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We establish the oscillation and asymptotic criteria for the second-order neutral delay differential
equations with positive and negative coefficients having the forms [x(t) + X.cg ci(f)x(ai(£)]" +
rO[x(t) + Sierci®x(@i(t)] + Zieppi®x(Bi(H) - Zieg@i)x(i()) = 0 and [x(t) +
Sier Ci(O)x(@ ()] +r(O)[x(t) + Zicg ci()x(a:i()]' + icp P (Bi(1) = Zicq (B x (i (1) = ().

The obtained new oscillation criteria extend and improve the recent results given in the paperof B.
Karpuz et al. (2009).

1. Introduction

In this paper, we consider the oscillation of all solutions of the second-order neutral delay
differential equations with positive and negative coefficients having the forms

[x(t) + E ci(t)x(txi(t))] +7(t) [x(t) + E ci(t)x(ai(t)):l + E pi(H)x(Bi()) - E gi()x(yi(t)) =0,
ieR ieR icP =)
(1.1)

[x(t) + Zq(t)x(m(t))] +r(t) [x(t) + Za(t)x(ai(t))]+Zpi<t)x(ﬂi(t))—Zqi(t)x(n(t)) =f(t).

i€R i€R ieP i€eQ
(1.2)

We introduce the following class of functions D([ty, o)) equipped with the functions
satisfying the following properties:

(Py) f € C'([to, ), R) is strictly increasing and lim; _, . f () = oo holds,
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(Py) f(t) < tholds for all t > t.
In this paper, we make the following assumptions:

(H1) R, P,Q are bounded starting segments of positive integers; that is,

R:{1/2/'--1R0}/ P:{1/2/"'/PO}I Q:{]-/Z/--’/QO}/ RO/PO/QOEN; (13)

(Hz) ¢i € C([tg,0),R") for all i € R,pi € C([tp,o0),R") for all i € P, and ¢; €
C([tp, o0),R*) for alli € Q;
(H3) a; € D([ty, o0)) with lim inf; , a}(t) > 0 for alli € R, ; € D([to,o0)) for alli € P,
and y; € D([tp,o0)) foralli e Q;
(H4) re Cl([tO/ OO),R+), and T,(t) < 0/
(Hs) f € C([to, ), R) and that there exists a function F € C?([ty, o), R) which satisfies
F" = f and lim;_, . F(t) = 0.
In order to establish our main results, we will assume that there exists a mapping
¢ : Q — P satisfying the following conditions:

(A1) Yi(t) > Py () forall t > tgand i € Q;
(Az) h; € C([tg, ), R*) for all i € P, where

pith - D, PiDai(pi()), i€w(Q),
hi(t) :== jeQ ¢ (j)=i (1.4)

pi(t), i£¢(Q),

and p;(t) := yi’l(ﬂq,(i) (t)) foralli e Q and t > ty;
(As3) there exists ip € P such that lim inf;_, ., h;, (t) > 0 and lim suptﬁwﬂi.o(t) < oo.

A function x is called a solution of (1.1) (or (1.2)) provided that x satisfies (1.1) (or
(1.2)) identically on [ty, o), x + X,cg ci(H)x 0 a; € C*([ty, ), R) and x € C([t-1, ), R), where
t.1 := min{a, B,y}, a := min{a;(ty) : i € R}, p:= min{Bi(ty) : i € P}, and y := min{y;(t) :
i € Q}. We restrict our attention only to the nontrivial solution x, that is, to the solution x
such that sup{|x(t)|: t > t;} > 0 for all #; > ¢y. A nontrivial solution of (1.1) (or (1.2)) is called
oscillatory if it has arbitrary large zeros, otherwise, it is called nonoscillatory.

The oscillation and nonoscillation of solutions of second-order neutral delay
differential equations have been studied by many authors; see [1-10]. However, to the best
of our knowledge,there seem to be few oscillation results for (1.1) and (1.2).

Recently,Manojlovi¢ et al. [4] andWeng and Sun [10] have studied oscillation and
asymptotic behavior of all solutions of the following equations:

1 " m n
[x(t) + > cilt)x(t - Ti)] + > pit)x(t-6) - D qit)x(t—01) =0, t>tg,
pc} i1 i=1

(1.5)

1 " m n
[x(t) + Ycit)x(t - T»] + 3 piOx(t-6) - Sax(t-0) = f(t), t2to,
i=1 i=1 i=1

and several well-known results have been obtained.
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By using weaker conditions than in [4, 10], Karpuz et al. [1] have established
oscillation criteria for differential equation

[X(t) + Zri(t)x(txi(t))] + 2 pix(Bi(1) - D ai)x(ri() = £(1). (1.6)

i€R ieP i€Q

In this paper, we shall continue in the direction to study the oscillatory properties of
(1.1) and (1.2). We establish new oscillation criteria for (1.1) and (1.2), which extend and
improve the corresponding results in [1, 4, 10]. We also give two examples to illustrate our
main results.

2. Main Results

The following properties of the set L!([tp,0)) in [1] are needed for our subsequent
discussion.

Property 1. If f € L'([ty, 0)) and f € C([to, o), RY), then lim inf; . f (t) = 0.
Corollary 2.1. Suppose that f € L'([ty, 00)) and lim;_, . f (t) exists; then lim;_, o, f (t) = 0.
Property 2. If f € C([tg,0),R) and f € LY([t,00)), where t; > to, then we have f € LY([to, 0)).

Property 3. Let t; be such that g(t;) > to. Suppose g € D([t1, o)) with limsup,_, ¢'(t) < oo and
f € C([ty, ), RY). If f o g € L'([t1,00)) holds, then f € L'([t, 0)).

Property 4. Let t1 be such that g(t1) > to. Suppose g € D([t1, 00)) withliminf,_,,g'(t) >0, fog €
C([t1,0),R*), and f € C([ty, ), R*). If f € L*([to, o0)) holds, then f o g € L*([t1, o0)) holds.

For simplicity, we denote the set of bounded functions by
B([to, 20)) := {f € C([to, ), R) : || fIl < oo}, (2.1)
where
A1l:= sup{| £ (D], £ to}. (22)

For an arbitrary function ¢ : Q — P, which satisfies (A;)-(A3), we denote the function
@ [to,0) — R* by

t
o0 =3 awdo izt 23)

In this section, for convenience, we suppose that g; = 0 holds for all i € Q on [t_1, f).
We start with the following Theorem.
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Theorem 2.2. Assume that (H1)—(Hy) hold and there exists a mapping ¢ : Q — P which satisfies
(A1)-(A3) and that 3, cgci € B([to,)). If ¢ € L'([ty, 0)), then every solution x of (1.1) is
oscillatory.

Proof. Suppose that x is a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that x(t) > 0 for t > to. Therefore, we may assume existence of t; > t; such that

[oe]

pu)ydu<1, Vt>t, x(ai(t))>0, VieR, x(pi(t)>0, VieP. (2.4)

31
Now, we set

w(t) = x() + Yax(@t), t2h, 25)

i€eR

t t Au
z(t, s) = w(t) +I r(w)w(u)du - ZI f ( )qi(v)x(y,-(v))dv du, t>s>t. (2.6)
s icQ s pi(u

By Z'(t, s), we denote differential of functions with respect to the first component. Considering
(2.5), we rewrite (1.1) in the form

W (t) +r(t)w' (t) + D piO)x(Bi(H) — D qi(Hx(yi(t)) =0 2.7)

ieP ieQ
on [t1, 00). By Leibnitz’s rule, (2.7) and (H,), we have
Z'(t, 1) = w"(t) + 7' (Dw(t) + r()w' (t) = D qi()x(yi(1)) + D piB)qi (pi(£)) x (Byiiy (1))
ieQ i€Q

<w'(t) + r(Hw'(t) = D i) x (yi(1)) + Dopi(D)qi(pi (1)) x By (1))
i€Q i€eQ
== pi®)x(Bi() + D pi(B)ai (pi(1)) x (Byiir (1))

icP i€cQ

== D pix(Bi®) - > piOx(B®)+ D D P10 (pi0)x(Bi(h))

iep(Q) igg(Q) iep(Q) jeQ, ¢ (j)=i

=- > |pt- > pit)q;(pi(t) | x(Bi(t)) - > pit)x(Bi(t)).

i€g(Q) j€Q, ¢ (j)=i i)
= - hi()x(Bi(t)) <0, Vi>t,
ieP

(2.8)

which implies z'(-, t1) and z(-, t1) is eventually strictly monotonic on [t;, o). Hence there
exists t, > t; such that either z'(¢,t1) < 0 or Z'(t,£;) > 0 holds for all ¢ > .
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We consider the following two possible cases:

Case 1 (z'(t,t1) > 0 for all t > t5). Integrating (2.8) from t; to oo, we have

o > 2Z'(ty, t1) > 2/ (b, 1) — tlggz'(ff t1) =- Jm 2" (u, tr)du = Y, J‘“’ hi(u)x(Bi(w))du,  (2.9)

ty iep 7t

which implies that .. hi(t) - (x o B;)(t) € L[t,, o). Therefore, for iy € P for which (Aj3)
holds, we have x o f5;, € L![t, o). Then we conclude that x € L![ty, o0) by Property 3. Hence
Sicr €i € B([to,)). (H3) and Property 4 imply that w € L![#, o). Since r(t) is bounded,
b(t) = r(t)w(t) is also integrable in [t;, o0). So we obtain that there exists a constant M > 0
such that

ft r(w)wu)du <M, Vi>Hh. (2.10)
2]
Let
t
u(t) =w(t) + f r(ww(u)du, Vt>t,. (2.11)
2]
From (2.6), we have
t
W =2+ S j 4i(0)x (33 (0))do > 0. (2.12)
ieQ ¥ pi(t)

Then u(t) is bounded and monotonous and lim;_, ., u(t) exists. We can suppose that
limy o u(f) = p > 0 since u(t) > x(t) > 0 and ' (¢) > 0.

So there exists t3 > t; such that u(t) > p—€/2, t > t3, for arbitrary € € (0, u — M); by
t

u(t) = w(t) +I

t3

r(u)w(u)du > p - g (2.13)

we have

t
_ d _£
w(t) > L3r(u)w(u) U+p 5
> =g (k- M) - M (2:14)
1
=§(ﬂ—M)‘

This implies that w(t) L' ([t1, o), which is a contradiction.
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Case 2 (Z'(t,t1) < Oforallt > t;). Since z'(-,t1) is nonincreasing by (2.8), the inequality
Z'(t,t1) < Z'(tp, t1) implies that lim;_, ,z(t, t1) = —co. Hence z(-, t1) € B([t1, o0)). We claim that
x € B([ty, o0)). On contrary, there exists t3 > t, such that z(t3,f1) < 0and x(t3) = sup{x(f) : t €
[to,t3)}. We get the following contradiction:

t3 ty pu
0> z(t3, 1) = w(tz) + f r(w)w(u)du — Z J‘ f gi(v)x(yi(v))dv du
b ieQ Y t1 7/ pi(u)
t3

t3 Au
> x(t3) +x(t3) | r(w)du— Zj f “ gi(v)x(yi(v))dv du (2.15)
t i(u

51 i€Q

ty b

> x(t3) [1 + J‘t3 r(u)du — jt3 (p(u)du] >0,

since

t3 [e'e}

p(u)du < p(u)du < 1. (2.16)
31

31

Thus ||x|| < co. Accordingly, by (2.4) and (2.6), it follows that

t t t

z(t, t1) > w(t) +I rw)du—||x|| | e)du>-|x|| | e@)du>-|x|, Vt>t. (2.17)
h 51

f

Therefore, || x|| > ||z(-, t1)|| holds and we see that z(-, t;) € B([t1, o0)), which is a contradiction.

Therefore, we completed the proof by considering both possible cases.
O

Remark 2.3. When r(t) = 0, and Theorem 2.2 reduces to Theorem 3.1 in [1]. So Theorem 2.2
extends and improves the corresponding results in [1, 4, 10].

Theorem 2.4. Assume that (H1)—(Hs) hold and there exists a mapping ¢ : Q — P which satisfies
(A1)~(A3). Furthermore, assume that 3, ci € B([to, 0)). If ¢ € L'([to, o0)), then every solution
x of (1.2) is oscillatory or tends to zero asymptotically.

Proof. Suppose that x is a nonoscillatory solution of (1.2). Without loss of generality, we
assume that x(t) > 0 for t > fy. Therefore, we may assume existence of a constant € > 0
and t; >t such that (2.4) and F(t) < € hold for all t > t;. Now, for t > s > t, set

W(t) .= w(t) — F(t), (2.18)

t t Au
Z(t,s) = W(t) +’[ r(u)w(u)du - Zj j ( )qi(v)x(yi(v))dv du+e, (2.19)
s icQ s piu
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where w(t) is defined on the interval [t;, o0) as in (2.5). Then as in (2.8), we have

Z"(t,t) < - D hB)x(Bi(H) <0, VExth. (2.20)
ieP

Thus there exists f, > t; satisfying either Z'(t,t1) > 0 or Z'(t,t1) < 0 forall t > t,.

We consider the following two possible cases.

Case 1 (Z'(t,t;) > 0 for all t > t,). In this case, one can show that w € L!([t;, o)) as shown in
above proofs. Since r(t) is bounded, r(f)w(t) is also integrable in [t1, o). Let

v(t) =W(t) + ft r(w)w(u)du, t>t,. (2.21)
h
By (2.19), we have
t
o) =29+ 3 LAEXG@)>0, t2t @22)
icQ 7 pi(t

then v(t) is bounded and monotonous and lim;_,,,v(t) exists. By (2.21), we can obtain that
lim; _, ,w(t) exists. Letting

a(t) =w(t) + Jt r(w)w(u)du, (2.23)

we can obtain that lim;_, ,,a(t) exists. Suppose that lim;_, ,a(t) = 6, where 6 € [0,0). We
claim 6 = 0. Suppose that 0 € (0, ). By r(t)w(t) € L'([t1, »0)), we see that there exists N > 0,
such that

’[t r(uw)w(u)du < N. (2.24)

t

Because lim;_, ,a(t) = 0 > 0, there exists t3 > t,, such that a(t) > 6 — (1/2)e, t > t3, for
arbitrary € € (0,0 — N). But by

! €
w(t) + j r(w)w(u)du > 6 - 5 (2.25)

t3
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we have

w(t) > ‘J‘t r(uw)w(u)du + 6 — g

t3

>9—%(6—N)—N (2.26)

= 20-N);

this implies that w(t) € L' ([t», o0), which is a contradiction. Therefore, lim;_, ,,a(t) = 0. Since
0 < x(t) < a(t) fort > t,, we have that lim;_, ,,x(t) = 0.

Case 2 (Z'(t,t1) < Oforallt > t;). Then we have that Z(-,t;) € B([t1,0)) by (2.20). We
claim that x € B([tp,0)). On contrary, there exists t3 > f, such that z(f3,t;) < 0 and

x(t3) = sup{x(t) : t € [to,t3)} hold and lim;_, . Z(t, t;) < 0.
Taking (2.4), (2.5), (2.18), and (2.19) into account, we get the following contradiction:

t3

0> Z(ts, 1) = W(ts) + f r(w)w(u)du - Z Its fu( ) gi(v)x(yi(v))dvdu + e
t ieQ 7t Jpi(u
(2.27)

> x(t3) [1 + ft3 r(u)du — : (p(u)du] > 0.
31

ty

Hence ||x|| < oo. Accordingly, using (2.18), (2.19), and the fact that w(t) > 0 on [f;, o), we
have that

Z(t,ty) = W(t) + f’f r(u)w(u)du - Z ft J‘u( )qi(v)x(yi(v))dv du+e

5] i€Q

t t (2.28)

> w(t) +f r(u)w(u)du — ||x|| t p(u)du

15}

> —|x|l, Vt>t.

Thus ||x|| > || Z(-, t1)|| and Z(-,t1) € B([t1, o)), which is a contradiction.
Therefore, we completed the proof by considering both possible cases. O

Remark 2.5. If there exists F € C?([t, o), R) such that F” = f on [ty, o0) and [y := lim;_, ,, F ()
exists and is finite, then G := F — [y on [f(, o0) satisfies (Hs).
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Corollary 2.6. If all conditions of Theorem 2.4 hold, then every nonoscillatory solution of (1.2)
converges to zero at infinity.

Remark 2.7. When r(t) =0, Theorem 2.4 reduces to Theorem 3.3 in [1]. So Theorem 2.4 extends
and improves the corresponding results in [1, 4, 10].

3. Examples
In this section, we provide two examples to illustrate our main results.

Example 3.1. Consider the following equation:

[x(t) +3x(t —m)]" + [x(t) +3x(t—)] + (t+ Dx(t =27) —e " x(t—) =0, t>1.

1+¢#2
(3.1)
Here, we have
ci(t) =3, ay =t—ur, pr=t-2m, n=t-uo,
Can 1 (3.2)
Pl(t):t+1/ Q1(t):e ’ r(t):1+t2'
Set the function ¢ with ¢(1) = 1, then p;(t) =t — .
By simple calculation, we have
hi(t)y=t+1-e"7,
(P(t) — e—t—]r _ e—t—ZJr,
lim inf by (£) = oo, (3.3)

f pu)du=e ™7 — e 7.
1

Therefore, according to Theorem 2.2, every solution x of (3.1) is oscillatory. Clearly, the known
results in [1-10] cannot be applied to (3.1).

Example 3.2. Consider the following equation:

[x(t) + e*tx<£> ' + ﬁ [x(t) + e*tx<§) /+ x(% - 2.71'> + x(% - 71')

et (L3 B (E oY st m Ll s
2 2/ 4 2 - R
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Here, we have
R=1{1}, P=1{1,2}, Q=1{1,2},

ah=e’,  p=pO=1  aO=c',  @0=-3,

t t t
ai(t) = 5 p(t) = 3 -2, Pa(t) = 5~ (3.5)
t 3o t
Yl(t)—E—TI Yz(t)—i—ﬂ'/
N _ 1
ft)y=e +t351nt, r(t)—1+t2.

Set the function ¢ : Q — P with ¢¢(i) =1 fori =1,2; then pi(t) =t — o and py(t) =t - 2.
By simple calculation, we have

1
F(t)=e +tsin T

hi(t) =1—e™7 - Ze‘”z”, hy(t) =1,
t 3 t (3’6)
p(t) = J e ’du+ 1 f e ’do,

t—a t=2m

lim infhy(t) = 1, f o(u)du = §<ez”' - 1) +e™—1, lLmF(t)=1.
t— oo 0 4 t— oo

Therefore, according to Theorem 2.4 and Remark 2.5, every solution x of (3.4) is oscillatory or
tends to zero asymptotically. Clearly, the known results in [1-10] cannot be applied to (3.4).
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