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We investigate the existence and the form of subnormal solutions of higher-order linear periodic
differential equations, and precisely estimate the growth of all solutions.

1. Introduction and Results

In this paper we use standard notations from the value distribution theory (see [1-3]). In
addition, we denote the order of growth of f(z) by o(f) and also use the notation o»(f) to
denote the hyperorder of f(z), which is defined as

—log log T (r, f)

= li 1.1
o:(f) rh—>nolo logr (-
Consider the second-order homogeneous linear periodic differential equation
f"+PE*)f +Q(e*)f =0, (1.2)

where P(z) and Q(z) are polynomials in z, but both are not constants. It is well known that
every solution f of (1.2) is an entire function.
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Suppose f(#0) is a solution of (1.2), and if f satisfies the condition

— logT
lim M =0, (1.3)

then we say that f is a nontrivial subnormal solution of (1.2). For convenience, we also say
that f = 0 is a subnormal solution of (1.2) (see [4, 5]).
It clearly follows that

() if

— loegT
0 < lim og—(r,f) < oo, (1.4)

r— o T

then o»(f) = 1;
(ii) if 02(f) < 1, then (1.3) holds.

Wittich [5] investigated the subnormal solution of (1.2), which gives the form of all
subnormal solutions of (1.2) in the following theorem.

Theorem A (see [5]). If f #0 is a subnormal solution of (1.2), then f must have the form

f(z) =e“(ho + hie* + - - - + hy,e™), (1.5)

where m > 0 is an integer and c, hy, . .., hyy, are constants with hy # 0 and h,, #0.
Gundersen and Steinbart [4] refined Theorem A and got the following theorem.
Theorem B (see [4]). Under the assumption of Theorem A, the following statements hold.

(i) If deg P > degQ and Q#0, then any subnormal solution f(#0) of (1.2) must have the
form

ﬂ@=im5V (1.6)
k=0

where m > 1 is an integer and ho, hy, . . ., hy, are constants with hy #0 and h,, #0.
(ii) If Q=0and degP > 1, then any subnormal solution of (1.2) must be a constant.
(iii) If deg P < degQ, then the only subnormal solution of (1.2) is f = 0.

In [6], Chen and Shon proved that supposing that
P(e®) = ap(z)e™ + -+ a1(z)e?, Q(€*) =bs(z)e** +--- + bi(z)e?, (1.7)

where a,(z),...,a1(z),bs(z), ..., bi(z) are polynomials satisfying a,(z)bs(z) #0, if n# s, then
every solution f(#0) of (1.2) satisfies o»(f) = 1.
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In [6], the condition “all constant terms of P(e*) and Q(e*) are equal to zero” plays an
important role in the growth of solutions of (1.2). This makes us consider that the condition
may be applied to higher-order differential equations.

Gundersen and Steinbart [4] consider a subnormal solution of higher-order linear
nonhomogeneous differential equation

FO+ P (@) fED 4+ Po(e?) f = Qu(e?) + Qa(e™), (1.8)

where Q4(z) (d =1,2),Pj(z) (j =0,...,k 1) are polynomials in z and obtain the following
theorem.

Theorem C. Suppose that, in (1.8), one has k > 2 and
deg Py > degP; (1.9)
forall1 < j <k —1. Then any subnormal solution f of (1.8) must have the form
f(z) =S1(e%) + S2(e77), (1.10)

where S1(z) and S»(z) are polynomials in z.

From the proof of Theorem C, we see that the condition (1.9) of Theorem C guarantees
that the corresponding homogeneous differential equation of (1.8)

FO 4+ P (e®) 5D 4k Py(e?) f =0 (1.11)

has no nontrivial subnormal solution.

Thus, a natural question is whether or not (1.11) has a nontrivial subnormal solution
if the condition (1.9) is replaced by the condition “there exists some s satisfying deg Py >
degP; (j#5s)”.

Examples 1.1 and 1.2 show that if deg Ps > degP; (j #s), (1.11) may have a nontrivial
subnormal solution.

Example 1.1. The equation
n 1 3z 2z " 1 z £ z
- i +2e* ) f +§ef+(e +8)f=0 (1.12)

has a subnormal solution f = ™% + 1.

Example 1.2. The equation
Fro (e +a)f v (=4 e?) f + (3e5-9)f =0 (1.13)

has a subnormal solution f = ™% + 1.
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Thus, a natural question is what conditions will guarantee that (1.11) has no nontrivial
subnormal solution under the condition deg Ps > degP; (j #s).

In Theorem 1.3, we answer this question. We conclude that if all constant terms of P;
are equal to zero under the conditions deg Ps > degP; (j #s) and Py #0, then (1.11) has no
nontrivial subnormal solution, and we also prove that all solutions of (1.11) satisfy o»(f) = 1.

Examples 1.1 and 1.2 show that the condition “all constant terms of P; are equal to
zero” cannot be deleted in Theorem 1.3.

In this paper, we firstly investigate the existence of subnormal solutions. It is an
important problem in theory of periodic differential equations.

Theorem 1.4 generalizes the result of Theorem C, shows that (1.8) has at most one
nontrivial subnormal solution, gives the form of subnormal solution of (1.8), and proves that
all other solutions f of (1.8) satisfy o»(f) = 1.

Theorem 1.6 refines Theorem C.

Our method for obtaining the proof is totally different from the method applied in
[4,5].

Theorem 1.3. Let Pj(z) (j =0,...,k — 1) be polynomials in z such that all constant terms of P; are

equal to zero and deg P; = m;, that is,

Pj(e*) = ajm;e™* + a]-(ml._l)e(mf_l)z +---+aje’, (1.14)

where Ajm;, Aj(m;-1), - - -, Aj1 Are constants and Ajm; # 0;m; > 1 are integers. Suppose that there exists
ms (s € {0,..., k—1}) satisfying

ms>max{m;:j=0,...,s-1,s+1,...,k-1} =m. (1.15)

Then, one has the following properties.

(i) If Py #0, then (1.11) has no nontrivial subnormal solution and every solution of (1.11) is
of hyper order o2 (f) = 1.

(ii)) f Py =+ = Py_1 = 0and P;#0 (d < s), then any polynomials with degree < d — 1 are
subnormal solutions of (1.11) and all other solutions f of (1.11) satisfy o»(f) = 1.

Considering proof of theorems, if the set e* = ¢, then (1.8) (or (1.11)) becomes an

equation with rational coefficients, but the equation with rational coefficients may have
nonmeromorphic solution. For example, the equation

zf"+zf' -2f =0 (1.16)

has a solution f = exp{1/z}. This shows that we cannot use the transformation e* = ¢ to
prove that every solution of (1.11) is of o»(f) = 1.
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Theorem 1.4. Let Pj(e*) (j = O,...,k — 1) satisfy (1.14) and (1.15). Let Q1(z) and Q»(z) be
polynomials in z. If Py#0, then

(i) (1.8) possesses at most one nontrivial subnormal solution fo, and fy is of the form (1.10),
where S1(z) and Sy(z) are polynomials in z;

(ii) all other solutions f of (1.8) satisfy o2(f) = 1 except the possible subnormal solution in (i).
Example 1.5 shows the existence of subnormal solution in Theorem 1.4.

Example 1.5. The equation
fm _ 2622f1/ _ €zf’ + ezj: — _2eSZ —e %42 (117)

has a subnormal solution f = e* +e™* + 1.
Theorem 1.6. Under the assumption of Theorem C, the following statements hold.

(i) Equation (1.11) has no nontrivial subnormal solution, and all solutions of (1.11) satisfy

o(f) =1

(ii) Equation (1.8) has at most one nontrivial subnormal solution fy, and foy is of the form
(1.10); all other solutions f of (1.8) satisfy o, (f) = 1.

2. Lemmas for the Proofs of Theorems

Lemma 2.1 (see [7, 8]). Let fi(z) (j = 1,...,n) (n > 2) be meromorphic functions, and let
gi(z) (j =1,...,n) be entire functions and satisfy

() =1 f(2)e8@ = 0;
(ii) when 1 < j <k < n, then gj(z) — gk(z) is not a constant;

(iii) when 1 < j<n,1<h <k <n, then
T(r,f;) =o{T(r, e %)} (r — oo, r¢E), (2.1)
where E C (1, 00) is of finite linear measure or logarithmic measure.
Then fi(z) =0 (j=1,...,n).
Lemma 2.2. Let P;, mj, ms, and m satisfy the hypotheses of Theorem 1.3.

(i) If Py#0, then (1.11) has no nonzero polynomial solution.
(ii)) If Py = --- = Py-1 = 0and P;#0 (d < s), then all polynomials with degree < d — 1 are
solutions of (1.11), and any polynomial with degree > d is not solution of (1.11).

Proof. (i) Firstly, by Py#0, we see that all nonzero constants cannot be a solution of (1.11).
Now suppose that fo = byz"+---+biz+by (n>1, by, ..., by are constants, b, #0) is a solution
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of (1.11). If n > s, then fés) #0. Substituting fo into (1.11) and taking z = r, we conclude
that

|asm,|e™ " |byln(n—1)--- (n—s+1)r"*(1 - o(1))
<|-Puen) £ ()|

(k) (k-1) (2.2)
S|f0 (Z)|+|Pk_1(€z)f0 (Z)|+~-~+

Poa(en) fi2)]

+

Pa(e) fy 0 (@)| + -+ + [Po(e) fo(2)] < Mr"e™ (1+ 0(1)),

where M (> 0) is some constant. Since mg > m, we see that (2.2) is a contradiction. If n < s,
then

Pu(e?) fy" (2) + -+ + Po(e?) fo(2) = 0. (23)
Set max{degP;:j =0,...,n} = h.If deg P; = m; < h, then we can rewrite
Pi(e*) = a]-hehz +ot a,-(mﬁl)e(mf”)z + ajm €™+ +ape® (j=0,...,n), (2.4)
where aj; = - -+ = ajom;+1) = 0. Thus, we conclude by (2.3) and (2.4) that
<anhf(§n) +agnnfe 4t £10hf0>€hz +oe
+ (an]-fo(") + A fD aojf())eiz +oe (2.5)
+ (an1 % apan fY 4t ag f0>ez = 0.
Set
Qi(2) = ani f” + ap-nif8 ) + -+ agifo (j=1,...,h). (2.6)
Since fj is the polynomial, we see that
m(r,Qj) = o{m(r,e(“_ﬂ)z } (I1<p<ac<h). (2.7)
By Lemma 2.1, (2.5)-(2.7), we conclude that
Qi(z) =Qa(2) =---=Qu(z) =0. (2.8)
Since deg fo > degfy > ---> degfé"), by (2.6) and (2.8), we see that

app =4adopl =---=4aogh = 0. (29)
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Since h > my = deg Py, we have P, = 0. This contradicts our assumption that Py #0.

(ii) Since Py = -+ = P41 = 0 and P;#0 (d < s), clearly all polynomials with degree <
d-1 are solutions of (1.11). By P;#0 and (i), we see that f@ cannot be a nonzero polynomial,
and hence f cannot be a polynomial with degree (> d). O

Lemma 2.3 (see [9]). Let f be a transcendental meromorphic function with o(f) = o < oo, and let
H = {(k1,j1), (k2, j2), ..., (kq, j4)} be a finite set of distinct pairs of integers that satisfy k; > j; > 0,
fori=1,...,q,and let € > 0 be a given constant. Then, there exists a set E C [-or /2,30 /2) that has
linear measure zero, such that if ¢ € [-or /2,35 /2) \ E, then there is a constant Ry = Ro(¢) > 1 such
that for all z satisfying arg z = ¢ and |z| > Rg and for all (k, j) € H, one has

f9 )
f02)

< |z| ko e), (2.10)

Lemma 2.4 (see [10]). Let f(z) be an entire function and suppose that | f® (z)| is unbounded on
some ray arg z = 0. Then there exists an infinite sequence of points z, = r,e®® (n =1,2,...), where
n — oo, such that f®)(z,) — oo and

) )
;(k)((zn; < |Zn|k7](1 +0(1)) (] =0,..., k- 1). (2.11)

Lemma 2.5 (see [11]). Let f(z) be an entire function with o(f) = o < oo. Let there exists a set
E C [0,20r) that has linear measure zero, such that for any ray argz = 6y € [0,2r) \ E, |f(re'®)| <
Mrk (M = M(6) > 0 is a constant, and k(> 0) is a constant independent of 0y). Then f(z) is
a polynomial with deg f < k.

Lemma 2.6 can be obtained from [12, Theorem 4] or [2, Theorem 7.3].

Lemma 2.6. Let Ay, ..., Ax-1 be entire functions of finite order. If f(z) is a solution of equation
f(k) + Ak,1f(k71) +o+ Agf =0, (2.12)

then 0»(f) < max{c(A;):j=0,...,k-1}.

Lemma 2.7 (see [13]). Let g(z) be an entire function of infinite order with the hyperorder 0»(g) = o,
and let v(r) be the central index of g. Then

— log 1
T 108 og v(r)

Ji gt =0,(g) = 0. (2.13)

Lemma 2.8 (see [6]). Let f(z) be an entire function of infinite order with o,(f) = a (0 < a <
o), and let a set E C [1,00) have finite logarithmic measure. Then there exists {zx = rie'®} such
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that | f(zk)| = M(rx, f), 60k € [-7/2,37/2),limy .0k = 6y € [-7/2,37/2), 1x&E, 1k — oo
such that

(i) if o2(f) = a(0 < & < o0), then for any given &1 (0 < &1 < a),

exp{r; "} <v(r) <exp{r{™}; (2.14)

(ii) if o(f) = oo and o2(f) = 0, then for any given &, (0 < & < 1/2) and for any large
M(> 0), one has as ry sufficiently large

rf <v(r) < exp{rg}. (2.15)

Lemma 2.9 (see [9]). Let f be a transcendental meromorphic function, and let & > 1 be a given
constant. Then there exist a set E C (1, co) with finite logarithmic measure and a constant B > 0 that
depends only on awand i,j (i <j (i,j € N)), such that for all z satisfying |z| = r ¢ [0,1] U E, one has

e)
fO)

r

j-i
< B<T(0lr'f> (log"r) log T(ar,f)> . (2.16)

Remark 2.10. From the proof of Lemma 2.9 (i.e., Theorem 3 in [9]), we can see that exceptional
set E satisfies that if a, and b,, (n,m =1,2,...) denote all zeros and poles of f, respectively,
O(ay) and O(b,,) denote sufficiently small neighborhoods of a, and b,,, respectively, then

E= {|z| 1z € <DOO(an)> U<DOO(bm)> } (2.17)
n=1 m=1

Hence, if f(z) is a transcendental entire function and z is a point such that it satisfies that
|f (z)| is sufficiently large, then (2.16) holds.

Lemma 2.11 (see [4]). Consider an nth-order linear differential equation of the form
Py(e*, e =) f™ + Pi(e®,e*) f" V) + -+ Py(e*,e7%) f = Praa(e®,e7), (2.18)

where each Pj(z,w) is a polynomial in z and w with Py(z, w)#0. Suppose that f = ¢(z) is an
entire subnormal solution of (2.18), that is, an entire solution of (2.18) that also satisfies (1.3). If ¢
is periodic with period 2ri, then

P(z) = S1(€*) + Sa(e7®), (2.19)
where S1(z) and S»(z) are polynomials in z.

3. Proof of Theorem 1.3

(i) Suppose that Py#0 and f(#0) are the solution of (1.11). Then f is an entire function. By
Lemma 2.2 (i), we see that f is transcendental.
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Step 1. We prove that o(f) = co. Suppose to the contrary that o(f) = 0 < co. By Lemma 2.3,
we know that for any given ¢ > 0, there exists a set E C [-or/2,3r/2) of linear measure zero,
such that if ¢ € [-7r/2,3r/2) \ E, then there is a constant Ry = Ro(¢) > 1 such that for all z
satisfying arg z = ¢s and |z| = r > Ry, we have

f9)
)|

(o 1+¢)(j— s) ] =s+1,...,k. (3.1)

Now we takearayargz = 0 € (-or/2,7/2)\E, then cos 0 > 0. We assert that | f ) (re')|
is bounded on the ray argz = 0. If |f(¥)(re')| is unbounded on the ray argz = 6, then by
Lemma 2.4, there exists an infinite sequence of points z; = rie® (t = 1,2,...) such that, as
re — oo, f'(z:) — ooand

;:)EZt; i1+ o(1) (i=0,...,5-1). (3.2)

By (1.11), we get that
. :
P B pete B e i) 2 -

Since cos 0 > 0 and (1.14), we have

|Ps(e*)| = |asms|emsmose(1 +o0(1)),
(3.4)
|Pi(e*)| < Me™ %1 +0(1)) (j=0,...,s=1,5+1,...,k-1),

where M (> 0) is some constant. Substituting (3.1), (3.2), and (3.4) into (3.3), we get that

|agm €™ % (1 + 0(1)) < kMr{Tkemmeos?(1 4 o(1)). (3.5)
By ms > m, we know that when r; — oo, (3.5) is a contradiction. So,
|£(re®)| < M (3.6)

on theray argz =0 € (- /2,ar/2) \ E, where M; (> 0) is some constant.

Now we take a ray argz = 6 € (x/2,3x/2) \ E. Then, cos0 < 0. If |f®)(re?)| is
unbounded on the ray argz = 0, then by Lemma 2.4, there exists an infinite sequence of
points z, = rje® (t =1,2,...) such that, as r; — oo, f®(z]) — oo and

fO(z)
fO (=)

<M1 +0(1) (=0,...,k-1). (3.7)
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By (1.11), we get that

ARG 2\ _f(&)
I-1] < |Pey (e )W . P0<e )f(k) &l (3.8)
Since cos0 < 0and (3.7), for j=0,...,k—1lasr, — oo,
z! f(j)(zi) irl cos 0 ! cos 6 rk=j
P]-< t>f(k)(z’t) < (|a,-mj |emmC° oot |ajfente )(rt) (1 +0(1)) — 0. (3.9)
By (3.8) and (3.9), we get that 1 < 0; this is a contradiction. So,
| f(ref9>| < Myrk (3.10)

ontherayargz=0¢€ (r/2,37x/2) \ E.

By Lemma 2.5, (3.6), and (3.10), we know that f(z) is a polynomial, which contradicts
the above assertion that f(z) is transcendental. Therefore o(f) = co.

Step 2. We prove that (1.11) has no nontrivial subnormal solution. Now suppose that (1.11)
has a nontrivial subnormal solution fy, and we will deduce a contradiction. By the conclusion
in Step 1, fy satisfies (1.3) and and o(fy) = oo. By Lemma 2.6, we see that 0,(f) < 1. Set
02(f) = a < 1. By Lemma 2.9, we see that there exist a subset E; C (1, 00) having finite
logarithmic measure and a constant B > 0 such that for all z satisfying |z| = r ¢ [0, 1] U E1, we
have

f(z)
fo(Z)

<B[T(r, )] (i=1,...,k). (3.11)

From the Wiman-Valiron theory (see [2, page 51]), there is a set E; C (1, o) having
finite logarithmic measure, so we can choose z satisfying |z| = r¢[0,1] U E; and |fo(z)| =
M(r, fo). Thus, we get

)] i
o (2) <V(7’) >] :
=(—2) d+o(1), j=1,...,k (3.12)
e = (57) avoan,
where v(r) is the central index of fy(z).

By Lemma 2.8, we see that there exists a sequence {z, = r,e'®} such that |f(z,)| =
M(ry, f),0n € [-r/2,37/2),1im6,, = 6y € [-7/2,37/2),1r, ¢ [0,1]UE1 UEy, 1, — oo, and if
a > 0, then by (2.14), we see that for any given £; (0 < &1 < a), and for sufficiently large r,,,

exp{ri '} <v(ry) <exp{ry™}, (3.13)
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and if a = 0, then by o(f) = oo and (2.15), we see that for any given &, (0 < &, <1/2) and for
any sufficiently large M, > 2k + 3, as r, is sufficiently large,

M <y(ry,) < exp{ry:}. (3.14)

Since 6y may belong to (-ar/2,x/2), (/2,37 /2), or {-x/2,7/2}, we divide this
proof into three cases to prove.

Case 1. Suppose that 6y € (-or/2,/2), then cos 6y > 0. If we take 6 = (1/4)(or/2 — |6y|), then
[60-6,00+06] C (- /2,r/2). By 8,, — 6y, we see that there is a constant N (> 0) such that, as
n>N,0, € [6)— 06,00+ 6], and 0 < cos(|6| + 6) < cos B,. By (3.11), we see that for any given
3 satisfying 0 < €3 < (1/(4(k +1))) cos(|6o| + 5),

[T(zrn/fo)]k+l < g3 (k+1)2ry < o (1/2) cos(0|+6)ry < 2(1/2) cos Oy (3.15)

holds for n > N. By (3.11), (3.12), and (3.15), we see that

(k=s) k-s
fof (z(z)n) - (M) o) < BIT(2r, )] < B (3.16)
0\<n n
By (1.11), we get
GO o f ) N D)
"R (asm,e™ " +---+age )_—fO(Zn) + P (e )—fO(Zn) +
N D) D) (3.17)
+ Py (e*) fO(Zn) Ps_1(e*™) fO(Zn)
+~-+P1(ez")M+Po(ez").

fO(Zn)
Since cos 0, > 0 and (1.14), we get that

|@sm, €™ + -+ + ag1e™| = |agm, ™ <% (1 + 0(1)),
(3.18)
|Pj(€z")

< Mze™n <t (j=0,...,s-1,5+1,...k - 1),

where M3(> 0) is some constant. Substituting (3.12) and (3.18) into (3.17), we deduce that
for sufficiently large r,,

(Z22Y |y om0+ o(1)

n

v(ra) \ L rvr) \ (3.19)
< (T—"> (1+0(1)) + Mae™ ™m0 % (—"> (1+0(1)).

" J=0j#s "
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From (3.13) or (3.14), we have

v(ry) > 1M > 28 5 (3.20)
By (3.16), (3.19), and (3.20), we get
V(r") ° Mgty cos 6, mry, cos 6, V(Tn) g
— ) |Asm, €™ " (1 + 0(1)) < kM3ze™™ - (1+0(1)), (3.21)
n n
|agm, e~ 050 (1 4+ 0(1)) < kM3Be!!/27n 050, (3.22)

Since ms —m > 1> 1/2, we see that (3.22) is a contradiction.

Case 2. Suppose that 6y € (or/2,3/2). By cos8y < 0and 6, — 6y, we see that for sufficiently
large n, cos 6, < 0. By (1.11), we get

(k) (k-1) /
fo (zn) fo (zn) fo(zn)
- = P (e*)————+---+ P (e* + Py(e*"). (3.23)
Sz~ ETEES e G T
Since cos 0, < 0 and (1.14), we get thatfor j =0,..., k-1
|Bie™)] < | ajm, e+ 4 |ap e < C, (3.24)

where C; (j =0,...,k - 1) are constants. By (3.12), (3.20), (3.23), and (3.24), we get that

K () 1
(%) 1+0(1)) = }0((:3) <[Ckeq + -+ Co] (%) (1+o0(1)). (3.25)

Thus, we have
v(rn)(1+0(1)) < [Cig + -+ -+ Colra(1 +0(1)). (3.26)

By (3.20), we see that (3.26) is also a contradiction.

Case 3. Suppose that 8y = or/2 or 6y = —zr /2. Since the proof of 8y = —or/2 is the same as
the proof of 8y = or/2, we only prove the case that 8y = o /2. Since 8,, — 0y, for any given
€4 (0 < &4 <1/10), we see that there is an integer N(>0),asn > N, 0, € [7/2— €4, /2 + 4],
and

. — ar a
zn:rneleﬂeQ:{z:§—£4§argz§§+£4}. (3.27)
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By Lemma 2.9, there exist a subset E3 C (1, o0) having finite logarithmic measure and
a constant B > 0 such that for all z satisfying |z| = r ¢ [0, 1] U E3, we have

) ()

50| < B[ (2r, fo(s))]k+1 d=s+1,...,Kk). (3.28)
0

Now we consider the growth of fo(re®®) on aray argz =0 € Q\ {r/2).1f0 € [7/2 -
€4,1/2), then cos 0 > 0. By (1.3), for any given 5 satisfying 0 < €5 < (1/(4(k +1))) cos 0,

[T(ZT, és))]kﬂ < egs(k+1)2r < e(l/z)coser. (3,29)

If | fés) (re'?)| is unbounded on the ray arg z = 0, then by Lemma 2.4, there exists a sequence
{yj = Rje"} such that, as R; — oo, fés) (y;) — oo and

3 (y7)
£ (v))

< R]s.‘i(l +o(1)) (i=0,...,s-1). (3.30)

By Remark 2.10 and fés) (yj) — oo, we know that y; satisfies (3.28). By (3.28) and (3.29), we
see that for sufficiently large j,

d
D ()
()

k+1
<B[T(2R;, f7)] " <e®Po R (@d=s+1,..,k). (3.31)

By (1.11), (3.18), (3.30), and (3.31), we deduce that

|@sm, 7K1 <00 (1 4 0(1)) = |-Ps(e¥)] < kM3Be™ /R csOR (1 + o(1)). (3.32)
Since mg > m +1/2, we know that when R; — oo, (3.32) is a contradiction. Hence
| fo (rei9> | < Mr® (3.33)

ontherayargz =0 € [r/2 —¢g4,/2).

If0 € (,r/2,7/2 + €4], then cos O < 0. We assert that |f(§k) (re')| is bounded on the ray
argz = 0. If | fék) (re')| is unbounded on the ray arg z = 6, then by Lemma 2.4, there exists a
sequence {y; = R;feie} such that, as R} — oo, fék)(y;f) — oo and

) (7))
2 (%)

N\ K- )
<(R) (1+o(1) (i=0,...,k=-1). (3.34)
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Since cos 0 < 0, for fixed t € {0, 1, ...,k -1}, we deduce that as R; — o0
¥ k . k § k
|Pt <ey/> | <R;‘> < |atm,|emtRj COSG<R;‘> ot |£1t1|eR/ C056<R}<> 0. (3.35)

By (1.11), (3.34), and (3.35), we deduce that as R;f — 0

W)L B () fo(¥)

20 (y}f> £ <y}‘> (3.36)

< |Pk,1 (e") | (R;)k(l +o(1)) +-- -+ |P0(e%’> | (R;)k(l +o(1)) — 0.

1< | Py (ey7>

This, (3.36) is a contradiction. Hence
|f0 <rei9>| < Mrk (3.37)

ontherayargz=0¢€ (r/2,7/2 + &4].
By (3.33) and (3.37), we see that | fo(re')| satisfies

| fo (rei9)| < Mrk (3.38)

on the ray argz = 0 € Q \ {r/2}.
However, since fy(z) is of infinite order and {z, = rnet?n) satisfies | fo(zn)| = M(1y, fo),
we see that for any large N (> k), as n is sufficiently large

| folzn)| = | fo(rae®™)

> exp{r,’f}. (3.39)
Since z, € Q, by (3.38) and (3.39), we see that for sufficiently large n
T
0, = 5 (3.40)

Thus cos 8, = 0 and for sufficiently large n

|P] (ez")

= |a]-ml.emfz" +oo-+aje”

<C (j=0,...,k-1), (3.41)

where C(> 0) is some constant. By (1.11) and (3.12), we get that

) (@)k(l +o(1)) = pkl(eZn)<M>k1<1 +o(1))

n Zn (3.42)
+oe ot Pl(ez")@(l +0(1)) + Po(e™).
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By (3.20), (3.41) and (3.42), we get that
v(ry) < kCrk. (3.43)

By (3.13) (or (3.14)), we see that (3.43) is a contradiction. Hence (1.11) has no nontrivial
subnormal solution.

Step 3. We prove that all solutions of (1.11) satisfy o2(f) = 1. If there is a solution f; satisfying
02(f1) <1, then f; satisfies (1.3), that is, f; is subnormal, but this contradicts the conclusion
in Step 2. Hence every solution f satisfies o»(f) > 1. By this and 02(f) < 1, we get o»(f) = 1.
Theorem 1.3(i) is thus proved.

(ii) Since Py = --- = P41 = 0 and P; #0, we clearly see that all polynomials with degree
< d - 1 are subnormal solutions of (1.11). By (i), we see that every f@ satisfies o»(f@) = 1
or f@ =0. Hence 0»(f) =1 or f is a polynomial with degree < d — 1.

4. Proof of Theorem 1.4

Suppose that f; and f>(# f1) are nontrivial subnormal solutions of (1.8), then fi — f>(#0)
is a subnormal solution of the corresponding homogeneous equation (1.11) of (1.8). This
contradicts the assertion of Theorem 1.3(i). Hence (1.8) possesses at most one nontrivial
subnormal solution.

Now suppose that fy is a nontrivial subnormal solution of (1.8), then fo(z + 2ri) is
also nontrivial subnormal solution, so, fo(z) = fo(z + 27ri) by the above assertion. Thus, by
Lemma 2.11, we see that f satisfies (1.10).

By Theorem 1.3(i), we see that all solutions of the corresponding homogeneous
equation (1.11) of (1.8) are of 0»(f) = 1. By variation of parameters, we see that all solutions
of (1.8) satisfy 0»(f) < 1. If 02(f) < 1, then f clearly satisfies (1.3); that is, f is subnormal.
Hence all other solutions f of (1.8) satisfy 02(f) = 1 except at most one nontrivial subnormal
solution.

5. Proof of Theorem 1.6

(i) By Lemma 2.6 and 0(P;) =1 (j =0,...,k—1), we see that 02(f) < 1. By Lemma 2.9, we see
that there exist a subset E C (1, o0) having finite logarithmic measure and a constant B > 0
such that for all z satisfying |z| = r ¢ [0, 1] UE,

f(j)(z)
f(z)

<B[TC2r, A" (j=1,...,k). (5.1)

Taking z = r, by (1.11) and (5.1), we deduce that
|@om, [€™" (1 +0(1)) = |-Py(e¥)] < kB[T(Zr,f)]kHMemr(l +o(1)). (5.2)

Since mg > m, by (5.2), we get that o»(f) > 1. Hence o2 (f) = 1.
(ii) Using a similar method as in the proof of Theorem 1.4, we can prove (ii).
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