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The singular semilinear elliptic problem —Au + k(x)u™ = AuP in Q, u > 0in Q, u = 0 on 0%, is
considered, where Q is a bounded domain with smooth boundary in RN, k € Cr.(Q)nC (Q), and
Y, p, A are three positive constants. Some existence or nonexistence results are obtained for solutions
of this problem by the sub-supersolution method.

1. Introduction and Main Results

In this paper, we study the existence or the nonexistence of solutions to the following singular
semilinear elliptic problem

“Au+k(x)u =P, inQ,
u>0, inQ, (1.1)
u=0, ono0Q,

where Q ¢ RN(N > 1) is a bounded domain with C?>** boundary for some a € (0,1),
keCi(Q)nC (Q), and Y,p, and A are three nonnegative constants. This problem arises
in the study of non-Newtonian fluids, chemical heterogeneous catalysts, in the theory of heat
conduction in electrically conducting materials (see [1-7] and their references).

Many authors have considered this problem. For examples, when k(x) < 0 in €,
problem (1.1) was studied in [3, 8-11]; when k(x) > 0 in Q, problem (1.1) was considered in
[12-14]. Particularly, when k(x) = 1, it has been established in Zhang [14] that there exists
A > 0 such that problem (1.1) has at least one solution in C?**(2) N C (Q) for all A > A and
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has no solution in C2(Q) N C (g) if A < A. After that Shi and Yao in [13] have also obtained
the same results with k € C>*(Q) and k(x) > 0 in Q. Recently, Ghergu and Radulescu in [12]
considered more general sublinear singular elliptic problem with k € C*(Q).

In this paper, we consider the case that k € Cf_(Q) N C (Q), and k may have zeros in
Q. The following main results are obtained by the sub-supersolution method with restriction
on the boundary in Cui [15].

Theorem 1.1. Suppose that k € Cf (£2) N C(Q),k > 0, and k #0. Assume that 0 < y < 1 and
0 < p < 1, then there exists 1 e (0, 0) such that problem (1.1) has at least one solution u), €
C**(Q) N C(Q) and u,” € L'Y(Q) for all A > A, and problem (1.1) has no solution in C*(Q) N C(Q)
if A < X. Moreover, problem (1.1) has a maximal solution v, which is increasing with respect to \ for
all A > \.

Remark 1.2. Theorem 1.1 generalizes Theorem 1.2 in [13] in coefficient k(x) of the singular
term. Consequently, it also generalizes Theorem 1 in [14]. Moreover, there are functions k
satisfying our Theorem 1.1 and not satisfying Theorem 1.2 in [13]. For example, let

1 _
- 7 S Q 7
k(x) = 4 In(x-xl/2d))" * \ {xo} (1.2)
0, X = Xo,
where xy € 0Q, and
d=diam(Q)émax{|x—y| |x,ye§}. (1.3)

Certainly, this example does not satisfy Theorem 1.2 in [12] yet.

Theorem 1.3. Suppose that k € C{ _(€2) N C(Q) and k(x) > 0 in Q. Ify > 1, problem (1.1) has no
solution in C2(Q) N C(Q) for all A > 0 and p > 0.

Remark 1.4. Obviously, Theorem 1.3 is a generalization of Theorem 2 in [14]. There are also
functions k(x) satisfying our Theorem 1.3 and not satisfying Theorem 2 in [14] and Theorem
1.1in [12]. For example, let

1 —
k) = {_hl(lx T/ T X Ee Nk (14)
P X = Xo,

where xg € 0Q, ¢ is any positive constant and d = diam(Q) is the diameter of Q.
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2. Proof of Theorems
Consider the more general semilinear elliptic problem
-Au=f(x,u), inQ,
u>0, inQ, (2.1)
u=0, on oL,

where the function f(x,s) is locally Holder continuous in Q x (0,00) and continuously
differentiable with respect to the variable s. A function u is called to be a subsolution of

problem (2.1) if u € C*(Q) N C(Q), and

-Au< f(x,u), inQ
u>0, inQ, (2.2)
u=0, on oQ.

A function # is called to be a supersolution of problem (2.1) if u € C*(Q) N C (Q), and

-Au > f(x,u), inQ,
u>0, inQ, (2.3)
=0, onoQ.

According to Lemma 3 in the study of Cui [15], we can easily have the following basic
existence of classical solution to problem (2.1).

Lemma 2.1. Let f € C_(Q x (0,00)) be continuously differentiable with respect to the variable s.
Suppose that problem (2.1) has a supersolution u and a subsolution u such that

u(x) <u(x), inQ, (2.4)

then problem (2.1) has at least one solution u € C>**(Q) N C Q) satisfying
u(x) <u(x) <u(x), in Q. (2.5)
Let A, be the first eigenvalue of the eigenvalue problem

-Au=2Au, inQ,
(2.6)
u=0, on 0L,

and ¢; > 0 in Q the corresponding eigenfunction. Then ¢; € C2*(Q). Moreover one has the
following lemma.
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Lemma 2.2 (see [10]). One has
I (] dx < o (2.7)
Q

ifand only if r > -1.
Now we give the proof of our theorems.

Proof of Theorem 1.1. Let p € (0,1), and let u* denote the unique solution of

-Au=1u", in Q,
u>0 inQ, (2.8)
u=0, ono0Q,

where u* belongs to C2(Q) (see [16]). Then u = A/ (1-P)y* is a solution of

-Au =M, inQ,
u>0, inQ, (2.9)
u=0, on oL,

where 0 <p <1and A > 0. Then fix A > 0 and set
= APy (2.10)

thus we can easily obtain that % is a supersolution of problem (1.1).
Now, we want to find a subsolution of problem (1.1). Let

u= M(pi/(lﬂf),

(2.11)
where M is a positive constant; now we will prove that u is a subsolution of problem (1.1).
By Hopf’s maximum principle in [17], there exist 6 > 0 and ¢y > 0 such that

|Vg1| 26, onQ\Q,
(2.12)
126, onQ,

where Q' = {x € Q | dist(x,0Q) > &}. On Q', we choose M > M, = (koo (1 +

1)) /0620 then we have

k(x) < MM 2704y
2r/(1+y) ~ 1 1
My AR

, (2.13)
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where ||k|lo = max{|k(x)] | x € Q) for k € C(Q). On Q \ Q, we choose M > M, £
(Ikllos (1 +1)%/2(1 = 1)82)Y ) then one obtains
2(1-y) M|V |?
%%mf(yiﬁm- (2.14)
Mry (L+7)"¢)

Thus, we choose M > max{M;, My}, then fixing M, let A > X 2 BLMIP) /(1 +
) o274 it follows from (2.13) and (2.14) that

-Au + k(x)ﬂly - _MA(pi/(HY) + k(x)

Myq)iy/(lﬂ)

:_M<2(1—y) |V [272/ 00 4 2 (P(”)/(HY)A%) L k)

(1+7)° 1 Loy Mg

2
_24M a/q4y N k(x)  2(1- 1) M|V |
Loy ™ My (L) Y
< 31)L_1'_M ‘P?mm
Y

2/(1+y)\P

< J\(Mtpl ! )
(2.15)

Thus we proved that u = M(pi/(lﬂ) is a subsolution of problem (1.1) for all A > A"
According to Lemma 4 in [14], there exists a positive constant C such that

¢1(x) < Cu*(x), in Q. (2.16)
etA>\"= 1l P then we have
Set 1 3 1 2 (MCllgn|“"/ )17 then we h
7= AV0P > u= MY, inQ. (2.17)

Thus we choose A* = max{\’,1"}; via Lemma 2.1, problem (1.1) has at least one solution
uy € C***(Q) N C(Q) and satisfying

u(x) <uy(x) <u(x), inQ, (2.18)

forall A > A*.
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Since uy > M(pi/a”) in Q for all A > A* and -2y /(1 + y) > -1, according to Lemma 2.2
one has

- 1 —2y/(1+y)
¥ ¥/ (l+y
J‘Q u, (x)dx < Vil 4[9 0, (x)dx < +oo. (2.19)

So we obtain u," € L(Q).
Let Q; = {x € Q| dist(x,0Q) > r/2j},j=1,2,3,..., and let u; be the unique solution
of

—Au + k(x)u;_y1 = )Lu?_l, in Qj,

7 (2.20)
u= u];1, on Q \ Q]‘,
for j=1,2,3,..., and with uy = u = AP y*, where
r = maxmin|x - y|. (2.21)

XEQ yeoQ

We claim that u; is nonincreasing with respect to j in Q for all j € N. Indeed, since % is a
supersolution of problem (1.1) for all A > 0, then we have
—A(up —u1) = —Aug + Ay
= —Aug + k(x)u," - Al
(2.22)

= —Au+k(x)u," - \ut)

>0,
for all x € Q1. Since u; = uy in Q \ 1, so by the maximum principle, one has uy > u; in Q. So

when j = 0 our claim is true. We assume that our claim is true when j = n; that is, u, < 1,
in Q. Then we obtain

—A(Uy — Ups1) = AUy + Aty
= A(uhy — ) + k() (" - (2.23)

>0,

for all x € Q,,1. Since uy, = Uy, in Q \ ©,+1, so by the maximum principle, one has u, > 1,41
in Q. Thus by the induction, one obtains

u,-+1 < u,-, in Q, (224)
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for all j € N. Then by the monotonicity of u;, we have

-Au; = )Lu?_l - k(x)u;_y1 -
> )Lu;] - k(x)u;y,

for all x € Q; and j € N™. According to the definitions of u; and uy, we obtain that u; is a
supersolution of problem (1.1) for all j € N*. Let u, be a classical solution of problem (1.1),
thus one has

uy (x) < ujr(x) <uj(x) <wup(x), in Q. (2.26)

Assume that v, (x) = lim;_ ,u;(x) for all x € Q, then by standard elliptic arguments (see
[17]) it follows that v, is a solution of problem (1.1), and v, > u, in Q for any u,. Therefore,
v, is the maximal solution of problem (1.1). According to the above arguments, problem (1.1)
has a maximal solution for A > A*.

To complete the proof of Theorem 1.1, setting

0 ={A>0] problem (1.1) has at least one solution u, },
(2.27)

A =info,

then [\*, +o0) C O, A < A*. Tt suffices to prove that if 1y € o, then [\, +o0) C 0; that is, assume
that A > 1y, then problem (1.1) has at least one solution. Let u,, be a solution of problem (1.1)
corresponding to Ao, then u,, is a subsolution of problem (1.1) with every fixed A > 1. Since
u = AV 0-P)y* is a supersolution of problem (1.1) for any A > 0, then one has

)Ll/(l—p)u* > )L(l)/(l_P)u* > Uy, in Q/ (228)

for all A > Ag. According to Lemma 2.1, problem (1.1) has at least one solution u, € C>**(Q)N
C(Q) for all A > Ay. Moreover,

Uy, (x) <uy(x) <u(x), in Q. (2.29)

Consequently, the maximal solution v, of problem (1.1) is increasing with respect to A for all
A > A. So the proof of Theorem 1.1 is completed. O

Proof of Theorem 1.3. Suppose to the contrary that there exists A > 0 such that problem (1.1)
has one solution u) € C*(Q) N C(Q). Let e be the unique solution of

-Au=1, inQ,
(2.30)
u=0, on 09,
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e € C*%(Q). By the maximum principle, e > 0 in Q. We claim that for any solution u, of

problem (1.1), there exists a constant M = M(\) > 0 such that

Me(x) > uy(x), in Q.

Indeed, let M = A||uy|/% + 1, then one obtains

-A(Me —uy) =-MAe + Au,,
= Mg |fs +1 - )Lu’j(x) + k(x)uXY

>0,
for all x € Q. Since (Me — u,)|3q = 0, by the maximum principle we have
Me(x) > uy(x), in Q.
According to Lemma 4 in [14], there exists a positive constant C such that
e(x) <Cpi(x), in Q.

Since y > 1, from Lemma 2.2, it follows that

_ 1 _
u,' (x)dx > —f T(x)dx = +oo.
Lz 4 (CM)" Jg 1
Thus we obtain
f ulydx = +o0.
Q

Set

- . T .
Q; = {xEQ|dlst(x,BQ) > o ie N },

and Q = U, Q;, then Q; ¢ Q and u, € C?(Q)), satisfying
—Auy + k(x)u;Y = )Lu’;,

for all x € Q; and i € N*. Consequently, integrating (2.38) we have

—J‘ Auydx + f k(x)ulrdx = )Lf uﬁdx < )uJ‘ u’;dx,
o o @ Q

i

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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noting that

aul

—ds, 2.40
aq, On (2.40)

f Auydx =
Q.

where n denotes the outward normal to 0€;. From (2.39) and (2.40), letting i — oo, one has

ou,y

J‘ k(x)u,"dx - —ds < Alua||%1Ql, (2.41)
Q Q on

where [Q| denotes the Lebesgue measure of Q. According to (2.36) and k(x) > 0 in Q, one
obtains

au)t
“Ads = +oo. (2.42)
00 on

But this is impossible, by Hopf’s maximum principle, we have

6u)t

A 243
> <0, (2.43)

for all x € 0Q, where n denotes the outward normal to 0Q at x. Therefore Theorem 1.3 is
true. O
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