−‖x‖)(R(X)− ε

)
+‖x‖

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥
<
(
1−‖x‖) liminf

n→∞
∥∥xn + x

∥∥+‖x‖
∥∥∥∥∥xn +

x

‖x‖

∥∥∥∥∥

(12)

which shows that

liminf
n→∞

∥∥xn + x
∥∥≤ liminf

n→∞

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥. (13)

On the other hand, if liminf ‖xn‖ = 0, then

1≤ ‖x‖ = liminf
n→∞

(‖x‖+‖xn‖
)≥ liminf

n→∞
∥∥x+ xn

∥∥ > 1, (14)

so liminf ‖xn‖ 
= 0. Hence, we can write

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥=
∥∥∥∥∥
(

1− liminf
n→∞

∥∥xn∥∥) x

‖x‖ + liminf
n→∞

∥∥xn∥∥
(

xn
liminfn→∞

∥∥xn∥∥ +
x

‖x‖

)∥∥∥∥∥
≤
(

1− liminf
n→∞

∥∥xn∥∥)+ liminf
n→∞

∥∥xn∥∥
∥∥∥∥∥ xn

liminfn→∞
∥∥xn∥∥ +

x

‖x‖

∥∥∥∥∥
≤ (1− liminf

∥∥xn∥∥) liminf
n→∞

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥
+ liminf

n→∞
∥∥xn∥∥

∥∥∥∥∥ xn
liminfn→∞

∥∥xn∥∥ +
x

‖x‖

∥∥∥∥∥
(15)

and conclude that

liminf
n→∞

∥∥∥∥∥xn +
x

‖x‖

∥∥∥∥∥≤ liminf

∥∥∥∥∥ xn
liminfn→∞

∥∥xn∥∥ +
x

‖x‖

∥∥∥∥∥. (16)
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We, finally, obtain from (13) and (16) that

R(X)− ε < liminf
n→∞

∥∥xn + x
∥∥≤ liminf

n→∞

∥∥∥∥∥ xn
liminfn→∞

∥∥xn∥∥ +
x

‖x‖

∥∥∥∥∥≤ λ. (17)

Since ε was arbitrarily small, we conclude that R(X)≤ λ.
The inequality λ≤ R(X) is clear from the definitions, so the proof is complete.

�

Now we are in a position to prove the following theorem.

Theorem 5. Let X be a Banach space. If there exists δ > 0 such that u(1− δ) > 0,
then R(X) < 2.

Proof. Since the function u is clearly increasing, from our hypothesis, we can
find η > 0 such that u(1−η) > η.

Assume that R(X) = 2. From Lemma 4, we can find a weakly null sequence
(xn) such that liminfn→∞‖xn‖ = 1 and x ∈ SX satisfying the inequality

liminf
n→∞

∥∥xn + x
∥∥ > 2(1−η). (18)

Consider f ∈�x. We have

1−η < 1= f (x)= lim
n→∞ f

(
x− xn∥∥xn∥∥

)
, (19)

so there exists n0 ≥ 1 such that for any n≥ n0,

f

(
x− xn∥∥xn∥∥

)
> 1−η. (20)

In consequence, by the definition of the modulus u, we must have

∥∥∥∥∥x+
xn∥∥xn∥∥

∥∥∥∥∥≤ 2
(
1−u(1−η)

)
(21)

for all n≥ n0, and in consequence,

liminf
n→∞

∥∥x+ xn
∥∥≤ 2

(
1−u(1−η)

)
< 2(1−η), (22)

which contradicts (18).
Therefore, our assumption is false, that is, R(X) < 2, as desired. �

From Theorems 2, 5, and the characterization of WNUS spaces given in [2],
we obtain the following corollary.
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Corollary 6. For any Banach space X , if there exists δ > 0 such that u(1− δ) > 0,
then X is WNUS, and in consequence, it has the FPP.

This corollary provides a sufficient condition for the FPP of a Banach space in
terms of its modulus of u-convexity which generalizes the one given in Theorem
3, and—according to Theorem 2—presents a family of uniformly nonsquare
Banach spaces for which the FPP holds.

We do not know if the hypothesis in Corollary 6 implies normal structure,
but from Theorems 1 and 2 the following corollary is immediate.

Corollary 7. If X is a Banach space with the property WORTH such that u(1) >
0, then X has normal structure.
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