Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2010, Article ID 150975, 11 pages
doi:10.1155/2010/150975

Research Article

g-Bernstein Polynomials Associated with g-Stirling
Numbers and Carlitz’s g-Bernoulli Numbers

T. Kim, J. Choi, and Y. H. Kim

Division of General Education-Mathematics, Kwangwoon University, Seoul 139-701, Republic of Korea
Correspondence should be addressed to T. Kim, tkkim@kw.ac.kr

Received 17 September 2010; Revised 10 December 2010; Accepted 28 December 2010
Academic Editor: Ferhan M. Atici

Copyright © 2010 T. Kim et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Recently, Kim (2011) introduced g-Bernstein polynomials which are different g-Bernstein
polynomials of Phillips (1997). In this paper, we give a p-adic g-integral representation for
g-Bernstein type polynomials and investigate some interesting identities of g-Bernstein type
polynomials associated with g-extensions of the binomial distribution, g-Stirling numbers, and
Carlitz’s g-Bernoulli numbers.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, C, and C, denote the ring
of p-adic integers, the field of p-adic rational numbers, the complex number field, and the
completion of the algebraic closure of (,, respectively. Let N be the set of natural numbers and
Z.=NuU {0}. Let v, be the normalized exponential valuation of C, with [p|, = p™®) =1/p.

When one talks of g-extensions, g is variously considered as an indeterminate, a
complex number g € C, or a p-adic number g € C,. If g € C then one normally assumes
|gl <1, and if g € C, then one normally assumes |1 - g|, < 1.

The g-bosonic natural numbers are defined by [n], = (1-¢")/(1-q) = 1+g+q*+- - -+g" "
for n € N, and the g-factorial is defined by [n],! = [n],[n - 1], ---[2],[1], (see [1-3]). For the
g-extension of binomial coefficients, we use the following notation in the form of

AN [n],! ~ [n],[n-1],---[n-k+1],
<k>,, RGN ox | o
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Let C[0,1] denote the set of continuous functions on the real interval [0,1]. The
Bernstein operator for f € C[0, 1] is defined by

&4f|x)=é;f(§><:>xw1_xykk:é%f(%)BkAx» (12)

where 1, k € Z,. The polynomials By, (x) = (})x*(1 - x)”fk are called Bernstein polynomials
of degree n (see [4-8]). For f € C[0, 1], g-Bernstein type operator of order n for f is defined
by

Bn,q<f|x>=§f(§)<’;> [ x|y = Zf( )i (3.4), (13)

where n,k € Z,. Here B ,(x,q) = (’,Z)[x]’,;[l - x]’f}? are called g-Bernstein type polynomials
of degree n (see [9]).

We say that f is uniformly differentiable function at a point a € Z, and write f €
UD(Z), if the difference quotient F¢(x,y) = (f(x)~f(y))/(x~y) hasalimit f'(a) as (x,y) —
(a,a). For f € UD(Z,), the p-adic g-integral on Z, is defined by

L(f) = fz f(x)dpuq(x) = Nligl Zf( g (1.4)

qu

(see [10]). Carlitz’s g-Bernoulli numbers can be represented by a p-adic g-integral on Z, as
follows:

fz (] dpg(x) = z[ 4 = g (15)

P qu

(see [10, 11]). The kth order factorial of [x], is defined by

1- 1- x—1 x—k+1
[x]ig = [x] [~ 1], [x— k+1], = (-g)-g7) - (-q") (1.6)

(1-9)

and is called the g-factorial of x of order k (see [10]).

In this paper, we give a p-adic g-integral representation for g-Bernstein type
polynomials and derive some interesting identities for the g-Bernstein type polynomials
associated with the g-extension of binomial distributions, g-Stirling numbers, and Carlitz’s
g-Bernoulli numbers.

2. g-Bernstein Polynomials

In this section, we assume that 0 < g < 1. Let P, = {3 a; [x] | ai € R} be the space of
g-polynomials of degree less than or equal to n.
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We claim that the g-Bernstein type polynomials of degree n defined by (1.3) are a basis
for Py 4.

First, we see that the g-Bernstein type polynomials of degree n span the space of g-
polynomials. That is, any g-polynomials of degree less than or equal to n can be written as a
linear combination of the g-Bernstein type polynomials of degree .

Forn,k € Z,and x € [0,1], we have

n 1
Bia(x,q) = Y, <’:> <k> (-1l 2.1)
1=k

(see [9]). If there exist constants Co,Cy,...,C, such that CoBy,(x,g) + CiBi.(x,q) + -+ +
CyByn(x,q) = 0 holds for all x, then we can derive the following equation from (2.1):

0= C()Bo,n (x, 6]) + ClBl,n (x, q) +-+ Can,n (x, q)

n /n i ) n ) n i )
g ()Qrireter ()
e\ i\ 2.2)
g ()
1 ) n 1 n . n n
—Co+ {Zc,-(—1)11< > <.>}[x]q P {Zc,-(—l)’"< > < > } [x]0.
i=0 1/ \i i=0 n/ \i

Since the power basis is a linearly independent set, it follows that

1 (= i-1 n 1 —
Sear ()
" AW
Secr()() -

which implies that Cy = C; = --- = C, = 0 (Cy is clearly zero, substituting this in the second
equation gives C; = 0, substituting these two into the third equation gives C, = 0, and so on).
Hence, we have the following theorem.

(2.3)

Theorem 2.1. The g-Bernstein type polynomials of degree n are a basis for Py 4.
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Let us consider a g-polynomial P;(x) € P, 4 as a linear combination of g-Bernstein type
basis functions as follows:

Py(x) = CoBou(x,q) + C1B1u(x,q) + -+ + CyBunu(x,q). (2.4)

We can write (2.4) as a dot product of two values:

Co
G
Pq(x) = (BO,n(x/q>/Bl,n(x/q>/~-/Bn,n(x/q>) . . (25)
Cn
From (2.5), we can derive the following equation:
by 0 0 --- 0 Co
by bu 0 --- 0 G
P, (x) = <1, [x]q,...,[x];’> o o (2.6)

bnO bnl an bnn Cn

where the b;; are the coefficients of the power basis that are used to determine the respective
g-Bernstein type polynomials.
From (1.3) and (2.1), we note that

2
Boz(x q)_[]' xl/q:Z< >( ]-) [x _1_2[x]q+[x]$/

1=0

2
Bia(x,q) = <1> [x]4[1 = x4 = 2[x], - 2[x]5, 2.7)

2
Bus() = () o = 121

In the quadratic case (n = 2), the matrix representation is

1 0 0\ /GCo
Pq(x):(1,[x]q,[x]§) 2 20|l a | (2.8)
1 21/ \G
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In the cubic case (n = 3), the matrix representation is

1 0 00 Co

-3 3 00 G

) 3 6 30 G
-1 3 31 Cs

Py(x) = (1, [x],, %12, [x1] (2.9)

In many applications of g-Bernstein polynomials, a matrix formulation for the g-Bernstein
type polynomials seems to be useful.

Remark 2.2 (see [12]). All results of this section for g = 1 are well known in classical case (see
Bernstein Polynomials by Joy).

3. g-Bernstein Polynomials, g-Stirling Numbers, and
g-Bernoulli Numbers

In this section, we assume that g € C, with [1 -g|, < 1.
For f € UD(Zy), let us consider the p-adic analogue of g-Bernstein type operator of
order n on Z, as follows:

Bua(7 1) = 517 () (Z) SRR Y/] () EER) R R)

k=0

Here By x(x, q) is the g-Bernstein type polynomials of degree n on Z,, defined by

n k n-k
Bk,n (.X', ‘7) = <k> [x]q [1 - x]l/q/ (32)

forn,k € Z, and x € Z,,.
Let (Eh)(x) = h(x + 1) be the shift operator. Then the g-difference operator is defined

by

n

A= (E-I) = ]‘[(E - qHI>, (3.3)

i=1

where (Ih)(x) = h(x). From (3.3), we derive the following equation:

ALf(0) = 2"; <:> (~1)*q'D f(n - k). (3.4)
k=0 q
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By (3.4), we easily see that

flx) = Z<z> ATF(0) (3.5)
q

n>0

(see [10, 11]).
The g-Stirling number of the first kind is defined by

n

H<1+[k ) ZSlq(n k)z¥, (3.6)

k=1

and the g-Stirling number of the second kind is also defined by

1 1
H<1+ [k > ZSZq(n k)z . (3.7)

By (3.3), (3.4), (3.6), and (3.7), we get

k

§3) q—<’2<>
S2,q(n, k) = ,Z( 1)ig’ < > [k - ]] WA 0", (3.8)
q

7]0

forn, k € Z, (see [10, 13]).
From the definition of g-Bernstein type polynomials of degree n on Z,, we easily see

n-k -k
f Bion(x,q)dpg(x) = >, <" 1 > <:> 1) f [x]5  dpg (x). (3.9)
Z 1=0 Zyp

P

that

By (1.5) and (3.9), we obtain the following proposition.

Proposition 3.1. For n,k € Z., one has

nk/n-k\ /n ;
f Bin(x,q)dpg(x) = Z( > < >(—1) Brskqr (3.10)
Z 1=0 l k

P

where Pk, q are the (1 + k)th Carlitz's g-Bernoulli numbers.

From the definition of g-Bernstein polynomial, we note that

Z( ))Bk,n(x,q) :§q<’§><’;> [k],!S2,4(k,i = k), (3.11)

k=i q

—~
~ 3
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where i € N. From the definition of g-binomial coefficient, we have

n+1 ~ n Lk n ok n . n
k \k-1 T\k) =7 \k-1 k) (312)
q q q q q

By (3.12), we see that

1 n n+1)— n+
J. <n>qd”"(x) TESTNARA 613

(see [10, 11]). From (1.5), (3.11), and (3.13), we obtain the following theorem.

Theorem 3.2. Forn,k € Z, and i € N, one has

n n-k (k —k k 4
ZZEJ_«;(", >< >( Bt = 308 1615240k, - ")[zi )1] ge 0 3ag)

k=0

It is easy to see that, fori € N,

no(k .
Py ;sz,n(x, q) = [x],- (3.15)
k=i \i
By (3.11) and (3.15), we easily get
Zq( )< > [k],!S2,4(k, i~ k) (3.16)
q

(see [10]). Thus, we have

f [x];d#q(x):Zq<§)[k]q!52,q(k,i k)f <>dﬂq(x)
Z k=0

P

(3.17)
= qZ[k 1S5,4(k,i~k) Ui +)1] )
By (1.5) and (3.17), we obtain the following corollary.
Corollary 3.3. Forn,k € Z.and i € N, one has
(-D*

ﬁzq—qZ[k 1S5,q(k,i - k)[k+1]. (3.18)
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It is known that

+n\ /j+n
Sa4(n, k) = (-1)* ’< >< , > (3.19)
' (1 —q)"z -i/\i /,

(see [10]) and

<Z>q = §<7> (q-1)"Ss4(k,j - k). (3.20)

By a simple calculation, we have that

= 3 (g-1)kqh >< >q[x]k,q

k=0

g{g(q 1) < > S1,4(k, m)}[x];", (3.21)

n n m
= Z( >(q—1) [y
m=0 \ M
From (3.21), we note that

n _ < _ —-m+k n
<m> = grjn(q 1) <k>q51,q(k,m) (3.22)
(see [10]).

Thus, we obtain the following proposition.

Proposition 3.4. For n,k € 7., one has

n —k+m
Bin(x,q) = <k> [x] [1-x] 1/q Z(q 1) < > Si1,4(m, k)[x] [1- x]l/q (3.23)

q

From the definition of the g-Stirling numbers of the first kind, we get

q(3)<z> [n],! = [x],, Zsl g(n, k) [x]}. (3.24)
q

By (3.11) and (3.24), we obtain the following theorem.
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Theorem 3.5. Forn,k € Z, and i € N, one has

n k i k
D ,;gBk,Ax, q) = > > S14(k,1)Ss,4(k,i = k) [x];. (3.25)

k=i k=01=0

By (3.15) and Theorem 3.5, we obtain the following corollary.

Corollary 3.6. For i € Z,, one has

i k
Big= D> S14(k,1)So4(k, i~ k). (3.26)

k=01=0

The g-Bernoulli polynomials of order k € Z. are defined by

Prat @ : 9)" Z< >( Ve f fz gDy () - dpg (). (3.27)
- i=0 Ly P

Thus, we have

®) 1 -1)'(} )(l+k) (i+1) 4
Brq (x) = a2 Z ok, e, (3.28)
(see [10]). The inverse g-Bernoulli polynomials of order k are defined by
n irny i
- D (g™
By (x) = D : : (3.29)
(1- )" 0Ly, f, qZ DN g (1) - dpig (i)

In the special case x = 0, ﬁ(k) 0) = ﬁ(k) are called the nth g-Bernoulli numbers of order k, and

ﬁ,(q ,;( ) 0) = ( k) are also called the inverse g-Bernoulli numbers of order k (see [10]).
From (3 29), we have

[i+n],--[i+1],
" q)kz( <]> Gon) G D)

k+n>
< j+n [n]q!
s () 0

3 ["]q! j +n j+n
el s GO

ﬁ< n) _
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By (3.19) and (3.30), we get

n! k+n
—[n] ' < >ﬂk = Sp4(n, k). (3.31)
g

Therefore, by (3.11) and (3.31), we obtain the following theorem.

Theorem 3.7. Fori,n, k € Z.,, one has

)Bkn<x,q) Zq z>k'<k> <’;> B (3.32)
q

VS
~

>~
[l M:
-

—~~

~3
~

It is easy to show that

q(g) <x>
n
q

Thus, we have that

n-1

[ ( ) = LM% ~1)*[x]; S14(n -1, k). (3.33)

9" k=0

‘ -

[n

n (k
3L B (0) = 3D Ll m( it e
! j

k=i

where n, k,i € Z,.
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