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We introduce a new hybrid iterative scheme for finding a common element of the set of common
fixed points of two countable families of relatively quasi-nonexpansive mappings, the set of
the variational inequality for an a-inverse-strongly monotone operator, the set of solutions of
the generalized mixed equilibrium problem and zeros of a maximal monotone operator in the
framework of a real Banach space. We obtain a strong convergence theorem for the sequences
generated by this process in a 2 uniformly convex and uniformly smooth Banach space. The results
presented in this paper improve and extend some recent results.

1. Introduction

Let E be a Banach space with norm || - ||, C a nonempty closed convex subset of E, and let E*
denote the dual of E. Let 6 : C xC — R be a bifunction, ¢ : C — R be a real-valued function,
and B : C — E* a mapping. The generalized mixed equilibrium problem, is to find x € C such
that

0(x,y) +(Bx,y—x) +¢(y) —¢p(x) >0, VyeC. (1.1)
The set of solutions to (1.1) is denoted by GMEP(6, B, ¢), that is,

GMEP(0,B,p) = {x € C:0(x,y) + (Bx,y —x) +¢(y) —p(x) >0, Yy € C}. (1.2)
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If B = 0, the problem (1.1) reduces into the mixed equilibrium problem for 6, denoted by
MEP(8, ), which is to find x € C such that

0(x,y) +9(y) —9(x) 20, VyeC. (1.3)

If & = 0, the problem (1.1) reduces into the mixed variational inequality of Browder type,
denoted by VI(C, B, ¢), which is to find x € C such that

(Bx,y—x)+¢(y) —¢(x) >0, VyeC. (1.4)

If B =0 and ¢ = 0 the problem (1.1) reduces into the equilibrium problem for 6, denoted by
EP(0), which is to find x € C such that

O(x,y) >0, VyeC. (1.5)

If 8 = 0, the problem (1.3) reduces into the minimize problem, denoted by Argmin(gp), is to find
x € C such that

o(y) —p(x) >0, VyeC. (1.6)

The above formulation (1.4) was shown in [1] to cover monotone inclusion problems, saddle
point problems, variational inequality problems, minimization problems, optimization
problems, variational inequality problems, vector equilibrium problems, Nash equilibria
in noncooperative games. In addition, there are several other problems, for example, the
complementarity problem, fixed point problem and optimization problem, which can also
be written in the form of an EP(). In other words, the EP(0) is an unifying model for
several problems arising in physics, engineering, science, optimization, economics, and so
forth. In the last two decades, many papers have appeared in the literature on the existence
of solutions of EP(0); see, for example, [1, 2] and references therein. Some solution methods
have been proposed to solve the EP(6); see, for example, [1, 3-11] and references therein.

A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with
lx]l = lyll =1and x#y. Let S(E) = {x € E : ||x|| = 1} be the unit sphere of E. Then a Banach
space E is said to be smooth if the limit

i 1 2y =l (1.7)
t—0 t

exists for each x, y € S(E). It is also said to be uniformly smooth if the limit exists uniformly for
x,y € S(E). Let E be a Banach space. The modulus of convexity of E is the function 6 : [0,2] —
[0,1] defined by

5(e) = inf{l - ”’”z’—y‘

cx,yeE, x| =|lyll=1 ||lx-v| = g}. (1.8)

A Banach space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there exists
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a constant ¢ > 0 such that 6(¢) > ce” for all € € [0,2]; see [12, 13] for more details. Observe
that every p-uniformly convex is uniformly convex. One should note that no Banach space is
p-uniformly convex for 1 < p < 2. It is well known that a Hilbert space is 2-uniformly convex,
uniformly smooth. For each p > 1, the generalized duality mapping J, : E — 2F" is defined by
Jp(x) = {x* € E* : (x,x*) = ||x|I”, [|Ix*|| = |x||P~"} for all x € E. In particular, | = J is called the
normalized duality mapping. If E is a Hilbert space, then | = I, where I is the identity mapping.

A set valued mapping T : E = E* with graph G(T) = {(x,x*) : x* € Tx}, domain
D(T) = {x € E : Tx#0}, and rang R(T) = U{Tx : x € D(T)}. T is said to be monotone
if (x* —y*,x —y) > 0, whenever x* € Tx,y* € Ty. A monotone operator T is said to be
maximal monotone if its graph is not properly contained in the graph of any other monotone
operator on the same space. We know that if T is maximal monotone, then the solution set
T7'0 = {x € D(T) : 0 € Tx} is closed and convex. It is knows that T is a maximal monotone
if and only if R(J + rT) = E* for all r > 0 when E is a reflexive, strictly convex and smooth
Banach space (see Rockafellar [14]).

Let E be a smooth, strictly convex and reflexive Banach space, let C be a nonempty
closed convex subset of E and let T : E = E* be a monotone operator satisfying D(T) ¢ C C
T H(N,50 R(J + 7T)). Then we define the resolvent T by J,x = {z € D(T) : Jx € Jz + rTz}, for
all x € E. In other words, J, = (J +#T)"J forallr > 0. J, is a single-valued mapping from
E to D(T). Also, we know that T™10 = F(J,) for all r > 0, where F(],) is the set of all fixed
points of J,. We can define, for r > 0, the Yosida approximation of T by T,x = (Jx — ] J,x)/r for
all x € E. We know that T,x € T(J,x) forallr >0 and x € E.

It is also known that if E is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. We consider the problem of finding:

veE suchthat0eTo, (1.9)

where T is an operator from E into E*. Such v € E is called a zero point of T. Such a problem
contains numerous problems in economics, optimization and physics. When T is a maximal
monotone operator, a well-know method for solving (1.9) in a Hilbert space H is the proximal
point algorithm: x; = x € H and,

Xpi1 = Jr,Xn, n=123,..., (1.10)

where {r,} € (0,00) and J,, = (I+7,T)"", then Rockafellar [15] proved that the sequence {x, }
converges weakly to an element of T~10. Let E be a real Banach space and let C be a nonempty
closed convex subset of E and A : C — E* be an operator. The classical variational inequality
problem for an operator A is to find X € C such that

(Ax,y-x)>0, VyeC. (1.11)

The set of solution of (1.11) is denote by VI(A, C). Recall that let A : C — E* be a mapping.
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Then A is called

(i) monotone if

(Ax - Ay,x-y) >0, VYx,yeC, (1.12)

(ii) a-inverse-strongly monotone if there exists a constant a > 0 such that

(Ax - Ay, x-y) > a||Ax - Ay 2 Vx,y € C. (1.13)

The class of inverse-strongly monotone mappings has been studied by many researchers to
approximating a common fixed point; see [6, 7, 16, 17] for more details.

Let C be a closed convex subset of E, a mapping S : C — C is said to be nonexpansive
if |Sx — Sy|| < |lx — y||, for all x,y € C. A point x € C is a fixed point of S provided Sx = x.
Denote by F(S) the set of fixed points of S; thatis, F(S) = {x € C: Sx = x}.

Consider the functional defined by

$(x,y) = IxI* - 2(x, Jy) + ||y||2, for x,y € E. (1.14)

Recall that a point p in C is said to be an asymptotic fixed point of S [18] if C contains a sequence
{xn} which converges weakly to p such that lim,, _, .- || x,—Sx,|| = 0. The set of asymptotic fixed
points of S will be denoted by 1?_(\5/) A mapping S from C into itself is said to be relatively
nonexpansive [19-21] if F(S) = F(S) and ¢(p, Sx) < ¢(p,x) for all x € C and p € F(S).
The asymptotic behavior of a relatively nonexpansive mapping was studied in [22-24]. S is
said to be ¢-nonexpansive, if ¢(Sx,Sy) < ¢(x,y) for x,y € C. S is said to be relatively quasi-
nonexpansive (or quasi-p-nonexpansive) if F(S)#@ and ¢(p,Sx) < ¢(p,x) forx € Cand p €
F(S). We note that the class of relatively quasi-nonexpansive mappings is more general than
the class of relatively nonexpansive mappings [22-26] which requires the strong restriction:
F(S) = F(5).

Let C be a nonempty closed convex subset of a Hilbert space H and Pc : H — Cis
the metric projection of H onto C, then Pc is nonexpansive. This fact actually characterizes
Hilbert spaces and consequently, it is not available in more general Banach spaces. In this
connection, Alber [27] recently introduced a generalized projection I'lc from E in to C as follows:

Ic(x) = arg ming(y, x), Vx € E. (1.15)
yeC

It is obvious from the definition of function ¢ that
(lyll = 1<1)° < (v, ) < (llyll + 1l)”, - Ve € E. (116)

If E is a Hilbert space, then ¢(y, x) = ||y — x||* and TIc becomes the metric projection of E onto
C. Let I'l¢c be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed convex subset C of E. Then, I'lc is a closed relatively quasi-
nonexpansive mapping from E onto C with F(I'lc) = C. On the author hand, the generalized
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projection I'lc : E — Cis a map that assigns to an arbitrary point x € E the minimum point of
the functional ¢(x, y), that is, IIcx = X, where X is the solution to the minimization problem

(X, x) = inf §(y, x). (1.17)

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping J (see, e.g., [27-31]).

Remark 1.1. If E is a reflexive, strictly convex and smooth Banach space, then for x,y € E,
¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0 then x = y. From
(1.14), we have ||x|| = |ly|l. This implies that (x, Jy) = llx||* = ||]y||2. From the definition of J,
one has Jx = Jy. Therefore, we have x = y; see [29, 31] for more details.

In 2004, Matsushita and Takahashi [32] introduced the following iteration: a sequence
{x,} defined by

Xn+1 = HC]_l (anJxn+ (1 -an)JTxy), (1.18)

where the initial guess element xq € C is arbitrary, {a,} is a real sequence in [0,1], T is a
relatively nonexpansive mapping and Ilc denotes the generalized projection from E onto a
closed convex subset C of E. They proved that the sequence {x,} converges weakly to a fixed
point of T

In 2005, Matsushita and Takahashi [25] proposed the following hybrid iteration
method (it is also called the CQ method) with generalized projection for relatively
nonexpansive mapping T in a Banach space E:

xo € C, chosen arbitrarily,

Yu=J N xn + (1= ay)JTxy),
Ch={z€C:¢(z,yn) <P(z,x)}, (1.19)
Qn=1{z€C:(xn—2z Jxo-Jxn) 20},
Xn41 = I, ng,Xo-
They proved that {x,} converges strongly to Ilgyxo, where I1g(r) is the generalized
projection from C onto F(T). In 2008, liduka and Takahashi [33] introduced the following
iterative scheme for finding a solution of the variational inequality problem for an inverse-

strongly monotone operator A in a 2-uniformly convex and uniformly smooth Banach space
E:xy =xe€Cand

Xp+1 = HC]_l (Jxn — MnAxy), (1.20)

foreveryn =1,2,3,..., where [1c is the generalized metric projection from E onto C, ] is the
duality mapping from E into E* and {\, } is a sequence of positive real numbers. They proved
that the sequence {x,} generated by (1.20) converges weakly to some element of VI(A, C).
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Recently, Takahashi and Zembayashi [34, 35], studied the problem of finding a
common element of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem in the framework of Banach spaces. In 2008, Cholamjiak [36],
proved the following iteration

Zn = HC]71 (]xn - )‘nAxn)/
Yn = ]_1 (an]xn + ,Bn]Txn + Yn]szn)/

u, € C such that 0(u,,y) + rl(y = Uy, Jun— Jyn) >0, VyeC, (1.21)

Cus1 = {Z €Cy:d(z,un) < (,b(zrxn)}/

Xns1 = Ic,,, X0,

n+1

where ] is the duality mapping on E. Assume that {a,}, {$,} and {y,} are sequences in [0, 1]
such that a, + B, + v, = 1, lim inf,, _, &, B, > 0 and lim inf,, , ,a,y, > 0. Then {x,} converges
strongly to g = Ilrxy, where F := F(T) n F(S) N EP(B) N VI(A,C). In 2009, Wei et al. [37]
proved the following iteration for two relatively nonexpansive mappings in a Banach space
E:

xp € C,
Jzn = an]xn + (1 = ay) JTxy,
Jun = ] xn + (1= Pn)JSzn,
Hy, = {v€C:¢(v,un) < Pup(v,x0) + (1= Pu)p(v,20) < P(0, %) },
Wu={z€C:(z~-xn Jxo - Jx,) <0},

(1.22)

Xn+1 = Hr,ow, X0,

if {a,} and {B,} are sequences in [0,1) such that a, < 1 -6; and f, < 1 - 6, for some
61,60 € (0,1), then {x,} generated by (1.22) converges strongly to a point Ilg.-r(r)nr(s)Xo.
Where the mapping Ilg of E onto ¥ is the generalized projection operator. Inoue et al. [38]
proved strong convergence theorem for finding a common element of the zero point set of a
maximal monotone operator and the fixed point set of a relatively nonexpansive mapping by
using the hybrid method. After that, Klin-eam et al. [2], extend Inoue et al. [38] to obtain the
strong convergence theorem for finding a common element of the zero point set of a maximal
monotone operator and the fixed point set of two relatively nonexpansive mappings in a
Banach space by using a new hybrid method.

On the other hand, Nakajo et al. [39] introduced the following condition. Let C be a
nonempty closed convex subset of a Hilbert space H, let {S,} be a family of mappings of
C into itself with F := (), F(Sn) #0 and wy,(z,) denotes the set of all weak subsequential
limits of a bounded sequence {z,} in C. {S,} is said to satisfy the NST-condition if for every
bounded sequence {z,} in C,

lim ||z, — Spzu|| =0 implies that w,(z,) C F. (1.23)
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Recall that a mapping S : C — Cis closed if for each {x,} in C, if x, — x and Sx,, —
y, then Sx = y. Let {S,} be a family of mappings of C in to itself with F := (2, F(S,) #0,
{5} is said to satisfy the (*)-condition if for each bounded sequence {z,} in C,

lim ||z, = Suza|| =0, z, — z imply z € F. (1.24)
n—oo

It follows directly from the definitions above that if {S,} satisfies NST-condition, then {S,,}
satisfies (x)-condition. If S,, = S and S is closed, then {S, } satisfies (x)-condition (see [40] for
more details).

In this paper, we introduce a new hybrid projection method for finding a common
solution of the set of common fixed points of two countable families of relatively quasi
nonexpansive mappings, the set of the variational inequality for an a-inverse-strongly
monotone operator, the set of solutions of the generalized mixed equilibrium problem and
zeros of a maximal monotone operator in a real uniformly smooth and 2-uniformly convex
Banach space.

2. Preliminaries
We also need the following lemmas for the proof of our main results.

Lemma 2.1 (Xu [41]). If E be a 2-uniformly convex Banach space and 0 < ¢ < 1, then for all
x,y € E, one has

, (2.1)

2
|-yl < C—2||]x—]y

where ] is the normalized duality mapping of E.
The best constant 1/¢ in lemma is called the 2-uniformly convex constant of E.

Lemma 2.2 (Chidume [42, Corollary 4.17 pages 36-37]). If E be a p-uniformly convex Banach
space and let p be a given real number with p > 2, then for all x,y € E, jx € Jox and j, € J,y

.. cP
(X=Y jx—Jy) 2 ﬂ”x—y”p, (2.2)

where |, is the generalized duality mapping of E and 1/ c is the p-uniformly convexity constant of E.

Lemma 2.3 (Kamimura and Takahashi [30]). Let E be a uniformly convex and smooth Banach
space and let {x,} and {y,} be two sequences of E. If ¢(x,,y,) — 0 and either {x,} or {y,} is
bounded, then ||x, — yu|| — 0.
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Lemma 2.4 (Alber [27]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then xo = lcx if and only if

(xo-y,Jx—Jx0) >0, VYyeC. (2.3)

Lemma 2.5 (Alber [27]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

¢(y,Tex) + ¢(Ilex, x) < P(y,x), VyeC. (2.4)

Lemma 2.6 (Qin et al. [9]). Let E be a real uniformly smooth and strictly convex Banach space,
and C be a nonempty closed convex subset of E. Let S : C — C be a relatively quasi-nonexpansive
mapping. Then F(S) is a closed convex subset of C.

Let E be a reflexive, strictly convex, smooth Banach space and J the duality mapping
from E into E*. Then J7! is also single valued, one-to-one, surjective, and it is the duality
mapping from E* into E. We make use of the following mapping V studied in Alber [27]

V(x,x") =[xl = 2¢x, x7) + 1%, (2.5)

for all x € E and x* € E*, thatis, V(x, x*) = ¢(x, T 'x%).

Lemma 2.7 (Kohsaka and Takahashi [43, Lemma 3.2]). Let E be a reflexive, strictly convex
smooth Banach space and let V be as in (2.5). Then

Vix,x*) + 2<]’1x* - x,y*> <SV(x,x*+y*), (2.6)

forall x € E and x*, y* € E*.

Lemma 2.8 (Kohsaka and Takahashi [44]). Let E be a smooth, strictly convex and reflexive Banach
space, let C be a nonempty closed convex subset of E and let T : E = E* be a monotone operator
satisfying D(T) € C C J7Y(N,s0 R(J + rT)). Let r > 0, let J, and T, be the resolvent and the Yosida
approximation of A, respectively. Then the following hold:

() ¢(u, J;x) + ¢(Jrx,x) < ¢p(u, x), for all x € C,u € T10;
(ii) (Jyx, Tyx) €T, forall x € C;
(iii) F(J,) = T~10.
Let C be a nonempty closed convex subset of a Banach space E and let A be an inverse-
strongly monotone mapping of C into E* which is said to be hemicontinuous if for all x,y € C,

the mapping F of [0, 1] into E*, defined by F(t) = A(tx + (1 - t)y), is continuous with respect
to the weak* topology of E*. We define by N¢(v)the normal cone for C at a point v € C, that is,

Nc(w) ={x*€E*: (v-y,x*) >0, Vy € C}. (2.7)
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Lemma 2.9 (Rockafellar [14]). Let C be a nonempty, closed convex subset of a Banach space E and

A a monotone, hemicontinuous operator of C into E*. Let U : E = E* be an operator defined as
follows:

Av+ Nc(v), veC,
Uv = (2.8)

@, otherwise.

Then U is maximal monotone and U0 = VI(A, C).

For solving the equilibrium problem for a bifunction 0 : CxC — R, let us assume that
0 satisfies the following conditions:

(A1) O(x,x) =0forall x € C;
(A2) 0 is monotone, that is, 8(x,y) + 0(y,x) <0forall x,y € C;

(A3) foreach x,y,z € C,

1%19(& +(1-t)x,y) <0(x,y); (2.9)

(A4) for each x € C, y — 0(x, y) is convex and lower semicontinuous.

For example, let B be a continuous and monotone operator of C into E* and define
0(x,y) = (Bx,y-x), Vx,yeC. (2.10)

Then, 0 satisfies (A1)—(A4).
The following result is in Takahashi and Zembayashi ([34, 35, Lemma 2.7]).

Lemma 2.10 (see [34, 35, Lemma 2.7]). Let C be a nonempty closed convex subset of a smooth,

strictly convex and reflexive Banach space E, let 0 be a bifunction from C x C to R satisfying (A1)-
(A4), let r > 0 and let x € E. Then, there exists z € C such that

9(Z,y)+%<y—z,]z—fx> >0, VyeC. (2.11)

Motivated by Combettes and Hirstoaga [4] in a Hilbert space and Takahashi and
Zembayashi [34] in a Banach space, Zhang [45] obtain the following lemma.
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Lemma 2.11 (Zhang [45, Lemma 1.5]). Let C be a nonempty closed convex subset of a smooth,
strictly convex and reflexive Banach space E. Let B : C — E* be a continuous and monotone mapping,
¢ : C — R is convex and lower semicontinuous and 6 be a bifunction from C x C to R satisfying
(A1)-(A4). For r > 0 and x € E, then there exists u € C such that

1
0(uy) + (Bu,y —u) +o(y) ) + ~(y —u,Ju=Jx) 20, ¥yeC  (212)
Define a mapping K, : C — C as follows:

K, (x) = {u €C:0(uy)+(Buy—u)+o(y) —pu)+ %(y—u,]u—]x) >0, Vy e C}
(2.13)

forall x € C. Then the followings hold:

(1) K, is single-valued;

(2) K, is firmly nonexpansive, that is, forall x,y € E, (K, x-K,y, JK;x-JK,y) < (K,x—
Kr]// ]x - ]]/>/

(3) F(K,) = F(K,) = GMEP(6, B, );
(4) GMEP(, B,”) is closed and convex;
(5) ¢(p, Kyz) + ¢(K,z,2z) < P(p, z), forallp € F(K,) and z € E.

3. Main Results

In this section, by using the (x)-condition, we prove the new convergence theorems for
finding a common element of the set of solutions of generalized mixed equilibrium problems,
the set of fixed points of two countable families of relatively quasi-nonexpansive mappings,
zeros of maximal monotone operators and the solution set of variational inequalities for an a-
inverse strongly monotone mapping in a 2-uniformly convex and uniformly smooth Banach
space.

Theorem 3.1. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T : E = E* be a maximal monotone operator satisfying D(T) C C and
let J, = (J +rT)"'] for all r > 0, where J is the duality mapping on E. Let @ be a bifunction from
C x C to R satisfying (A1)-( A4), and let ¢ : C — IR be a proper lower semicontinuous and convex
function. Let A be an a-inverse-strongly monotone mapping of C into E* satisfy || Ay|| < ||Ay — Au||,
forally € Cand u € VI(A,C)#@ and let B : C — E* be a continuous and monotone mapping.
Let S, T,, : C — C be two families of relatively quasi-nonexpansive mappings with satisfy the (x)-
condition such that

O := <ﬁ 1—“(5,,)) n <ﬁ F(Tn)> NT'0NGMEP(,B,’) N VI(A, C) #0. (3.1)
n=1

n=1
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For an initial point xg € E with x1 = I'lc,xo and Cy = C, we define the sequence {x,} as follows:

wy, =] (Jxn - Ly Ax,),
Zp = ]_1 (ﬂn]xn + (1 - ﬁn)]Tn]rnwn>/

Yn = ]_1 (anJxn + (1 = an)]Suzn),

uy € C such that 0(u,, y) + (Buy, y —un) + @(y) — p(un) + %(y — U, Jin = JYn) (32)

>0, VyeC,

Cu1 = {Z €Cy: ¢(Zrun) < ¢(Z/ Zy) < ¢(Z,Xn)},

Xpi1 =1lc, . x9, VYn>1,

n+l

where {a,},{Pn} are sequences in [0,1] and {r,} C [d,o0) for some d > 0 and {1,} C [a,b]
for some a,b with 0 < a < b < c®a/2, where 1/c is the 2-uniformly convexity constant of E. If
lim inf, (1 - a,) > 0and lim inf, _, (1 - B,,) > O, then {x,} converges strongly to p € ©, where
pP= H@xo.

Proof. We split the proof into seven steps.
Step 1. We first show that C,; is closed and convex for each n > 1.

By Lemma 2.6, we know that (N;2; F(S,)) N (N F(Ty)) is closed and convex. We
also know that if T-'0 and VI(A,C) are closed and convex. From Lemma 2.11 (4), we
have GMEP(*,B,") is closed and convex. Hence © := (N3, F(S,)) N (N, F(T,)) nT710N
GMEP(, B,”) N VI(A, C) is a nonempty, closed and convex subset of C. Consequently, [Tgx
is well defined.

Next, we prove that C,, is closed and convex for each n > 1. It is obvious that C; = C is
closed and convex. Suppose that C,, is closed and convex for each n € N. Since for any z € C,,
we know ¢(z,u,) < ¢(z, x,) is equivalent to

2(z, Jxn = Jun) < ||xn||2 - ”un”z- (3.3)

So, C,.41 1s closed and convex.
Step 2. We show that © C C,, forall n > 1.

Next, we show by induction that © c C, for all n € N. Indeed, let u, = K,,y, and
vy = Jp,wy, for all n > 1. On the other hand, from Lemma 2.11 one has K,, is relatively
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quasi-nonexpansive mapping and © C C; = C. Suppose that © C C, for some n > 1. Let
q € © C C,. Since S,, is relatively quasi-nonexpansive mapping, we have

(@ ya) = $(a) " @0+ (1= @) Suz))
= 190> = 2(q, @nJxn + (1 = @) JSnzn) + @ Jn + (1 = @) [Suzall®
< [ql1? = 20 (4, Jxn) = 21 = )G, JSuzn) + ullxall? + (1 = ) [Suzal® 4

= anp(q, %) + (1= an)$(4, Suzn)

< anti)(q, xn) +(1- “n)gb(q/ Zn)'

by nonexpansiveness of J,, (see [31, Theorem 4.6.3, page 130]) and T, is relatively quasi-
nonexpansive mappings, we also have

$(2,20) = (4. T (BT xu + (1= o) I Tuv) )
= ”q”2 - 2<q’ﬁ”]x" + (1 _ﬂ">]Tnvn> + ”ﬁn]xn + (1 - ﬁn)]Tnvnnz

< ”q”2 - 2ﬂn<q/ ]xn> - 2(1 - ﬂn)<q/ ]Tnvn> + ﬂonn”Z + (1 - ﬂn) ||Tn'0n”2

= Pup (4, %0) + (1~ Pu)$(q, Tuon) (3:5)

< Pud (g, %n) + (1= Bn)p(q,vn)

= Bu(q,%n) + (1= ) P(q, Jr,wn)

< PBud (g, %) + (1= Bn)p(q,w0n).

So, it follows that
¢(q,un) = ¢(q, K, yn)
< $(q,yn)

(3.6)

< and(q,xn) + (1 - an)P(q, zn),

< anp (g, xn) + (1= an) [Bad (g, xn) + (1= Pn)P(q, wn)].
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It follows from Lemmas 2.5 and 2.7, that
$(q,wn) = $(qTc) " Jxn — \uAx))
< ¢(q,77"Jxn = 1nAx))
=V (q, Jxn — \nAxy)

< V(qr (]xn - /\nAxn) + )‘nAxn) - 2<]71 (]xn - /\nAxn) =4, )‘nAxn>
= V(g Jxn) = 20, (J7 (0 = AnAxs) - 4, A% )

= (;b(q,xn) - 20 (xy —q, Axy) + 2<]‘1(]xn -l Axy) — xp, —)LnAxn>.

Thus, since g € VI(A, C) and A is a-inverse-strongly monotone, we have
=2Mn(xn — q, Axy) = =20 (x5 — q, Axy — Aq) — 20, (xn — q, Aq)
< =20, (xp — q, Axy — Aq)
= —2al,|| Ax, - Aq|*.
By Lemma 2.1 and the fact that ||Ay|| < ||Ay — Aul| for all y € C and u € ©, we obtain

2(J7M U n = AnAxa) = 20, =hn A ) = 2(J7 0 = L Axy) = ] (J20), ~An Ay )

<2|| )7 U = AnAXa) = I (T 0)

”-)‘nAan

4
< S| U = An) =TT ()

[l A Azl
4

= C_2||]xn - )‘nAxn - ]xn””)LnAxn”
4

= C—2||)tnz‘\xn||2

4
= SAllAxP

IN

4 2
2 Bl ax, - Aql.

13

(3.7)

(3.8)

(3.9)
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Substituting (3.8) and (3.9) into (3.7), we have

4
$(9,wn) < §(q,2) = 20h]| Axy — Ag|[* + 517 [| Az — Aq||®

= $(@%) + 20n( GAn =) [ Ax, — Ag]] (310)

< ¢(q, xn).

Substituting (3.10) into (3.6), we get
¢(q,un) < anp(q,xn) + (1= an) [Budp (g, xn) + (1= Bn)P(q,xn)] = (g, xn)- (3.11)

This shows that g € C,,.1 which implies that © C C,41 and hence, © C C,, foralln > 1.
This implies that the sequence {x,} is well defined.
Step 3. We prove that {x,} is bounded.

Since x,, = I'lc,xp and x,,11 = Ilc,,,x0 C Cypy1 C C,, we have

n+l

()b(xn/ xO) < ¢(xn+1/x0)/ Vn > 1. (312)
By Lemma 2.5, we get

¢(xn, x0) = P(Ic, (x0), x0)
<P(p,x0) — P(p,xn) (3.13)
<¢(p,x0), VpeO.

From (3.12) and (3.13), then {$(x,, x9)} are nondecreasing and bounded. So, we obtain that
limy, —, o, (x, x0) exists. In particular, by (1.16), the sequence { (||x,||—||xo )2} is bounded. This
implies {x,} is also bounded. So, we have {u,}, {z,}, {y.} and {w,} are bounded.

Step 4. We show that {x,} is a Cauchy sequence in C. Since x,, = Ilc,,xo € C,, C Cp, form > n,
by Lemma 2.5, we have
¢(xmz Xn) = ‘i)(xmz Ic,x0)
< ¢(xm, x0) — P(Ilc,x0, X0) (3.14)
= P (xm, x0) — P(xn, X0)-
Taking m,n — oo, we have ¢(x,,, x,) — 0. From Lemma 2.3, we get ||x, — x| — 0.

Hence {x,} is a Cauchy sequence and by the completeness of E and the closedness of C, we
can assume that there exists p € C such thatx, — peCasn — oo.
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Step 5. We show that ||Ju, — Jx,|| — 0,as n — oo. We taking m = n + 1 in Step 4, we also

have

nh_{r(}o(i)(xnﬂz x,) = 0.

From Lemma 2.3, that

lim ||x,41 — x4]| = 0.
n— oo

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we have

nILII;lQHJXHH - ]xn” =0.

Since x,,.1 = I'lc . x9 € Cpi1 C C,, and the definition of C,,,1, we have

n+l
P (xXne1,Un) < P(Xpi1,x,) YneN.

By (3.15), we obtain

li ‘,b(xn+1/ uy) = 0.

n—
Again applying Lemma 2.3, we get
Jim [ = ] = 0.

From

||un - xn” = ”un = Xn+1 T Xnel — xn”

< ”un - xn+1|| + ||xn+1 - xn”

It follows that

lim |lu, — x,] = 0.
n— oo

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also have

nlijr;o||]un — Jx|| = 0.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Step 6. We will show that x, — p € ©, where

0= <ﬁ F(Tn)> n < a F(Sn)> NGMEP(*,B,") N VI(A,C) n' T0. (3.24)
n=1

n=1

(a) We show that x, — p € (N;2; F(T,)) N (N1 F(Sk)). From definition of Cy4q, for
any z € C,, we have

$(2,2n) < ¢(2,Xn). (3.25)
Since xp41 = Ic,,, X0 € Cps1, we get P(xni1, Zn) < P(Xn11, X). It follows from (3.15), that
Hm $(xni1,z0) = 0 (3.26)
again from Lemma 2.3, that
Hm [l = zall = 0 (3.27)
it follows that since J is uniformly norm-to-norm continuous, we also have
lim ([ Jxps1 = Jzul| = 0. (3.28)
Since
2n = Xull < 120 = Xt |l + %41 — Xl (3.29)
from (3.16) and (3.27), we also have
Jim ||z, — x| = 0. (3.30)
Since J is uniformly norm-to-norm continuous, we obtain

nh_I}(}O“]Zn = Jxu|l = 0. (3.31)
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From (3.4), (3.5) and (3.10), we get ¢(p,y») < ¢(p,x,). By Lemma 2.11 (5) and u, = K;,yy,
we observe that

¢ (n, Yn) = §(Kr, Y, Yn)
<¢(p.yn) - $(p, Ky, yn)
< ¢(p.xn) = $(p, Kr,Yn)
= ¢(p, xn) = §(p, ) (3.32)
= Il - 2(p, Jxa) + Ixall® = (P11 = 2(p, Jutn) + 1))

= [locall® = lunll® = 2{p, Jxn = Jun)

< lloen = nll(lxnll + llunll) +2[|p[[11 ]2 = Jun.

Since {x,}, {yx} and {u,} are bounded, it follows from (3.22), (3.23), and Lemma 2.3, we also
have

Jiir;o||un -ya| =0. (3.33)
Since J is uniformly norm-to-norm continuous, we have
Tim [| 1y = Jyal| = 0. (3.34)

By using the triangle inequality, we obtain

[|xn1 = Y]l = ||xne1 = v + 10 = Y| (335)
< l%ns1 = el + ||t = -
By (3.20) and (3.33), we get
Jim [|xtp1 = yn| = 0. (3.36)
Since J is uniformly norm-to-norm continuous, we obtain
Jim || Joter = Jyu| = 0. (337)

Since

Ny = Zall < |Yn = Xnsa || + [1Xns1 = Zall- (3.38)
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From (3.27) and (3.36), we have

Tim [l - 2] =0

Since ] is uniformly norm-to-norm continuous, we also have

lim ||]yn —]zn” =0.

n—oo
From (3.2), we get

”]yn _]Zn” = lan(Jxn = Jzu) + (1 = an) (JSnzn = Jza)||
= |1 = an)(JSnzn — Jzu) — an(Jzn — Jxu) |
> (L= an)lJSnzn = Jzull = anllJzn = Jxull,

and hence
(1= an)lJSnzn = Jzall < ”]yn _]Zn” +au|lJzn = Jxull,

it follows that

1
1-a,

1JSnzn = Jzall < (”]yn_]zn“+“n||]Zn_]xn”)-

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

Since lim inf,_ (1 - a,) > 0, (3.31) and (3.40), one has lim,, _, || ]S,z — Jz.|| = 0. Since J!

is uniformly norm-to-norm continuous, we get

lim ||S,,z, — za|| = 0.
n— oo

(3.44)

Since ||x, — zu|| — 0and x, — p, then we get z, — p, hence it follows from (x)-condition,

that p € N;—; F(Sy).
Since v, = J,,w,, we compute

| Jxne1 = Jzull = ”]xm—l - (ﬁn]xn + (1 _,Bn)]TnUn) ”

= ”ﬂn]xnﬂ - ﬂn]xn + (1 - ,Bn)]xn+1 - (1 - ,Bn)]Tnvn”

= ”ﬂn (]xn+1 - ]xn) + (1 - ,Bn) (]xn+1 - ]Tnvn) ”
= ” (1 - ﬁn) (Jxne1 = JTuvn) = Pr(JXn = JXns1) ”
> (1= Bu) 11 = JTwoull = BallJ 20 = Jxna |

(3.45)
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and hence

1
1Jxne1 = JTwoull < 1 _,Bn

From (3.17), (3.28) and lim inf,,_, ,, (1 — f,) > 0, we obtain that

nh_r)r;O”]xnﬂ = JT,uu| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

lim ||x,41 — T0,|| = 0.
n— oo

Using the triangle inequality, we have

”xn - Tnvn” = ”xn — Xp+1 t Xns1 — Tnvn”

< ”xn - xn+1|| + ”xn+1 - Tnvn”~
From (3.16) and (3.48), we have

lim ||x, — Ty, = 0.
n— oo

On the other hand, for g4 € ©, we note that

$(q,%n) = (g, un) = l|2all” = [unll® = 2{q, Joxn = Jttn)

< lloen = nll(lull + llal)) + 2| q][11 7260 = Juull.

(”]an ~ ]zl +ﬂn”]xn - ]xn+l||)-

19

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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Since {x,} and {u,} are bounded, it follows from ||x, — u,|| — 0and ||Jx, — Ju,| — 0, that

$(4g,xn) = $(q,un) — 0. (3.52)

Furthermore, from (3.4), (3.5), (3.6) and (3.10), that

¢(q,un) < $(4, Yn)
< (g, 20) + (1= an)$(q, zn)
< and(q,%n) + (1= an) [Bu (g, xn) + (1= Bn)p(q,wn)]
= an®(q,%n) + (1= an)fu(q, xn) + (1= an) (1 = Pn) ¢ (q, wn)
< an (g, %) + (1= @) Bup (9, x2)

, (3.53)
+ (1= a) (1-2) [p(a.0) 2 (a - 31, ) Ax, - Aq]|
= a,(q,xn) + (1= ) fup (9, xn) + (1 = an) (1= ) P(q, Xn)
— (1= an) (1= )2, <a - CZ—Z)L,,) | Ax, - Aq||”
2
= p(a%) = (1= @) (1= )2 (= 50 ) [ Ax, - Aq],
and hence
2b 2
2a<0c— Z) | Axs - Aq|® < 24, <(x . ;*n) | Ax, - Aq|]?
(3.54)

1

< m@(q,xn) ~9(q,un))-

From (3.52), lim inf, (1 — a,) > 0 and lim inf, _, (1 — ,) > O, obtain that

nhf;”Ax" - Aq|| =0. (3.55)
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From Lemmas 2.5, 2.7, and (3.9), we compute

§ (X, wn) = (%, Te T (2 = 1nAx) )

< ¢ (0, T Jn = Ay Ax,))

=V (xn, Jxn = AnAxy)

<V (&, Jn = L AX) + L A%) = 2(]7 (T30 = AnAX) = X, A A )
= § (0, %) + 207 (0 = hnAX) = X, =L AXs)

= 2<]71 (Jxn = M Axy) = X, _)‘nAxn>
422
< [l Ax, - Aq|’
4b?
< 2 A, - Al
Applying Lemma 2.3 and (3.55) it follows that

lim ||x,, — w,|| = 0.
n—oo
Since ] is uniformly norm-to-norm continuous, we also have
lim || Jx, — Jwy|| = 0.
n—oo
Again by the triangle inequality, we get

ey = Thoull = |lwn — x5 + x5 — Tpoa||

< |lwn = xull + || = Tpon]|-

From (3.50) and (3.57), we have

lim ||wy, — T,u,]| = 0.
n— oo

21

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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From (3.5), we have ¢(q,v,) > (1/(1 = Bn))(¢(q, z2) — PP (g, 1)), it follows from Lemma 2.8
and (3.10), we note that

(O, wy) = ¢(Jr,wn, wy) < P(q,wn) — (g, Jr,wn)
= ¢(q,wn) - $(q,vn)

<9@,w0) - 75 ($(0,20) - Pup(g. )
<4(0.%) - 75 (9(02) ~pub(0.5)

- T #@%) - $(0.2)

(3.61)
= 7 (bl = Nzl - 2(g, 0 = T20)
< 7 (beal? = Nzl +20(g. T, - 122)])
< ﬁ(lllxnll = llzallllall + Izall) +2[|g|| 1730 = Jzull)
< 7 (o= 2l + 1zal) + 21170 201
It follows from lim inf, . (1 - B,) > 0, (3.30) and (3.31), we get
nliirgo¢(vn,wn) =0. (3.62)
From Lemma 2.3, it follows that
i [lo, —wy|| = 0. (3.63)
By using the triangle inequality, we get
[0n = Toonll = l|on — wn + wy — Tyou|
(3.64)
S Nlon = wnll + [|wn = Tyoy||.
From (3.60) and (3.63), we have
lim ||o, = T, .|| = 0. (3.65)

Since ||x, — || < ||xn — wy|| + ||w,, — v4||, (3.57) and (3.63), then

lim [|x, — ]| = 0. (3.66)



Abstract and Applied Analysis 23

From (3.66) and since x, — p, then v, — p. By (3.60) it follows from (*)-condition, that
p € ;21 F(Ty). Hence p € (M2 F(Sn)) N (NM52y F(T).

(b) We show that x, — p € GMEP(0, B, ¢). Indeed, it follows from (A2), that

1
(Btn,y = tn) + () = p(n) + =y = thn, Jitn = Jyn) 2 =6 (ttn, y) 2 0y, un), Vy €C,
(3.67)

and hence

(Jun = Jyn)
T,

n

(Bun, y — tn) + 9(y) — @(un) + <y — Up, > >0(y,u,), VyeC (3.68)

FortwithO<t<landy € C, lety; =ty + (1 - t)p. Then, we get that y; € C. From (3.68), it
follows that

(Byt, yi — tn) > (Byy, Y — Un) — (Bun, yi — un) — 0(y1) + ¢ (1ty)

(e L)Y

= (By: — Buy, yi — tn) — 9(yt) + (1)

Uy — n
- <yt - un,(]r—]y)> +0(yt,un), Yy €C.

(3.69)

By the fact that y,, u, — pasn — oo, and ||[Ju, — Jyu|l/r» — 0asn — oo. Since B is
monotone, we know that (By; — Bu,, y; — u,) > 0. Thus, it follows from (A4) that

0(ye,p) = (yi) +p(p) <lim infO(ys, un) = @(yi) + p(un) < lim (Bys, yi = 1n)
(3.70)

= (B]/t, Y — P)-

By the conditions (A1), (A4) and convexity of ¢, we have

0=0(yeye) +9(y1) = ¢(yt)
<t0(yry) + 1=-H0(ye p) +te(y) + (L-e(p) - ()
=t[0(yr,v) +9(y) — ()] + 1 =D [0(y1,p) +9(p) —9(yi)] (3.71)
<t0(yny) +o(y) —o(y)] + A=) [(By, v - p)]
=t[0(yey) +o(y) —¢(y)] + A - t[(Byny - p)]
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and hence
0<0(yy) +9(y) ~9(w) + A= 1)(Byry - p)- (372)
From (A3) and the weakly lower semicontinuity of ¢, lettingt — 0, we also have

0(p.y) + (Bp,y—p)+¢(y) —¢(p) 20, VyeC. (3.73)

This implies that p € GMEP(’, B, ).

(c) We show that x, — p € VI(A,C). Indeed, define a set-valued U : E =% E* by
Lemma 2.9, U is maximal monotone and U0 = VI(A, C). Let (v, w) € G(U). Since
w € Uv = Av + Nc¢(v), we get w — Av € N (v).

From w,, € C, we have

(v—wy,w—- Av) >0. (3.74)
On the other hand, since w, = T1cJ ' (Jx, — \,Ax,). Then by Lemma 2.4, we have

(v —=wy, Jw, — (Jx, — AyAxy)) >0, (3.75)
and thus

<v - Wy, ]x";ﬂ - Axn> <0. (3.76)

It follows from (3.74) and (3.76), that
(v —wy,w) > (v—wy, Av)

> (v —wy,, Av) + <v —wn,w - Axn>

= (v —wy, Av— Ax,) + <v—wn,M>

Jxn = Jwy

- > (3.77)

= (v —wy, Av — Aw,) + (v — wy,, Aw, — Ax,) + <v - Wy,

l[wn = xa]| _

> —[lv —wnl| |o —w,l|

S _M<”wn_xn” + 1] _]wn”)’

- a a

|Jxn = Jw||
a

where M = sup,.,||[v—wy||. Take the limitasn — oo, (3.57) and (3.58), we obtain (v-p,w) >
0. By the maximality of U, we have p € U~!0 and hence p € VI(A, C).
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(d) We show that x, — p € T!0. Since J is uniformly norm-to-norm continuous on
bounded sets, from (3.63), we get

lim [| 2w, — Jou|| = 0. (3.78)
From r,, > d, we have
1
lim —||Jwy, — Juu|| = 0. (3.79)
n—>oorn
Since J., w, = v,, therefore,
. 1 .1
lim ”Trnwn“ = lim T_”]wn - ]]rnwn” = lim T‘_Han - ]Un” =0. (3.80)
n—oo n—oo n n—oo n

For (w, w*) € G(T), from the monotonicity of T, we have (w-v,, w*-T, w,) > 0 foralln > 0.
Letting n — oo, we get (w — p, w*) > 0. From the maximality of T, we have p € T~!0. Hence,
from (a), (b), (c) and (d), we obtain p € ©.

Step 7. we show that p = Ilexy.

From x, = I'lc, xo, we have (Jxo — Jx,, x, —z) > 0, for all z € C,,. Since © C C,, we also
have

(Jxo = Jxu,xn—y) 20, VyeoO. (3.81)
Taking limit n — oo, we obtain
(Jxo=Jp,p-y) 20, Vyeo. (3.82)

By Lemma 2.4, we can conclude that p = Ilgxp and x, — p asn — oo. This completes the
proof. O

Theorem 3.2. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T : E = E* be a maximal monotone operator satisfying D(T) C C and
let J, = (J +rT)"'] for all r > 0, where J is the duality mapping on E. Let 0 be a bifunction from
C x C to R satisfying (A1)—(A4), and let ¢ : C — R be a proper lower semicontinuous and convex
function. Let A be an a-inverse-strongly monotone mapping of C into E* satisfy || Ay|| < ||Ay — Au||,
forally € Cand u € VI(A,C)#@ and let B : C — E* be a continuous and monotone mapping.
Let S, T, : C — C be two families of relatively quasi-nonexpansive mappings with satisfy the
NST-condition such that © := (N2, F(S,)) N (N, F(T,)) NT~'10n GMEP(, B,”) n VI(A,C) #0.
For an initial point xg € E with x1 = Ilc,xo and C; = C, we define the sequence {x,} by (3.2)
where {a,},{Pn} are sequences in [0,1] and {r,} C [d,o0) for some d > 0 and {1,} C [a,b]
for some a,b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity constant of E. If
lim inf, _, (1 - a,) > 0 and lim inf, _, (1 - B,) > 0, then {x,} converges strongly to p € ©, where
p = Iexy.
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Proof. If {T,}, {S,} satisfy NST-condition, then {T}}, {S,} satisfy (x)-condition. O
Setting S, = S and T,, = T in Theorem 3.1, then we obtain the following result.

Corollary 3.3. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E.Let T : E = E* be a maximal monotone operator satisfying D(T) ¢ C and
let J, = (J +7T)™"J for all ¥ > 0. Let 6 be a bifunction from C x C to R satisfying (A1)~(A4), and let
¢ : C — R be a proper lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C into E* satisfying || Ay|| < ||Ay—Aul||, forally € Candu € VI(A,C) #Dand
let B: C — E* be a continuous and monotone mapping. Let T,S : C — C be two closed relatively
quasi-nonexpansive mappings such that © := F(S)NF(T) N T-0n GMEP(,B,”) N VI(A,C) #0.
For an initial point xq € E with x1 = Ilc,xo and C1 = C, we define the sequence {x,} as follows:

= ITC]71 (]xn - )‘nAxn)/
Zn = ]_1 (ﬁn]xn + (1 _,Bn)]T]rnwn)/
= ]_1 (anJxn + (1 —an)]Szy),

€ C such that (i, y) +9(y) = 9(itn) + (Bitn, y — ) + rl<y o, Jun = Ty 8D
>0, VyeC, "
Cuit = (€ Cu: d(z,1n) < pl2,20) < p(2,22) ),
Xns1 =, x0, VYn2>1,

where ] is the duality mapping on E, {a,}, { B} are sequences in [0,1] and {r,} C [d, oo) for some
d > 0and {\,} C [a,b] for some a,bwith0 < a < b < c*a/2, where 1/ c is the 2-uniformly convexity
constant of E. If lim inf,, _, (1 —ay,) > 0 and lim inf, _, (1 - fB,) > O, then {x,} converges strongly
to p € ©, where p = Ilgxy.

Next, we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that A satisfies the conditions:

(C1) A is a-inverse-strongly monotone,

(C2) A1 0={u€E: Au=0}#0.

Hence, setting Tx = 0, for all x € C in Corollary 3.3, then J, = I, we also have the
following result.

Corollary 3.4. Let E be a 2-uniformly convex and uniformly smooth Banach space. Let 6 be a
bifunction from E x E to R satisfying (A1)-(A4), and let ¢ : E — R be a proper lower semicontinuous
and convex function. Let A be an operator of E into E* satisfying (C1) and (C2), and let B: E — E*
be a continuous and monotone mapping. Let T, S : E — E be two closed relatively quasi-nonexpansive
mappings such that

© = F(S) N F(T) nGMEP(',B,”) n A0 #0. (3.84)
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For an initial point xg € E with x; = I'lg, xo and E1 = E, we define the sequence {x,} as follows:

w, =] (Jx, — M Axy),
Zn = ]71 (ﬂn]xn + (1 - ﬁn)]Twn)/
Yn = J N (@nJxn + (1 - a,)JSzy),

u, € C such that G(un,y)+(p(y)—(p(un)+(Bun,y—un>+%(y—un,]un -Jyn) >0, VyeE,

Ep = {Z €E,: ‘i’(zlun) < ¢(Z/ Zy) < (,b(zlxn)}/

Xpi1 =1, x0, Yn2>1,
(3.85)

where | is the duality mapping on E, {a,}, {Pn} are sequences in [0,1] and {r,} C [d, oo) for some
d > 0and {1,} C [a,b] forsome a,bwith0 < a < b < c*>a/2, where 1/c is the 2-uniformly convexity
constant of E. If lim inf, (1 - a,,) > 0 and lim inf,, _, . (1 - f,) > O, then {x,} converges strongly
to p € ©, where p = Igxy.

Proof. Setting Tx= 0, for all x € C, then, D(T) = E and hence C = E in Corollary 3.3, we also
get ITg = I. We also have VI(A,C) = VI(A,E) = {x € E: Ax = 0} #0 and then the condition
|Ay|| < ||Ay — Aul| holds for all y € E and u € A™'0. So, we obtain the result. O

Setting A = 0 in Corollary 3.4, then we get w, = x,,. Hence we obtain the following
Corollary.

Corollary 3.5. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let 0 be a bifunction from CxC to R satisfying (A1)—(A4),and let¢p : C — R
be a proper lower semicontinuous and convex function. Let B : C — E* be a continuous and monotone
mapping. Let T,S : C — C be two closed relatively quasi-nonexpansive mappings such that

© :=F(S)NF(T) nGMEP(},B,”) #0. (3.86)
For an initial point xq € E with x1 = Ilc,xo and C1 = C, we define the sequence {x,} as follows:

Zp = ]_1 (ﬁn]xn + (1 _ﬂn)]Txn)/
Yn = ]71 (anJxn+ (1 —ay)]Szy),

uy € C such that 0(u,,y) +¢(y) - tp(un)+<Bun,y—un>+rl<y—un, Jun—Jyn) >0, VYyeC,

Cpi1 = {Z €eCy: ‘i’(zrun) < ¢(zl Zn) < (i)(zrxn)}/

Xn1 = I, 00, Vn 21,

n+l

(3.87)
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where ] is the duality mapping on E, {ay}, { B} are sequences in [0,1] and {r,} C [d, oo) for some
d > 0and {\,} C [a,b] forsome a,bwith0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity
constant of E. If lim inf,, (1 —ay,) > 0and lim inf,, _, (1 - fB,) > O, then {x,} converges strongly
top € ©, where p = Ilexy.

Remark 3.6. Theorem 3.1, Corollaries 3.4 and 3.5 improve and extend the corresponding
results in Cholamjiak [36], Wei et al. [37] and Saewan et al. [26].

4. Application to Complementarity Problem

Let K be a nonempty, closed convex cone in E. We define the polar K* of K as follows:
={y*€E*: (x,y*) 20, Vx € K}. (4.1)

If A: K — E*isan operator, then an element u € K is called a solution of the complementarity
problem ([31]) if

Au e K*, (u,Au) =0. (4.2)

The set of solutions of the complementarity problem is denoted by C(A, K).

Theorem 4.1. Let K be a nonempty and closed convex subset of a 2-uniformly convex and uniformly
smooth Banach space E Let A : E = E* be a maximal monotone operator satisfying D(A) C K
and let J, = (J + rA)™J for all r > 0. Let 6 be a bifunction from K x K to R satisfying (A1)~(A4),
and let ¢ : K — R be a proper lower semicontinuous and convex function. Let A : K — E*
be an a-inverse-strongly monotone mapping of E into E* satisfying ||Ay|| < ||Ay — Aul|, for all
y € Kandu € C(A,K)#0 and let B : K — E* be a continuous and monotone mapping. Let
S, T : K — K be two closed relatively quasi-nonexpansive mappings such that © := F(S) n F(T) N
A0 N GMEP(,B,") N C(A,K) #0. For an initial point xo € E with x1 = Ik, x¢ and K1 = K, we
define the sequence {x,} as follows:

= HK]_l (]xn - J\nAxn)/
= J ' (BuJxn+ (1= Pu) J T 1, w00),
Yn =] (@] xn + (1 - ay)]Szn),

u, €K such that 0(u,, y)+ ¢(y)—¢ () + (Bun, y—tty)+ %(y —Up, Jun—Jyn) >0, VyeK,

Kua ={z€Ky: Pp(z,up) <P(z,24) < P(z,x4) },

Xpe1 =g, x0, Yn2>1,

n+l

(4.3)

where | is the duality mapping on E, {a,} and {f,} are sequences in [0,1] and {r,} C [d, o) for
some d > 0 and {\,} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly
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convexity constant of E. If lim inf, _,,(1-a,) > 0and lim inf, ., (1-f,) > 0, then {x,} converges
strongly to p € ©, where p = Ilgxy.

Proof. As in the proof of Takahashi in [31, Lemma 7.11], we get that VI(A, K) = C(A, K). So,
we obtain the result. O
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