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We introduce a new iterative scheme to approximate a common fixed point for a finite family of
generalized asymptotically quasinonexpansive mappings. Several strong and weak convergence

theorems of the proposed iteration in Banach spaces are established. The main results obtianed in
this paper generalize and refine many known results in the current literature.

1. Introduction

Let C be a convex subset of a Banach space X, and let {T; : i = 1,2,...,k} be a family of
self-mappings of C. Suppose that a;, € [0,1], foralln =1,2,3,...andi=1,2,... k.
For x; € C, let {x,} be the sequence generated by the following algorithm:
Xn+1 = (1 - akn)xn + aknT]:ly(k—l)n/
Yie-iyn = (1 = @—1yn) Xn + Ae-1)n T} Y (k-2

Yike-2m = (1= ae-2yn) Xn + ae-2n T} Y (k-3pns
1.1)

Yon = (1 - aZn)xn + aZnT;ylnr

Yin = (1 - aln)xn + alanyOnr
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where yo, = x, for all n. The iterative process (1.1) for a finite family of mappings introduced
by Khan et al. [1], and the iterative process is the generalized form of the modified Mann
(one-step) iterative process by Schu [2], the modified Ishikawa (two-step) iterative process
by Tan and Xu [3], and the three-step iterative process by Xu and Noor [4].

Common fixed points of nonlinear mappings play an important role in solving
systems of equations and inequalities. Many researchers [1, 5-19] are interested in studying
approximation method for finding common fixed points of nonlinear mapping. Also,
approximation methods for finding fixed points for nonexpansive mappings can be seen in
[12-16, 20, 21].

In 2003, Sun [17] studied an implicit iterative scheme initiated by Xu and Ori [22] for a
finite family of asymptotically quasinonexpansive mappings. Shahzand and Udomene [18],
in 2006, proved some convergence theorems for the modified Ishikawa iterative process of
two asymptotically quasinonexpence mappings to a common fixed point. Nammanee et al.
[23] introduced a three-step iteration scheme for asymptotically nonexpansive mappings
and proved weak and strong convergence theorems of that iteration scheme under some
control conditions. In 2007, Fukhar-ud-din and Khan [24] studied a new three-step iteration
scheme for approximating a common fixed point of asymptotically nonexpansive mappings
in uniformly convex Banach spaces. Shahzad and Zegeye [19] introduced a new concept
of generalized asymptotially nonexpansive mappings and proved some strong convergence
theorems for fixed points of finite family of this class. Recently, Khan et al. [1] introduced the
iterative sequence (1.1) for a finite family of asymptotically quasinonexpansive mappings in
Banach spaces.

Motivated by Khan et al. [1], we introduce a new iterative scheme for finding a
common fixed point of a finite family of generalized asymptotically quasinonexpansive
mappings as follows:

For x; € C, let {x,} be the sequence generated by

Xni1 = (1= apn) Yk-1yn + @kn T Y k-1)n,
Y- = (1= age-vyn) Yoe-2n + age-n Ty Ye2yn,

Yien = (1= age2yn) Yoesn + age-2n Ty Y e-3)ns
(1.2)

Yon = (1 - aZn)]/ln + aZnTznylnr

Yin = (1 = a1n)Yon + 1xT1 Yon,

where yo, = x,, for all n.

The aim of this paper is to obtain strong and weak convergence results for the iterative
process (1.2) of a finite family of generalized asymptotically quasinonexpansive mappings in
Banach spaces.

2. Preliminaries

In this section, we give some definitions and lemmas used in the main results.
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Let C be a nonempty subset of a real Banach space X, and let T be a self-mapping of
C. The fixed point set of T is denoted by F(T) = {x € C : Tx = x}.
Then let T is called

(i) nonexpansive if |[Tx — Ty|| < |lx — y||, forall x,y € C;
(ii) quasinonexpansive if F(T) #@ and ||Tx —p|| < ||lx - p||, forallx € C and p € F(T);

(iii) asymptotically nonexpansive if there exists a sequence {r,} in [0, co) with lim,, o, 7, =
Oand || T"x - T"y|| < (1 +ry)|lx -y, forallx,y e Cand n =1,2,3,..;

(iv) asymptotically quasinonexpansive if F(T) # @ and there exists a sequence {r,} in [0, o)
with lim, 7, = 0 and |[T"x —p|| < (1 + r)||lx —p||, for all x € C, p € F(T) and
n=1,23,..;

(v) generalized quasinonexpansive if F(T) #@ and there exists a sequence {s,} in [0, o)
with s, — 0asn — oo such that ||[T"x —p|| < |[x —p|| + sy, forallx € C,p € F(T)
andn=1,23,...,;

(vi) generalized asymptotically quasinonexpansive [19] if F(T)#@ and there exist two
sequences {r,} and {s,} in [0, ) withr, — Oand s, — 0asn — oo such that
IT"x —p|| < A+ 1y)llx —p|l + sp, forallx e C,pe F(T) and n=1,2,3,..;

(vii) uniformly L-Lipschitzian if there exists constant L > 0 such that ||[T"x — T"y|| <
Llx -yl forallx,ye Candn=1,2,3,...;

(viii) (L—y) uniform Lipschitz if there are constants L > 0 and y > 0 such that ||[T"x-T"y|| <
Lljx-y|", forallx,ye Candn=1,2,3,....

(ix) semicompact if for a sequence {x,} in C with lim, _, ||x, — Tx,|| = 0, there exists a
subsequence {x,,} of {x,} such that x,, — p e C.

From the definition of these mappings, it can be seen that

(i) a quasinonexpansive mapping is generalized quasinonexpansive;

(ii) an asymptotically quasinonexpansive mapping is generalized asymptotically quasinonex-
pansive;

(iii) a generalized quasinonexpansive mapping is generalized asymptotically quasinonexpan-
sive;

(iv) a uniformly L-Lipschitzian mapping is (L — 1) uniform Lipschitz.

The map T : C — X is said to be demiclosed at 0 if for each sequence {x,} in C
converging weakly to x € C and T (x,) converging strongly to 0, we get Tx = 0.

A Banach space X is said to have Opial’s property if for each sequence {x,} converging
weakly to x € C and x # v, we have the condition

li'?ligf”xn - x| < liﬂi{gf”xn -y (2.1)

Condition (A"). Let C be a subset of a normed space X. A family of self-mappings {T; : i =
1,2,...,k} of C is said to have Condition (A") if there exists a nondecreasing function f :
[0,00) — [0, 00) with f(0) =0and f(r) > 0 for all » € (0, o0) such that ||x — Tix|| > f(d(x, F))
for some 1 <i< k and for all x € C where d(x,F) =inf{|[x —p|| :p€ F = ﬂle F(T;)}.
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The condition (A") defined above by the authors is the generalization of the condition
(A) [25] when k = 1 and condition (A’) [26] for k = 2.
The following lemmas are needed for proving our main results.

Lemma 2.1 (cf. [17, Lemma 2.2]). Let the sequences {a,}, {6,} and {c,} of real numbers satisfy:

any1 < (1+6y)ay, +c¢,, wherea,>0,6,>0,c¢c,>0Vn=1,2,3,... (2.2)

and 3,571,060 < 00, D04, Cn < 0.
(i) limy, _, way, exists;
(ii) if lim inf, ., a, = 0, then lim, _, ,a, = 0.
Lemma 2.2 (see [2, Lemma 1.3]). Let X be a uniformly convex Banach space. Assume that 0 < b <

tn<c<1,n=1,23,.... Let the sequences {x,} and {y,} in X be such that limsup, _, _||x,| < a,
limsup, _, [yl < aandlim, . ||ty x,+(1-t,)yall = a, where a > 0. Then limy, . oo ||, — x|l = 0.

3. Convergence in Banach Spaces

The aim of this section is to establish the strong convergence of the iterative scheme (1.2)
to converge to a common fixed point of a finite family of asymptotically quasinonexpansive
mappings in a Banach space under some appropriate conditions.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Banach space X, and {T; : i =
1,2,...,k} be a finite family of generalized asymtotically quasinonexpansive self-mappings of C, that
is, |[T/'x — pill < (1 +7i)llx = pill + sin, for all x € C with the sequence {r;,}, {si} C [0, 00) and
pi€ F(Ti),i=1,2,...,k. Suppose that F = ﬂf-il F(T;) #0, x1 € C, and the iterative sequence {x,} is
defined by (1.2). Let r, = maXi<i<k {rin} and s, = maxy<i<k {Sin} Then for p € F, we get the following:

@) llxxn = T{'xnll < 2+ 1a)lln = pll + 80, foralli=1,2,...,k;
(i) lyi-vn — T'yi-vall £ @+ 1)l i-1yn —pll + 80, foralli=1,2,...,k;
(i) [[yin = pll < (14 72) [l2cn = pll + 50 Ziy (1 +7)*
(V) |%ns1 = pll € A+ 1) 120 = Pl + 50 2K, (1 +7,) &,
)

(V) 1xns1 = pll € (X + 8n)l|xn — pll + Cn, forall n €N,
where ¢, = sy, Zf;l(l +1) % and 6, = (FYra+ (5)r2+---+ (F)rk.

(Vi) If X2 1n < oo and 3,77 Sy < 0o, then limy, ., o ||x, — p|| exists.
Proof. Letp € F.

(i) Fori=1,2,3,...,k, we have
|30 = T"ou || < [Jn = pl| + | T"xn = p|

< ”x" _P” + (1 + rn)”xn - P” + Sin, (31)

< @2+ 1)||xn = p|| + sn-
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(ii) Similarly to part (i), we have

lyi-1n = T'yi-nnll € @+ 1) |ya-vn —pll +80, Vi=1,2,... k.

(iii) By part (i) and 0 < a;, < 1, we have

ly1n = pll = |1 = a1n) (xn = p) + a1 (Ti'xn = p) ||
< (1= aun) [|20n = p|| + a1 ]| T = p|
< (1= amm)||xn = pl| + a1n (1 + r10) || 20 = p|| + @10510
< X+ 1) ||xn = p|| + 50/
llv2n = pll = 11 = a20) (Y1 = p) + a2(T3 y1n ~ p) |
< (1= azn) [yan = p|| + 22 || T3 y1n = |
< (1= azn)||yin = pl| + @20 (1 + 720) || Y10 — P| + @20520
< (1+7) ||yin = p|| + 50
(1 +72) L+ 1) || xn = p|| + 50(1 +10) + 5n

AN

A

< (1 + rn)ZHxn - P” + sn((l + rrl) + 1)/
lyan —pll = |1 = azn) (y2n = p) + @30 (T3 y20 = p) ||
< (1= azn) || y2n = pll + asul| T3 y2n — p|
<(1-aszn) ”]/Zn - P“ +asn (1 +134) ”]/Zn - P” + A3153n

< (1 +rn)||y2n _p” +5n

< (1+7)°||xn - p|| + Sn((l w12+ (L+1,) + 1>,

k .
lyen —p|| < (1 + rn)k”xn -p|l + an(l +1,) &,

i=1
(iv) By part (ii) and part (iii), we get

lns1 =2l = |1 = @kn) (Yk-1)n = P) + @k (Tg Ye-1yn = ) ||
< (1= akn) |Ye-1yn = P + an | Ty -1y = p|

< (1= aien) [| Y -1y = Pl + @i (1 + 70) |y i-1yn = pI| + QienSin

< (1 + rn)”y(k—l)n - p“ + Sn

k-1
<S(T+r)(1+ T’n)k_l |0 = pl| + (1 + rn)an(l + rn)(k_l‘” + S,

i=1

K
=1+ r,,)k||xn -p|l + an(l + 1) &0,
i1

(3.2)

(3.3)

(3.4)
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) Put, = (F)rp+ (5)r2+---+ (5)rkand ¢, = s, 35, (1+7,)*. Then (v) is directly
obtained by (iv).

(vi) By (v), we have ||x,1 — pll < (1 + 6x)|lxn — pll + ¢, for all n € N, where ¢, =
s 3K (1 +7r)* ) and 5, = (M) + (5)r2+ -+ (K)rk. From £* 7, < o and
3% 5n < oo, it follows that %°,6, < oo and 22 ,c, < oo. By Lemma 2.1, we get
limy, -, || x, — p|| exists. m

Theorem 3.2. Let C be a nonempty closed convex subset of a real Banach space X, and {T; : i =
1,2,...,k} be a finite family of generalized asymtotically quasinonexpansive self-mappings of C, that
is, |T!'x — pill < (1 + ri)llx = pill + sin, for all x € C and p; € F(T;),i = 1,2,...,k. Suppose
that F = ﬂfﬂ F(T;)#0 is closed, x; € C and the iterative sequence {x,} is defined by (1.2).
Assume that 35711y < oo and >, Sy, < oo, where 1, = MaXi<i<k{¥in} and s, = maxi<i<k{Sin}-
Then {x,} converges strongly to a common fixed point of the family of mappings if and only if
liminf, ., d(x,, F) = 0, where d(x, F) = inf,cr||x - p||.

Proof. The necessity is obvious and then we prove only the sufficiency. Let p € F. Since 1+t <
e for t > 0, we obtain (1 + t)¥ < e, for k = 1,2,.... Thus by Lemma 3.1(iv) and (v), for
positive integers m and n, we have

||xn+m - P” < (1 + 7"(n+m—1))k”x(nJr‘m—l) - P” + C(n+m-1)

< exp{kr(nim-1)} ||x<n+m—1> - P|| * C(n+m-1)

n+m-1 n+m-1
SSexp{kZ ri}”xn_p“+ Z Ci
i=n i=n

(3.5)
< exp{eri} llxcn = p|| + Zci
i=1 i=n
- Ml pll + S
where M = exp{k X%, 1i}.
By Lemma 3.1(v), we have
%01 =PIl < (1 +60)[|xn = pl| + ¢, VpEF, (3.6)
where 6, = (K)r, + (5)r2+---+ (§)rkand ¢, = s, Zle(l +1,) &,
It follows that
d(xn+1/ F) < (1 + 6n)d(xn/ F)- (37)

From the given condition lim inf,, _, .d(x,, F) = 0 and Lemma 2.1, we get

lim d(x,, F) = 0. (3.8)
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Next, we show that {x,} is a Cauchy sequence in C. By (3.8) and >';; ¢, < oo, we get
that for any € > 0, there exists a positive integer 1y such that, for all n > ny,

€ = €
d(xn,F) < m, ch < 5 (39)

n=no
From d(x,, F) < €/3M, there exists py € F such that
€
ll2n = Poll < 337 (3.10)
For any positive integer m, by (3.5), (3.9), and (3.10), we have

||xn0+m - anH < ||xn0+m —Poll + ”xng _pOH

< M|, = poll + D ci + || xm, = po| (3.11)

i=n0

€ € €
<Mm+§+Mm—€.

Thus, {x,} is a Cauchy sequence in X. Since X is complete, x, — g € X. Actually, g € C
because {x,} € C and C is a closed subset of X. Next we show that g € F. Since F = ﬂle F(Ty)
is closed, by the continuity of d(x, F) with d(x,,F) — Oand x, — gasn — oo, we get
d(gq, F) = 0 and then g € F. Therefore, the proof is complete. O

Since any asymptotically quasinonexpansive mapping is generalized asymptotically
quasinonexpansive, the next corollary is obtained immediately from Theorem 3.2.

Corollary 3.3 (see [5, Theorem 3.2]). Let C be a nonempty closed convex subset of a real Banach
space X, and {T; :i=1,2,...,k} be a finite family of asymptotically quasinonexpansive self-mappings
of C, that is, ||T""x — pi|| < (1 + rin)||x — pill, forall x € Cand p; € F(T;),i=1,2,...,k. x; € Cand
the iterative sequence {x,} be defined by (1.2). Then {x,} converges strongly to a common fixed point
of the family of mappings if and only if liminf, _, . d(x,, F) = 0, where d(x, F) = inf,cp||x — p||.

4. Convergence in Uniformly Convex Banach Spaces

In this section, strong and weak convergence results for the iterative process (1.2) on uni-
formly convex Banach spaces are proved without using the condition lim inf,,, ,,d(x,, F) =0
appearing in Section 3.

Theorem 4.1. Let C be a nonempty closed convex subset of an uniformly convex real Banach space
X. Let {T; : i = 1,2,...,k} be a finite family of uniformly (L — ;) Lipschitzian and generalized
asymptotically quasinonexpansive self-mappings of C, that is, |T'x = T!'y|| < L||x — y||" and | T"x -
pill £ (1 + riw)llx — pill + sin, forall x,y € Cand p; € F(T3), i =1,2,...,k. Suppose that {T; : i =
1,2,...,k} satisfies condition (A") and F = ﬂle F(T:)#0. Let x1 € C and the iterative sequence
{xn) be defined by (1.2) with {ai,}, C [a,b], where 0 < a < b < 1. Assume that X5, 1y < 0,
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>oeq Sn < 0o where 1, = maXi<j<k {tin} and s, = maXqi<i<k{Sin }. Then {x,} converges strongly to a

common fixed point of the family of mappings.

Proof. Let p € F. By Lemma 3.1(vi), we get that lim,,_, ., ||x, — p|| exists. Then there is a real

number ¢ > 0 such that

lim [|x, - p|| = c.

n—oo

By Lemma 3.1(iii), we have

k .
lyen —p| < (1 + rn)k”xn -p|l + an(l +r,)* ), vpeF

i=1
By taking lim sup on both sides of the above inequality, we get

limsup||yin —p|| <¢, fori=1,2,...,k-1.

n—oo
Since [Ty i-1)n — pll £ (1 + 72) |y i-1)n — pll + s, and (4.3), we obtain

limsup||T"yi-1n —p|| <c, fori=1,2,... k.

n—oo
Since limy, _, oo || Xn+1 — p|| = ¢, we have
Jim [[(1 = akn) (Yee-1n = P) + @en (T Y = p) || = -
Using (4.1), (4.4), and Lemma 2.2, we conclude that
Jim [[ye1yn = T Yoenn| = 0.

We assume that

lim ”y(j_l)n - T]."y(]-_l)n =0, forsome2<j<k.

n—oo

It follows from (4.5) and (4.7) that

¢ <lim inf||yj-1yn - p||, for2<j<k.

By Lemma 3.1(iv), (1.2), and (4.8), we get

n— oo n— oo

tim | (1= a-1m) (W20 = P) + @G0 (T1 G20 = ) || = lim [lyg-10 =Pl =

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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Using (4.3), (4.4) and Lemma 2.2, we conclude that

=0.

nlijrc}ouwj—zm =Ty G-2m
Therefore, by mathematical induction, we obtain

Ji_r)rc}o”y(i_l)n - Tin]/(i—l)n” = 0, fori= 1, 2, ce ,k.

From (1.2), we have
Yin = yi-vnll = @l TY-1n = yG-vall, fori=1,2,... k-1
By (4.11), we obtain that
lyin — vi-1m|| — 0 asn— oo, fori=1,2,...,k-1.
From
lltn = yinll < llotn = yanll + v = voul| + -+ + |y -1 = yinl|,
fori=1,2,...,k - 1,it follows by (4.13) that
|7 = yin|]| — 0 asn— oo, fori=1,2,...,k-1.
From (4.11), when i =1, we get limy, ., oo [|x» — T{"x,|| = 0. For 2 <i < k, we have

260 = T xu | < |20 = Yicrynll + Y 6-1n = T yinynll + | T Y1 = T x|

< %0 = va-vall + va-vn = Tya-vall + LIy - — x|
From (4.11) and (4.15), we conclude that

limyy, =0, fori=1,2,...,k,
n—oo

where yi, = [|x, — T["x,||. From (1.2), we have

||xn+1 - xn” < (1 - akn)”y(k—l)n - xn” + akn”T]zl]/(k—l)n - xn”
< (1= akn) [y e-1yn = 2n || + atien (| T{ yse-1yn = Y-y || + [y oe-1yn = 2 ])

= [y e-tyn = 2u || + @ien || T{ Ye-1yn = Y-y ]|

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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From (4.11) and (4.15),
Hm [l = x| = 0. (4.19)
Fori=1,2,...,k, we have

n+1
Xn+l — Ti Xn+1

”xn+1 - Tixn+1|| <

n+1
+ ||Tixn+1 - Ti Xn+1

< i) T L”xm—l - Tinxn+1 ”Yi

(4.20)
< Vi1 + Ll = 2all + || = T | + || 7720 = T ||
< Yitne1) + L(|xns1 = Xnll + Yin + Ll %0 = 2051 [|7) .
Using (4.17) and (4.19), we obtain
lim ||xy41 — Tixpea|| =0, fori=1,2,..., k. (4.21)
n— oo

Therefore, by using condition (A"), there exists a nondecreasing function f : [0,00) — [0, o)
with f(0) =0and f(r) >0 for all r € (0, o0) such that

Jlim f(d(xn, F)) < lim |2, = Tjx,|| = 0, (4.22)

for some 1 < j <k, thatis
nli_r)x;tod(xn,F) =0. (4.23)
By Theorem 3.2, we conclude that {x,} converges strongly to a point p € F. O

Lemma 4.2. Let C be a nonempty closed convex subset of an uniformly convex real Banach space
X, and {T; :i=1,2,...,k} be a family of (L — y;) uniform Lipschitz and generalized asymtotically
quasinonexpansive self-mappings of C, that is, |T!'x — T!'y|| < L|lx —y||" and |T]'x — pil| < (1 +
Tin)||x = pill + Sin, forall x,y € Cand p; € F(T;),i=1,2,..., k. Suppose that F = ﬂle F(T;) #0. Let
x1 € C and the iterative sequence {x, } be defined by (1.2) with {a;,};_; C [a,b], where0 <a <b < 1.
Assume that 377 1y < 00, D2y Sy < 00 where 1y, = MaXi<i<k {Tin} and s, = maxi<i<k {Sin }. Then,

() limy, — ol = Ty i1ynll = 0, foralli=1,2,,...,k;
(if) imy, o ||xn — Tixn|| =0, foralli=1,2,,..., k.

Proof. (i) Let p € F. By Lemma 3.1(vi), we obtain that lim,, . ||x, — p|| exists and we then
suppose that

lim [|x, - p|| = c. (4.24)

n—oo



Abstract and Applied Analysis 11

By (4.24) and Lemma 3.1(iii), we have

limsup||yi, —p|| <¢c, fori=1,2,...,k-1. (4.25)

n— oo

By (1.2), we have

l|xne1 = pll < (A = aien) [Ye-1yn = PI| + tien | T i1y = |
< (1= arn) |y k-n = P|| + @kn (1 + 1) [|[ Y k=) — P|| + AknSin
< @+ 1) |[Ye-yn = Pl + 5
= 1+ )| (1 = ae1)n) (Y-23n = P) + Ae-1)n (Ty Yik2n = P) || + 5
< L+ 7) [(1 = age-nyn) [[ya-2n = Pl + vy | TE Ye2n = Pl + 5
< (1 +10) [( = age-yn) [|[Yk-2n = P|| + @e-1yn 1+ 1) [|[Y k20 = P| + @k-1)nSn] + 50

< (1 + rn)zlly(k—z)n - P“ + Sn(l + rn) + Sn

_ k-1 _
< U+ 72) lyin = pll + 50 2,1+ 1) 7,
i=1

(4.26)
fori=1,2,...,k— 1. It follows that
cgliﬂg}f“yin—p , fori=1,2,...,k-1. (4.27)
From (4.25) and (4.27), we obtain
Tim ||y —pll =c, fori=1,2,... k-1, (4.28)
and then
Tim [[(1 = in) (Yi-1n = ) + @in(T'Y-0n = p)|| = ¢, (4.29)
fori=1,2,...,k-1.
Since Ty i-1)n — pll £ A+ 1) |Yi-1yn — pll + 5, fori=1,2,...,k =1, we have
limsup||T/yi-1n —p|| <¢, fori=1,2,...,k-1. (4.30)

n— oo
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From (4.25), (4.29), (4.30) and Lemma 2.2, we obtain

Hm [| Ty -1 = Yi-va|| =0, fori=1,2,... k-1. (4.31)

n— oo

Now we want to show that (4.31) is also true for i = k.
Since T}y k-1)n = pll < (1 + 1) |y k-1)n = Pl + S, limy o7, = 0 and lim, , o5, = 0, it
follows by (4.28),

lim sup|| T y-1y - p|| < c. (4.32)
We also have
Tim [[(1 = akn) (Yee-n = P) + @en (T Yeyn = p) || = Him [|lxna = pl| = . (4.33)

Hence, by (4.25), (4.32), and Lemma 2.2, we obtain

Jim |y g-1n = T¢Yean|| = 0. (4.34)
Then, (4.31) and (4.34) give us
Tim (| T2y 1n = Yaoall =0, fori=1,2,...k (4.35)
From
|22 = Tyl < %0 = Y-vn| + [|¥6-1n = TY-vnll, (4.36)

it implies by (4.15) and (4.35) that
Jim [|xn = Ty -1a | =0, (4.37)

fori=1,2,3,...,k.
(ii) From part (i), for i = 1, we have

Jim [| 772, = 2| = 0. (4.38)

Fori=2,3,4,...,k, we get

T/ %0 = x| < T3 %0 = Ty vyn| + 1T Y G-10n = X
,- (4.39)
< Lllxw = Yavall” + 1Ty -1n = Xal|-
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By part (i) and (4.15),

lim ||T/'x, - x,|| =0, fori=1,2,... k. (4.40)
n—oo

For 1 <i < k, we obtain

ll2cn = Tixpl| < [|2n = Xpia |l + || Xns1 = Tin+1xn+1

+ | T xar = T o || + ' T %, — Tixy
(4.41)
< ||xn - xn+1” + (| Xn+1 — TinJrlan
+ L|xps1 — xu||" + L|| T %0 — x|
From (4.19) and (4.40), we then have
lim |x, - Tix,|| =0, fori=1,2,..., k. (4.42)
n— o0 D

Theorem 4.3. Under the hypotheses of Lemma 4.2, assume that T7" is semicompact for some positive

integers m and 1 < j < k. Then {x,} converges strongly to a common fixed point of the family
{T;i:i=1,2,...,k}.

}froof. Suppose that Ti" is semicompact for some positive integers m > 1and 1 < j < k. We
ave

< ||ijxn - T].'”*lxn

+ ||T].m’1xn - T].m’zxn

”T].mxn - Xy

oot ”szxn = Tjxn || + || Tjxn — 2| (4.43)

< (m=1)L||Tjxn — x| + || Tjxn — x|

Then, by Lemma 4.2(ii), we get ||T].”’xn —xul| = 0asn — oo.Since {x,} is bounded and T]."’
is semicompact, there exists a subsequence {x,,} of {x,} such thatx,, - g€ Casl — oo.
By continuity of T; and Lemma 4.2(ii), we obtain

la = Tigll = lim [|2cs, = Tj xn || =0, Vj=1,2,.... k. (4.44)
Therefore, g € F and then Theorem 3.2 implies that {x,} converges strongly to a common
fixed point g of the family {T;:i=1,2,...,k}. O

We note that in practical Theorem 4.3 is very useful in the case that one of Tj, i =
1,2,3,...,k, is semicompact.

Theorem 4.4. Let C be a nonempty closed convex subset of an uniformly convex real Banach space X
satisfying the Opial property, and {T; : i = 1,2,...,k} be a family of (L — y;) uniform Lipschitz and
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generalized asymtotically quasinonexpansive self-mappings of C, that is, | T""x — T!'y|| < L|lx — y||"
and ||T!' x—p;il| £ (1+7i)||x=pill+Sin, forall x,y € Cand p; € F(T;),i =1,2,..., k. Suppose that F =
ﬂle F(T;) #0. Let x; € C and the iterative sequence {x,} be defined by (1.2) with {ai,}1; C [a,b],
where 0 < a < b < 1. Assume that 3 5.1 1, < 0o, where r, = maxi<i<k{rin}. If I -T;,i =1,2,...,k,
is demiclosed at 0, then {x,} converges weakly to a common fixed point of the family of mappings.

Proof. Let p € F. By Lemma 3.1(v), we get lim,,_, . ||x, — p|| exists. Then we follow the proof
of Theorem 3.2 by Khan et al. [1] until we can conclude that {x,} converges weakly to a
common fixed point p € F. O
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