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We consider the combined Walsh function for the three-dimensional case. A method for the
solution of the neutron transport equation in three-dimensional case by using the Walsh function,
Chebyshev polynomials, and the Legendre polynomials are considered. We also present Tau
method, and it was proved that it is a good approximate to exact solutions. This method is based
on expansion of the angular flux in a truncated series of Walsh function in the angular variable.
The main characteristic of this technique is that it reduces the problems to those of solving a system
of algebraic equations; thus, it is greatly simplifying the problem.

1. Introduction

The Walsh functions have many properties similar to those of the trigonometric functions. For
example, they form a complete, total collection of functions with respect to the space of square
Lebesgue integrable functions. However, they are simpler in structure to the trigonometric
functions because they take only the values 1 and —1. They may be expressed as linear
combinations of the Haar functions [1], so many proofs about the Haar functions carry over
to the Walsh system easily. Moreover, the Walsh functions are Haar wavelet packets. For a
good account of the properties of the Haar wavelets and other wavelets, see [2]. We use the
ordering of the Walsh functions due to Paley [3,4]. Any function f € L?[0,1] can be expanded
as a series of Walsh functions

o 1
f(x) = ZciW,-(x), where ¢; = I f)Wi(x). (1.1)
i=0 0
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In [5], Fine discovered an important property of the Walsh Fourier series: the m = 2"th partial
sum of the Walsh series of a function f is piecewise constant, equal to the L' mean of f, on
each subinterval [(i — 1)/m,i/m]. For this reason, Walsh series in applications are always
truncated to m = 2" terms. In this case, the coefficients ¢; of the Walsh (-Fourier) series are
given by

m—1

1
Ci = EWijfj’ (1.2)

]

Il
[==}

where f; is the average value of the function f(x) in the jth interval of width 1/m in the
interval (0,1), and W;; is the value of the ith Walsh function in the jth subinterval. The order
m Walsh matrix, %,,, has elements Wj;.

Let f(x) have a Walsh series with coefficients ¢; and its integral from 0 to x have a
Walsh series with coefficients b;: fg ftdt = >2,biWi(x). If we truncate to m = 2" terms
and use the obvious vector notation, then integration is performed by matrix multiplication
b = PLc, where

1 1 1
Pm/2 _Im/Z F——
Pl = 2m T pr= |24, (1.3)
- ! O —1 0
m m/2 m/2 2

and I, is the unit matrix, O,, is the zero matrix (of order m), see [6].

2. The Three-Dimensional Spectral Solution

In the literature there several works on driving a suitable model for the transport equation in 2
and 3-dimensional case as well as in cylindrical domain, for example, see [7], and by using the
eigenvalue error estimates for two-dimensional neutron transport, see [8], by applying the
finite element method in an infinite cylindrical domain, see [9], similarly by using Chebyshev
spectral-Sy method, see [10], and the discrete ordinates in the infinite cylindrical domain, see
[11].

In this paper, we consider combined Walsh function with the Sumudu transform in
order to extend the transport problem for the three-dimensional case by following the similar
method that was proposed in [7]. This method is based on expansion of the angular flux in a
truncated series of Walsh function in the angular variable. By replacing this development in
the transport equation, this will result a first-order linear differential system. First of all we
consider the three-dimensional linear, steady state, transport equation which is given by

0 0 0
_— —_ 2 _— i —
//Lax‘P(x,‘u,E)) +4/1-p <cos€ay‘P(x,pL, 0) + staZ‘P(x,y,B)) + 0¥ (x,p1,0)
@2.1)

1 p2r
= f f os(f, 0 — p,0)¥(x, u',0)d0'dy’ + S(x,pu,0),
-1Jo
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where we assume that the spatial variable x := (x,y,z) varies in the cubic domain Q :=
{(x,y,2) : -1<x,y,z<1},and ¥(x, y,0) := ¥(x,y, z, y, 0) is the angular flux in the direction
defined by y € [-1,1] and 6 € [0,2x]. 0; and 05 denote the total and the differential cross
section, respectively, os(¢', ¢’ — u, ¢) describes the scattering from an assumed pre-collision
angular coordinates (i, 8') to a postcollision coordinates (¢, 8) and S is the source term. See
[12] for further details.

Note that, in the case of one-speed neutron transport equation; taking the angular
variable in a disc, this problem will corresponds to a three dimensional case with all functions
being constant in the azimuthal direction of the z variable. In this way the actual spatial
domain may be assumed to be a cylinder with the cross-section Q and the axial symmetry
in z. Then D will correspond to the projection of the points on the unit sphere (the “speed”)
onto the unit disc (which coincides with D). See [13] for the details.

Given the functions fi(y,z, 1, ¢), folx,z,u,¢), and f3(x,y,u,$) describing the
incident flux, we seek for a solution of (2.1) subject to the following boundary conditions.

For the boundary terms in x, for 0 < 0 < 2, let

,z,1,0), x=-1,0<u<l,
Y(x=%1,y,2z,pu,0) = fily.zp.6) # (2.2)
01 x=1, —1S‘l/l<0

For the boundary terms in y and for -1 <pu <1,

fo(x,z,1,0), y=-1, 0<cosO<1,

Y(x,y==1,2u0)= (2.3)
0, y=1 -1<cosf<0.

Finally, for the boundary terms in z, for -1 < p <1,

f3(x,y,u,0), z=-1,0<0<u,

Y(x,y,z=%1,4,0) = (2.4)
0, z=1, <0< 2.

Theorem 2.1. Consider the integrodifferential equation (2.1) under the boundary conditions (2.2),
(2.3) and (2.4), then the function ¥(x,y, z, u,0) satisfy the following first-order linear differential
equation system for the spatial component ¥; ;(x, u, 0)

¥,
(1, 0) + 0¥ (x, 1, 0)

(2.5)
1
=G, (im0 [ 0u(0, — 1 0)y (a1 )0,

with the boundary conditions

Wi (-1,p1) = £, (1,6), (2.6)
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where

_A T;i(y)R;(z)
Y JrZH‘l (1—yz)(1_zz)fl(y’z’”’e)dzdy,

q"i,j (1/ _I’t/ 6) = 0/

I J
Gij(x;1,0) =Sij(x,1,0)—1/1 - p?|cos6 Z Af‘Pk,j(x, W, 0) +sin6 Z B;-‘Pi,l(x, wo)l,

k=i+1 I=j+1
(2.7)
with
Sij(x,p,0) = ifj‘l Tiy)R;(z) S(x,u,0)dzdy
el Jaspya-a /
_2(t d Ti(y) |
2] Sy 2,
B2 w2

Proof. Expanding the angular flux ¥(x,y,z,u,¢) in a truncated series of Chebyshev
polynomials T;(y) and R;(z) leads to

I ]
(X, y,2,1,0) = D, D Wii(x, 1, 0)Ti(y)R;(2). (2.9)

i=0 j=0

We insert ¥(x,y,z, 1, 0) given by (2.9) into the boundary condition in (2.3), for y =
Multiplying the resulting expressions by R;(z)/v1 - z? and integrating over z, we get the
components W ; (x, u,0) for j =0,..., ],

. I ‘
Wo,(x,1,0) = f3(x, 1, 0) ~ Z(—l)]q'i,j (x,1,0), 0<cosO<1,
i=1
(2.10)
I
qIO,j(xr/‘r 0) = —Zq’i,j (x,1,0), -1<cosf<0.
i=1
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Similarly, we substitute ¥(x, y, z, u, 0) from (2.9) into the boundary conditions for z = +1,

multiply the resulting expression by T;(y)/4/1-y? i = 0,...,I and integrating over y, to
define the components W;o(x,p,0). For-1<x <1, -1<pu <1,

. J .
Wio(x, 1,0) = fi(ox,1,0) = D (1YW (x,4,0), 0<6<u,

=1
2.11)
J
Wio(x,p1,0) = —Z‘P,»,j (x,1,0), mx<0<2m,
=1
where
-6 (2)
V) 0,j
F o 8) == j a2 0) L
(2.12)
i 0) = 0 (y)
f3(x, 1, 0) = (x,y,p1,0) —=—= F
-y

To determine the components ¥; ;(x,p,0),i=1,...,I,and j = 1,..., ] we substitute ¥(x, y, 0),
from (2.3) into (2.1) and the boundary conditions for x = =+1. Multiplying the resulting
expressions by (Ti(y)/4/1-y?) x (Rj(z)/v1 - z?), and integrating over y and z we obtain

I x J one-dimensional transport problems, namely,

G‘Pi,- 1 o o , l
H (6, 0) + 0% (x, 1, 0) = G (x; #re)”_los (W, 60—, 0)¥;;(x, 4, 0')d0'dy,
(2.13)
with the boundary conditions
¥ (-1 pmm) = £ (1,0), (2.14)

where

i,j 4 1 Ti R;
Y (0) = PJT @R/ fi(y,z,u,0)dzdy,

Y-y -2 (2.15)

W, (1,-11,6) = 0,
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for0 < pu <1,and 0 < 0 < 2or. Finally,

I J
Gij(x;p1,0) =S j(x,1,0) — /1 - p? | cos 6 Z Af‘l’kl]- (x,p,0) +sind Z B;‘P,-/,(x, u o)1,

k=i+1 I=j+1
(2.16)

with

1 T;(y)R;
Si,j (x,‘u, 9) = %’[’[ (y) ](Z) S(x,‘u,Q)dz dy,

1 Ja-y)a-z)
_ f A Te(y)) \/(L)dy, (2.17)
_y

]()

B=2[ Lre) L

Now, starting from the solution of the problem given by (2.13)-(2.17) for ¥;;(x,u,0), we
then solve the problems for the other components, in the decreasing order in i and j. Recall
that 37, - Z]] 741 = 0. Hence, solving I x J one-dimensional problems, the angular flux
W(x, u,0) is now completely determined through (2.9). O

Remark 2.2. 1f we deal with different type of boundary conditions, then we consider the first
components W¥;o(x,p,0) and ¥o(x,u,0) fori = 1,...,I and j = 1,...,] will satisfy one-
dimensional transport problems subject to the same of boundary conditions of the original
problem in the variable x.

3. Analysis

Now, we solve the first-order linear differential equation system with isotropic scattering,
that is, os(4', ¢’ — u,¢) = 05 = constant. Assuming isotropic scattering, the equation (2.13)
is written as

é)lPi i 1 27
(1, 0) + 0¥y (x, 1, 0) = Gi,j(x?ﬂre)gf JO Wij(x,u,0)d0' ', (3.1)

forxe Q:={(x,y):0<x<1,-1<y <1}, pue[-1,1],and 0 € [0, 2].
Then, we have the following theorem that is subject to the boundary conditions (2.14).



Abstract and Applied Analysis 7

Theorem 3.1. Consider the integrodifferential equation (3.1) under the boundary conditions (2.14),
then the function W; j(x, u, 0) satisfy the following linear system of algebraic equations:

N . N
D DumbB,;j(p,0) = 05> patn,i;(p,0) + 01@nij (p, )
n=0 n=0

1 N
= J‘ Gi,j (x/ H, 6) Wne (‘Ll)d/l + ZDn,mﬂn,i,j (OI 9)/
-1 n=0
(3.2)

N N _
ZDn,mPan,i,j (p,0) - Oszpﬁn,k (p,0) + Otﬂn,i,j (p,0)
n=0 n=0

1 N
= f Gij (2, 1, O)W2 () dp + > Dy i 1(0,6).
-1 n=0

Proof. For this problem we expand the angular flux in terms of the Walsh function in the
angular variable with its domain extended into the interval [-1,1]. To end this, the Walsh
function W, (i) are extended in an even and odd fashion as follows, see [14]:

We () = Wa(u)  if p>0,
! Wy(-p) if u<0,

(3.3)

Wi(p) — if p20,
Wy, (-p) ifu<o,

Wi (p) = {

forn =0,1,..., N. The important feature of this procedure relies on the fact that a function
f(p) is defined in the interval [-1, 1] it can be expanded in terms of these extended functions
in the manner:

f(u) = D [aaWii (i) + W3 ()], (3.4)
n=0
where the coefficients a, and b,, are determined as

1 1
w5 [ FWiGod
- (3.5)

=3[ Fwstdn
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So, in order to use the Walsh function for the solution of the problem (3.1), the angular flux is
approximated by the truncated expansion:

N
Wi (x,14,0) = D [nij (x, O)We (1) + Prij(x, )W ()] (3.6)
n=0

Inserting this expansion into the linear transport (3.1), it turns out

N aan,,-,j e apn,i,j o
Z U % (x,0) + oray,ij(x,0) Wn(.”)+ H 3 (x,0) + 01Pn,ij(x,0) Wn(l’l)

n=0 X
N 1 27 1 2 (37)
= >0 [I f i (x,0YWs (W) d0'dy’ + I f i (x,0) Wy (‘u’)dG’d‘u’:I
n=0 -1J70 -1J0
+ Gi/]' (X, H, 9)
Multiplying (3.7) by Wy, m = 0,..., N and integrating over the interval [-1, 1], results:
<& aﬂn,i,]‘ ! o e ! e e
> 0,0 [ W (W )| + 0rnns,0) [ W)W ()l
n=0 - -
(3.8)
N 27 1 1
=S, [j 101 (5,0)0 [ W3 ()W (ﬂ’)dﬂ’] [ Gy oYW ) dp
n=0 - -
Similarly, multiplying (3.7) by W2, m = 0,..., N and integrating yields:
ol a“"/i/f ! 0 e ! 0 0
Z ox (x,6) J. ) W, (/’l) W, (/’l)d# + O-tﬂ"ri/]' (x,0) J‘ . W, (/’t) Wi ([l)d/l
n=0 - -
(3.9)
N 2 1 1
=20 UO Prij (x, 9’)d9’f REORE (#’)d#’] +I G YW, (u)dp.
n=0 - -
The integrals appearing in (3.8) and (3.9) are known and are given [14] as
1 (1 1
Do =3 | 1WRGOW3 ()l = [ fiWsem) m2() 610)
-1 0
or
% if n=m,
Dy =9 -2-**2, if (n+m) mod 2 = 2¥ k natural, (3.11)

0 at another case,
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where the notation (n + m) mod 2 denotes the mod 2 sum of the binary digits n and m [15]

ZDn PP, (p,6) - Oszp“ﬂl](p' 0) + 01n,ij (p, 0)

N
f Gy (2,1, OYWE (1)t + > Dyufini1(0,6),

n=0
(3.12)
ZDH mpa"l](p'e) oszpﬂnk(p' 9) + Otﬂnl](p’e)
N
f Gij (%, 1, O)WS () dp + > Dy ttn,ij(0,6). -
n=0

4. Operational Tau Method and Converting Transport Equation

The operational approach to the Tau method proposed by [16] describes converting of a
given integral, integrodifferential equation or system of these equations to a system of linear
algebraic equations based on three simple matrices:

0100 ] 0 7 0100 -
010 10 0 % 0 -
y= 0 1 . n=102 o0 o, I = 0 1 (4.1)
3
0 00 3 0 0 .
We recall the following properties [17].
Lemma 4.1. Lef u,(x) be a polynomial as
u,(x) = Zaixi = Zaixi =a,X, (4.2)
i=0 i=0

then we have

(i) (d"/dx"Yuu(x) =any X, r=1,2,3,...,
(ii) x"un(x) = ayy"X, r=1,2,3,...,
(iii) [ un(x)dx = dulX[% = dulX - dylA,

. T
where d, = [ag, ay,...,a,,0,0,...]and A=[1,a,d>,...,a",...] .
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Now we solve (3.12) using the Tau method, for this we consider this equation because
is equivalent

a‘P,-,,»

1 27T
B (o 0) + 03 (1, 0) = Gy (e 0) + [ 0n(u, )W, (ot @) (43)

forx €e Q= {(x,y) :0<x<1,-1<y <1}, pe[-11],and O € [0,27] subject to the
following boundary conditions (2.14).

In order to convert (5.1) to a system of linear algebraic equations we define the linear
differential operator D of order ¢ with polynomial coefficients defined by

4 o
= () =— 4.4
D ;}P (x) ox’ ( )
we will write for
pr(x) = Zprkxkl (4.5)
k=0

where a, is the degree of p,(x) and p, = (pyo,.,Pra,,0,0,...), Y = (1, u, /12,. .. )T. We notice that
i is the independent variable and will be defined in a finite interval.

4.1. Matrix Representation for the Different Parts

Let V = {vo(u), v1(p),...} be a polynomial basis given by V := VY, where V is nonsingular
lower triangular matrix and degree (v;(y)) < i, fori = 0,1,2,..., Also for any matrix P,
P,=VPVL

Matrix Representation for DW; ;(x, u, 0)

Theorem 4.2 (see [16]). For any linear differential operator D defined by (5.2) and any series

IPI'J' (x, H, 6) = QV,

(4.6)
g = (IPO,]' (x, 9’),‘Pl,j(x,ﬂ’),‘{’z,]-(x,e’), N ,‘Pilo(x, 9’),1}’{,1 (x, 9’),?{2(3(, 9’),. . .,),

we have

D¥;j(x,p,0) = aZ,V, (4.7)
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where
¢
Zo =V npi(y) V. (4.8)
i=0

Matrix Representation for the Integral Form

Let us assume that

os(W,0) = 2 0:(0")v; (),
j=0
(4.9)
Wi i, 0) = 3 Wii(x,0)vi(i) = aV,

i,j=0

then we can write

1 20T n 20T 1
fl_[o s (W, 0) Wi (x, ', 0')d0'dy’ = Z_[ 05(9’)‘1’1,]'(96,#’,9’)619’[ RADLIOLY

i,j=070 -
=akKV,
(4.10)
where
rn n B
ZkO,jij e Z ko,]-wij 0 0
j=0 i,j=0
K=| . , (4.11)
Zko,jw,-j tee Z k(),]'wi]' 0 0
j=0 i,j=0

with k; ; = gﬁ 05(0'), Wi (x,i',0')d0', and w;; = J’}l vi(u)v;j(u)dy fori, j=0,1,...,n.
Matrix Representation for the Boundary Conditions

© ¢
Wi, p1,0) = D> Wik (x,0)0; (i)

i=0 k=0 (4.12)
= ECOI [IP()/]' (x, 6,),W1rj (x, 6,), . ,lP,'/()(x, 9’),112',1 (x, 9’), . ,] = EB],
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where j =1,...,¢. It follows from (5.4) and (5.5) that

aq’i,' N ' A 1 )70
(0, 0) + 0¥ (x, 1, 0) = f f o5 (W, 0")Wij(x, 1, 0')d6'dp
o (4.13)

= % [gKV - gavy].

Let Gi,]' (x; H, 0) = Zd -0 1]d (x; Q)Ud (/4) 1] (x; Q)V with Gl] = (Gi,j0/ cee /Gi,jn/ 0,0,...).

5. Error Estimation

Consider now the discrete ordinates (Sy) approximation of the equation (2.13) for m =
1,...,M,

alpvc N
P ——— ﬂ (%, i, 0) + 0% p N (X, i, 0) = an ap N (X pfm, 0) + Gap(x, pm, 0).  (5.1)

n=1

In this part, we evaluate an error estimator for the approximate solution of (2.13), we suppose
that equations (2.13) and (5.1) have the same boundary conditions. Let us call

€m(x,14,0) =i i (X, i, 0) = Wi jm(x, 11, 0) (5.2)

this error function of the approximate solution ¥; ; ,, to ¥; ; where ¥; ; is the exact solution of
(2.13). Hence, ¥; ; (x, um, 0) satisfies the following problem:

aqruﬂN

pm—— (X, tm, 0) + 0 Wa N (%, i, 0) = an wpN (X i, 0) + Gy (%, i, 0) + HN (pm).-
n=1

(5.3)

We can evaluate the perturbation term Hy (i) by substituting the computed solution into
the equation

aq’aﬂN

(x,14,0) + 0 apn(x,1,0) - an ap N (X, tm, 0) = G, (X, i, 0)
n=1
(5.4)

HN (fm) = pm

after doing some algebraic manipulations, the error functions €,,(y) satisfies the problem

o€ (x,u,0 M
Hy (pm) = ym% +0rem(x, 1, 0) — anem (x,1,0). (5.5)
n=1
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6. Conclusion

In general, obtaining solutions of some integrodifferential equations are usually difficult. In
our recent works we have used Walsh functions, Chebyshev polynomials and Lengendre
polynomials in order to reduces these kind of equations. However our present work suggests
that the Tau method can be a good approximation to the exact solutions. The application of
the Tau method by using the orthogonal polynomials will be considered as a future work.
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