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We modify the iterative method introduced by Kim and Xu (2006) for a countable family of
Lipschitzian mappings by the hybrid method of Takahashi et al. (2008). Our results include recent
ones concerning asymptotically nonexpansive mappings due to Plubtieng and Ungchittrakool
(2007) and Zegeye and Shahzad (2008, 2010) as special cases.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping T : C — C
is said to be Lipschitzian if there exists a positive constant L such that

ITx~Ty| <Llx -yl VYxyeC. (L1)

In this case, T is also said to be L-Lipschitzian. Clearly, if T is L;-Lipschitzian and L; < Ly,
then T is L,-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mapping
is L-Lipschitzian with L > 1. If L = 1, then T is known as a nonexpansive mapping. We
denote by F(T) the set of fixed points of T. If C is nonempty bounded closed convex and
T is a nonexpansive of C into itself, then F(T)# @ (see [1]). There are many methods for
approximating fixed points of a nonexpansive mapping. In 1953, Mann [2] introduced the
iteration as follows: a sequence {x,} defined by

Xpi1 = AnXy + (1 — ay)Txy, (1.2)
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where the initial guess element x; € C is arbitrary and {a,} is a real sequence in [0,1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results is proved by Reich [3]. In an infinite-dimensional Hilbert
space, Mann iteration can conclude only weak convergence [4]. Attempts to modify the Mann
iteration method (1.2) so that strong convergence is guaranteed have recently been made.
Nakajo and Takahashi [5] proposed the following modification of Mann iteration method
(1.2):

x1 = x € C is arbitrary,

Yn = anXp + (1 - an)Txy,
Co={z€C: lyn—2ll < llxu - zIl}, (1.3)
Qn={z€eC:{xy,—2z,x—-x,) >0},

Xna1 = Pc,ng,x, n=1,23,...,

where Px denotes the metric projection from H onto a closed convex subset K of H. They
prove that if the sequence {a,, } bounded above from one, then {x,} defined by (1.3) converges
strongly to Pr(r)x. Takahashi et al. [6] modified (1.3) so-called the shrinking projection method
for a countable family of nonexpansive mappings {T, },.; as follows:

x1=x€H,
C1=C,
Yn = anXn + (1 = an) Ty, (1.4)
Cuer ={z € Cu: lyn — zll < llxn — 2ll},

Xn+l = pC,Hl.X', n=1,2,3,...,

and prove that if the sequence {a,} bounded above from one, then {x,} defined by (1.4)
converges strongly to Pre p(7,)X.

Recently, the present authors [7] extended (1.3) to obtain a strong convergence
theorem for common fixed points of a countable family of L,-Lipschitzian mappings {T, },-;

by
x1 = x € C is arbitrary,
Yn = XXy + (]- - an)Tnxn/
Co={z€C: llyn—2IP <llxu— 22 + 64}, (1.5)

Qu=1{zeC:(x,—z,x—-x,) >0},

Xn+1 = PCnﬂan/ n= ]-/ 2/ 3/ ey
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where 6, = (1 - a,,) (L% - 1)(diam C)> — 0asn — oo and prove that {x,} defined by (1.5)
converges strongly to Pr= p(r,)X.

In this paper, we establish strong convergence theorems for finding common fixed
points of a countable family of Lipschitzian mappings in a real Hilbert space. Moreover, we
also apply our results for asymptotically nonexpansive mappings.

2. Preliminaries

Let H be a real Hilbert space with inner product (:,-) and norm || - ||. Then,
ll2c = ylI? = %l = Iyl* - 2(x - v, y), (2.1)
[Ax + (1 = Dyl = Alx[? + (1 = Dyl - 21 - Vllx -yl (2.2)

forall x,y € H and A € [0, 1]. For any n points x1, x3, ..., x, in H, the following generalized
identity holds:

2 n
= D Nillxll® = D Akl - x17, (2.3)
i=1

i<j

n
2 hixi
i=1

where A; € [0,1] and >, A = 1.
We write x, — x (x, — x, resp.) if {x,} converges strongly (weakly, resp.) to x. It is
also known that H satisfies:

(1) the Opial’s condition [8] that is, for any sequence {x,} with x,, — x,

lim inf||x, — x|| < liminf||x, - y|| (2.4)
n— oo n— oo

holds for every y € H with y #x

(2) the Kadec-Klee property [9, 10]; that is, for any sequence {x,} with x, — x and
lxn|| — llx|| together imply x,, — x.

Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a unique
nearest point in C, denoted by Pcx, such that

lx~Pexl| < [lx -yl ¥yeC. (2.5)

Such a mapping Pc is called the metric projection of H onto C. We know that Pc is
nonexpansive. Furthermore, for x € H and z € C,

z=Pcx iff(x-z,z-y)>0, VyeC. (2.6)

To deal with a family of mappings, the following conditions are introduced: let C be a subset
of a Banach space, let {T,,} and T be families of mappings of C with ;-; F(T,) = F(T) # o,
where F(T) is the set of all common fixed points of all mappings in . {T,} is said to satisfy
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(a) the AKTT-condition [11] if for each bounded subset B of C,

> sup{||Tuiz - Tuzll : z € B} < oo, 2.7)

n=1

(b) the NST-condition (I) with T [12] if for each bounded sequence {z,} in C,

lim ||z, — Tyz,|| = 0 implies lim ||z, - Tz,||=0 VT €T, (2.8)
n—oo n— oo

(c) the NST-condition (1) [12] if for each bounded sequence {z,} in C,

lim ||zps1 — Tpzy|| = 0 implies lim ||z, = Tjnza|| =0 VmeN, (2.9)
n— oo n— oo

(d) NST*-condition with T [13] if for each bounded sequence {z,} in C,
lim ||z, = Tyzal| = 0, lim ||z, = zpa || = 0, (2.10)

imply lim,, o ||zn = Tzn|| =0 forall T € T.

In particular, if T = {T}, then we simply say that {T,,} satisfies the NST-condition (I) with T
(NST*-condition with T, resp.) rather than NST-condition (I) with {T} (NST*-condition with
{T}, resp.).

Remark 2.1. It follows directly from the definitions above that

(i) if {T;,} satisfies the NST-condition (I) with T, then {T,,} satisfies the NST*-condition
with T

(ii) if {T,} satisfies the NST-condition (II), then {T,,} satisfies the NST*-condition with
{Tn}.

Lemma 2.2 (see [11, Lemma 3.2]). Let C be a nonempty closed subset of a Banach space, and let
(T} be a family of mappings of C into itself which satisfies the AKTT-condition, then the mapping
T :C — Cdefined by

Tx=1lmT,x VYxeC (2.11)
n— oo
satisfies
lim sup{||Tz-T,z| : z€ B} =0, (2.12)
n— oo

for each bounded subset B of C.

From now on, we will write ({T,}, T) satisfies AKTT-condition if {T,} satisfies AKTT-
condition and T is defined by (2.11).
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Lemma 2.3 (see [13, Lemma 2.6]). Let C be a nonempty closed subset of a Banach space. Suppose
that ({T,}, T) satisfies AKTT-condition and F(T) = (- F(T,) # @. Then, {T,} satisfies the NST-
condition (I) with T. Consequently, {T,} satisfies the NST*-condition with T.

Remark 2.4. There are families of mappings {T,,} and T such that
(1) {T,,} satisfies the NST*-condition with T, and
(2) {T,} fails the NST-condition (I) with T and the NST-condition (II).

The following example shows that the NST*-condition with T is strictly weaker than
NST-condition (I) with T and the NST-condition (II).

Example 2.5 (see [13, Example 2.9]). Let H := R? and C := [0,1] x [0,1]. Define T}, T» : C — C
as follows:

Ti(x,y) =(x,1-y), T(x,y)=(1-x7y), (2.13)

for all (x,y) € C. Hence, T1 and T, are nonexpansive mappings with

ryarmy = (0 (L) a((L o) = {(LD)}re. @i

Let T, = Ty-1(mod 2)+1- Then, {T,} satisfies NST*-condition but it fails NST-condition (I) with
T and the NST-condition (II).

Lemma 2.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} and {S,,}
be two families of t,-Lipschitzian and s,-Lipschitzian mappings of C into itself, respectively. Let {U,, }
be a family of mappings of C into itself defined by

U, =T, (Bul + (1-Pu)Ss) VneN, (2.15)

where {B,} is a sequence in [a,b] for some a,b € (0,1) and I is an identity mapping. Assume that
{t,} and {s,} are two sequences such that t, — 1and s, — 1. Then, the following statements hold.

(i) {Uy} is a family of Ly-Lipschitzian mappings of C into itself, where L, = (But5 + (1 -
Bu)2s2) 2 and L, — 1.

(ii) Suppose that Ty and T, are families of mappings of C into itself such that F(Cy) =
NZ, F(Ty), F(Ty) = N2, F(Sy) and F(T) 1 F(T) #@. If (T, ) and (S, ) satisfy the
NST*-condition with Ty and T,, respectively, then {U,} satisfies the NST*-condition with
TiUCand

ﬁP(un) = F(T1) N F(Ty). (2.16)

n=1



6 Abstract and Applied Analysis

Proof. (i) We first observe that

Unx = Uny | < £511n (x = ) + (1= Bu) (Sux = Suyy) I
<2 (Ballx = yIP + (1= B)1Sux - Syl

< Putillx = yl* + (1 - Bu)asillx - yII?

(2.17)
= Lyllx -yl

for all x,y € C. That is, U, is L,-Lipschitzian. Since t, — 1 and s, — 1, it follows that
L, — 1.

(ii) Let {z, } be abounded sequence in C such that lim,, —, ;|| zn—Uzx|| = limy, - || Zne1—
zy|| = 0. Let p € F(Ty) N F(Ty), and let M = sup{||z, — Unzull, [|zn — pl| : n € N}. Then
Iz = I < (20 = Unzall + [Unzo = pll)?

= 120 = Unzall® + 2120 = Unza | [Unzn = pl| + [Unzn - plI?

< 3Mlizy = Unzall + I Tu (Buzn + (1 = Bu) Snzn) — Tupll?

< 3Ml|zn = Unzall + l1Bu (20 = ) + (1 = Pu) (Snzn = p) I

= 3M||z ~ Unzull + Butyl|zn = pII* + (1= Bu) 2l Snzn = plI® (2.18)
= Pu(1 = Bu)tullzn = Snzall®

< 3M|zy ~ Unzall + Putyllzn = plI* + (1 = ) trsyllzn — plI?
—a(1-b)zn — Snzall?

= 3M|lzn = Unzall + Lillzn = pII* = a(1 = b) |20 = Suzall®,
for all n € N. In particular,

a(1 = b)|zs -~ Suzall? < 3M1z0 - Unzall + (L2 = 1) 120 - pIP- (2.19)

So, we get

nhjr(}ollzn = Snzall = 0. (2.20)

Since {S,,} satisfies the NST*-condition with T,, we have

lim ||z, — Sz,|| =0 VSeT,. (2.21)



Abstract and Applied Analysis 7

Since

|zn = Tuzull < llzn = Unza|| + |Unzn — Tnzall

(2.22)
<llzn = Unzall + (1= Bu)tullzn = Snzall,
it follows that
lim ||z — Tzl = 0. (2.23)
Since {T,,} satisfies the NST*-condition with Ty, we have
nlif;o”Z" —-Tzy||=0 VT €T. (2.24)

It is easy to see that F(Ti) N F(Ty) C N2 F(Uy,). To see the reverse inclusion, let z €
N1 F(U,) follow the first part of the proof above but now let z, = z. Then, z € F(T;) N
F(T,) = F(T; UT,). Hence, {U,,} satisfies the NST*-condition with T; U C,. O

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Ty;},., be
families of Ly;-Lipschitzian mappings of C into itself for i = 1,2,...,r, respectively. Let {T,} be a
family of mappings of C into itself defined by

Tu= > pPuiTui VY EN, (2.25)
i=1

where {Pui} ey are sequences in [a,b] for some a,b € (0,1) satisfying 37 Pni = 1 foralln € N.
Assume that {L,;},-, are sequences such that L,; — lasn — oo foralli =1,2,...,r. Then, the
following statements hold.

(i) {T,} is a family of L,-Lipschitzian mappings of C into itself, where L, = (3, ﬂm-qu.)l/ 2
and L, — 1.

(ii) Suppose that T; are families of mappings of C into itself such that F(T;) = (ooq F(Tni)
fori=1,2,...,rand N_, F(T;) #@. If {Ty} satisfies the NST*-condition with T; for all
i=1,2,...,r, then {T,} satisfies the NST*-condition with \ J;_, T; and

(\F(T) = (F(T). (2.26)
i=1

n=1
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Proof. (i) From (2.3), we have

2
,
T — Tnsz = Zﬂni(Tnix - Thiy)
i=1
,
< Zﬂni“Tnix - Tniy”2

(2.27)

1l
—_

)
< Zﬁm-qu-> lx - yIP?
i=1

= Lyllx - yI?,

for all x, y € C. That s, T, is L,-Lipschitzian. Since L,; — 1fori=1,2,...,rand >/ fui =1,
it follows that L,, — 1.

(ii) Let {z,, } be a bounded sequence in C such that lim,, —, oo ||z — Tnzn || = imy - o ||Zp1 —
zu|| = 0. Let p € Ni_; F(Ti), and let M = sup{||zn — Tuzall, l|zx — pll : n € N}, it follows from
(2.3) that

2
||Zn - P”Z < (”Zn - Tnzn” + ||Tnzn - P”)

= ||zn - Tnzn”2 + 2|z = Tuzal| ”Tnzn - P” + | Thzn - P”Z

2

iﬁni(Tnizn - P)

i=1

<3Ml|zp = Tyzul| +

C 2.28

= 3Ml|z, - Tuzall + X Buil Tz — pIP = S Buibj| Tuiza - Tzl 32¥
i=1 i<j
r

<3Ml|zn = Tzl + Zﬁni[‘ﬁinzn - P||2 - QZZ”Tnizn - Tann“2
i=1 i<j

=3M||zn — Tzl + LleZn - P||2 - QZZ”Tnizn - TannHZ'

i<j
So, by (i), we get
M [Tz = Tyjzal =0 Vi j€{1,2,...,7}. (2.29)
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Foreachk=1,2,...,r, we have
||Zn - Tnkzn” < ||Zn - Tnzn” + ||Tnzn - Tnkzn”

,
Zﬁni (Tnizn - Tnkzn)

= |lzn = Thzall +

— (2.30)
;
< ||Zn - Tnzn” + Zﬁni”Tnizn - Tnkzn” — 0.
i1
Since each family { Ty}, satisfies the NST*-condition with T,
r
lim ||z, - Tz, =0 VT € Ua. (2.31)

i=1

It is easy to see that (_; F(T;) C Ny~ F(Ty). To see the reverse inclusion, let z € ;2 F(T,).
Follow the first part of the proof above but now let z, = z. Then, z € Ni_; F(T;) = F(U_,T)).
Hence, {T,} satisfies the NST*-condition with J;_; T;. O

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H, and let {T,} be
a family of Ly-Lipschitzian mappings of C into itself with L, — 1 and ;o F(T,) #@. If {T,
satisfies the NST*-condition with T, where T is a family of mappings of C into itself such that F(T) =
M1 F(Ty,), then F(T) is closed and convex.

Proof. 1t follows from the continuity of T, that F(T},) is closed and so is F(T) = (yoq F(Th).
Now, we prove that F(T) is convex. To this end, let x,y € F(T). Put z = tx + (1 — t)y, where
t € (0,1). From (2.2), we have

Iz = Tuzl? = tlx = Tuzl® + (1 = )lly - Tuzll* - t(1 - D)llx - yI?
<tLyllx =zl + (1= HLally - 2l - t(1 - Bllx — yl? (2.32)

=t(1-1)(L3 1) lx -yl
So, we get
lim [|z = Tyyz|| = 0. (2.33)

Since {T,} satisfies the NST*-condition with T, we have ||z = Tz|| = 0 for all T € T. Then,
z € F(T) and so F(T) is convex. O

Remark 2.9. The conclusions of Lemmas 2.6, 2.7, and 2.8 remain true if we replace a Hilbert
space with a uniformly convex Banach space. Recall a Banach space X is uniformly convex if for
any € > 0, there exists 6 > 0 such that ||x|| = |[|y|| =1 and ||x - y|| > e imply |[(x+y)/2|| < 1-6.
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3. Main Results

In this section, using the method introduced by Takahashi et al. [6], we obtain a strong
convergence theorem for a countable family of Lipschitzian mappings.

Recall that a mapping T : C — C is closed (demiclosed, resp.) at y if whenever {x,} is a
sequence in C satisfying x, — x (x, — x, resp.) and Tx, — y,thenx € Cand Tx = y.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T,}
be a family of L,-Lipschitzian mappings of C into itself with a common fixed point. Assume that {a,, }
is a sequence in [0, b] for some b € (0,1). For x1 = x € H and Cy = C, one defines a sequence {x, }
of C as follows:

Yn = XXy + (]- - an)Tnxn/
Cunt = {2 € Cat lym =2l < llxa — 22+ 6, }, (3.1)

Xn+l = pC,Hl.X', n=1,2,3,...,

where

0, = (1- an)<Li - 1>(diamC)2 50 asn—s oo. (3.2)

Suppose that T is a family of mappings of C into itself such that F(T) = (\;2y F(Ty) and I — T is
closed at O for all T € T. If {T,,} satisfies the NST*-condition with C, then {x,} converges strongly to
Pp(t)x.

Proof. By Lemma 2.8, we have F(T) is closed and convex. We now prove that C, is closed and
convex for each n € N by induction. It is obvious that C; = C is closed and convex. Assume
that Cy is closed and convex for some k € N. For z € Ci, we know that

lyk = zII* < llxk — zI|* + 6k (3.3)
is equivalent to
20k =y, 2) < Nl = llyell® + Ok (3.4)
It follows that Cy,1 is closed and convex. Next, we show that

F(T)cC, VneN (3.5)
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It is clear that F(C) € C; = C. Suppose that F(T) C Ci for some k € N. Then, for p € F(T),

vk —plI* = llaxxi + (1 = o) Texi — plI®
< allxx = plI* + (1 - ax) | Toexx - plf®
< aillxe = plP + (1 - a0) L |lxe — plP (3.6)
= [l = pl? + (1= @) (L2 - 1) [lx - pI1?

< |lxx = plI* + 6k,

we have p € Cy,q. Therefore, we obtain (3.5). Now, the sequence {x,} is well defined. As
xn = P C,, X,

|lxp —x|| < ||z=x| VzeC,VneN (3.7)
In particular, since F(T) C C,,
lxu—xll <llp- x|l ¥p e F(T), ¥neN. (3.8)
On the other hand, from x,, = Pc,x and x,+1 € Cpy1 C C,, we have
0 = x| < llxps1 — x| VrneN (3.9)
Therefore, {||x, — x||} is nondecreasing and bounded. So,

lim ||x;, — x|| exists. (3.10)
n— oo

Noticing again that x, = Pc,x and for any positive integer k, X,+x € Cyak-1 C Cp,, we have

(% — Xpsk, X — X ) > 0. (3.11)
It follows from (2.1) that

e xn”2 = || (e — x) = (20 — x)”Z
= ||xp4k — x||2 —|lxn = x||2 = 2(Xp+k — Xn, X — X) (3.12)

< lotnek = x> = llxn = x|

It then follows from the existence of lim,_ ||x, — x||* that {x,} is a Cauchy sequence.
Moreover,

Tim [lacs1 = xa]| = 0. (3.13)
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We now assume that x, — w for some w € C. Now, since x,,1 € C,y1 and C,y1 C Cy,
lyn — X1 l|* < |30 — Xps1||* + 6, which implies that

lyn = Xneall < l|xn = Xpsa || + VO, — 0. (3.14)
Froma, <b <1, we get
1
llcn = Tuxnull = 1 ||}/n = x|
-y
(3.15)
1
< m(”yn — Xps1|l + [[2n — xn+1“) — 0.
Since {T,} satisfies the NST*-condition with T, we have
lim ||x, - Tx,|| =0 VT e T. (3.16)
n— oo

Since I — T is closed at O for all T € T, we have (I - T)w = 0. This implies that w € F(T).
Furthermore, by (3.8),

e - xll = lim ||, ~ x| < p - || Vp € F(T). (3.17)

Hence, w = Pr(cyx. This completes the proof. O

Lemma 3.2 (see [9, Theorem 10.4]). Let C be a nonempty closed convex subset of a real Hilbert
space, and let T : C — C be a nonexpansive mapping. Then, I — T is demiclosed at 0.

It is not difficult to see from the proof of Theorem 3.1 that the boundedness of C can
be discarded if {T,} is a family of nonexpansive mappings. So, we immediately obtain the
following theorem.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} and
T be two families of nonexpansive mappings of C into itself such that ;-4 F(T,) = F(T) # @ and
suppose that {T,} satisfies the NST*-condition with T. Assume that {a,} is a sequence in [0, b] for
some b € (0,1). Then, the sequence {x,} in C defined by (1.4) converges strongly to Pr(t)x.

Remark 3.4. Theorem 3.3 includes [6, Theorem 3.3] as a special case since the NST-condition
(I) with T implies the NST*-condition with T.

Theorem 3.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T,}
be a family of L,-Lipschitzian mappings of C into itself with a common fixed point. Suppose that T
is a family of mappings from C into itself such that F(T) = oy F(T,) and I — T is demiclosed at
0 for all T € T. Assume that {a,} is a sequence in [0,b] for some b € (0,1). If {T,,} satisfies the
NST*-condition with 'C, then the sequence {x,} in C defined by (1.5) converges strongly to Prz)x.

Proof. The proof is analogous to the proof of [7, Theorem 10] and Theorem 3.1, so it is omitted.
O
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4. Deduced Results

Let C be a subset of a real Hilbert space H. A mapping T : C — C is said to be an
asymptotically nonexpansive if there exists a sequence {k,} of real numbers such that k, €
[1,00), kn — 1, and

IT"x =Tyl <knllx -yl Vx,y €C, neN 4.1)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [14]
as an important generalization of the class of nonexpansive mappings. They proved that if C
is nonempty bounded closed convex and T is an asymptotically nonexpansive self-mapping
of C, then T has a fixed point.

In this section, we use the NST*-condition to obtain recent results proved by Kim and
Xu [15], Plubtieng and Ungchittrakool [16], and Zegeye and Shahzad [17, 18]. We start with
the following auxiliary result.

Lemma 4.1. Let C be a nonempty closed convex subset of a Hilbert space H, and let T be an
asymptotically nonexpansive mappings of C into itself with a sequence {k,} in [1,00) satisfying
k, — 1 and F(T)#@. Then, {T"} is a family of k,-Lipschitzian mappings of C into itself and
satisfies the NST*-condition with T.

Proof. We note that {T"} is a family of k,-Lipschitzian mappings of C into itself. Let {z,} be a
bounded sequence in C such that

lim ||z, = T"z,|| =0, lim ||zp+1 — z4|| = 0. (4.2)
n— oo n— oo

Since

|zne1 = Tzus1ll < N1 Zne1 — Tn+1zn+1” + ||Tn+1zn+1 —Tzp||

<Nzner = T zpsa | + k| T 201 — Zna |

(4.3)
<lzpe = Tn+1zn+1” + ki (IT" zne1 = T"zall + IT" 20 = Zall + |Zns1 — Zall)
<zt — Tn+1zn+1” +ki(kn + D|zns1 — zall + K| T" 20 — 2|,
it follows that
lim ||z, — Tz,|| = 0. (4.4)
n— oo

It is easy to see that F(T) C (,-; F(T"). To see the reverse inclusion, let z € N;2; F(T")
following from the first part of the proof above, but now let z, = z. Then, z € (;2; F(T"), and
hence N;2; F(T™) ¢ F(T). This implies that {T"} satisfies the NST*-condition with T. O

Lemma 4.2 (see [19]). Let C be a nonempty bounded closed convex subset of a Hilbert space H, and
let T be an asymptotically nonexpansive mappings of C into itself. Then, I — T is demiclosed at 0.
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Using Theorem 3.1 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.3. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, and let
S, T be two asymptotically nonexpansive mappings of C into itself with sequences {s,} and {t,},
respectively, and F(S) N F(T) # @. Assume that {a,} is a sequence in [0,b] and {B,} is a sequence in
[a,b] for some a,b € (0,1). For x1 = x € H and Cy = C, one defines a sequence {x,} of C as follows:

Zn = Puxn + (1= Pn)S"xy,

Yn = XXy + (1-an)T"zy,
(4.5)
Crr = {z € Cutllyn - 2l < llxo - 2l + 6.},

Xps1 =Pc,,x, n=123,...,

where

0= (1-a)((2-1)+ (1-B)E(s3-1))(iamC)> —0 asn—oco.  (46)

Then, {x,} converges strongly to Prs)nr(r)X.
Using Theorem 3.5 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.4 (see [16, Theorem 3.1]). Let C be a nonempty bounded closed convex subset of a real
Hilbert space H, and let S, T be two asymptotically nonexpansive mappings of C into itself with
sequences {s,} and {t,}, respectively, and F (S) N F(T) # @. Assume that {a,} is a sequence in [0, b]
and {B,} is a sequence in [a, b] for some a,b € (0,1). For x; = x € C, one defines a sequence {x,} of
C as follows:

Zn = ﬁnxn + (1 - ﬁn)Snxn/

Yn=anXn+ (1 —a,)T"z,,
Co={z€C: llyn—2IP <llxu - 22 + 64}, (4.7)

Qn={z€eC:{xy,—2z,x—x,) >0},

Xn+1 = PCnﬂan/ n= 1/2/3/"'/
where

0, =(1- an)<(ti - 1) +(1 —pn)ti<si -1))(diamC)* —0 asn—oo.  (48)

Then, {x,} converges strongly to Prs)nr(r)X.
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Using Theorem 3.1 and Lemmas 2.7 and 4.1, we have the following result.

Theorem 4.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T;}_,
be a finite family of asymptotically nonexpansive mappings of C into itself with sequences {ky;} for
i=1,2,...,r, respectively, and suppose that (., F(T;) # @. Assume that {a;},.q are sequences in
[0,1) such that ayg < b < 1, ap; > a > 0 for some a,b € (0,1) and >,y an; = 1 for all n € N. For
x1=x € H and Cy = C, one defines a sequence {x,} of C as follows:

Yn = anoXn + a1 T Xy + 02T x0 + - + a0, T} X,

Cpit = {zeCn Ny -zl < ||xn—z||2+9n}, (4.9)

Xps1 =Pc,,x, n=1,273,...,

where

0, = (cxnl <ki1 - 1> + (ki2 - 1) + ot Ay (kﬁr - 1>>(diam C)2 —0 asn— oo.
(4.10)

Then, {x,} converges strongly to Pry_r(r)x.

Using Theorem 3.5 and Lemmas 2.7 and 4.1, we have the following two results which
were proved by Zegeye and Shahzad [17, 18].

Theorem 4.6. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
{T;}i_; be a finite family of asymptotically nonexpansive mappings of C with sequences {ky;} for
i=1,2,...,r, respectively, and suppose that (\_, F(T;) # @. Assume that {a,;},., are sequences in
[0,1) such that ayy < b < 1, ay; > a > 0 for some a,b € (0,1) and >,7_,an; = 1 for all n € N. For
x1 = x € C, one defines a sequence {x,} of C as follows:

Yn = XnoXn + @1 T1' X0 + AT X0 + - + A T X,
C, = {z €C: llyn— 22 < llxn - 2|2 +9n},

(4.11)
Qn = {ZG C: (le_Z/x_xn> 20}/

Xn+l = PCannx, n=1,2,3...,

where

On = (a0 (K2 = 1) + @ (k2 = 1) + -+ ay (K2, 1) ) (diam C)* — 0 as n — oo,
(4.12)

Then, {x,} converges strongly to Py p(r;)x.
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Theorem 4.7. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
T ={T:(t) : t € R*, i =1,2,...,r} be a finite family of asymptotically nonexpansive semigroups
such that F = "_, F(%;) # @. Assume that {ay;} ey are sequences in [0,1) such that

anp<b<l, an >a>0, (4.13)

for some a,b € (0,1) and 3[_yan =1 foralln € N. Let {tn;, i =1,2,...,r} be finite positive and
divergent real sequences. For x1 = x € C, one defines a sequence {x,} of C as follows:

1 |1 1 tn2
Ap0Xy + App — f T1(u)x,du + a,,— f Ty (u)x,du
tu Jo ti2 Jo

Yn =
1 Enr
T G J‘ T, (u)xndu,
o (4.14)
Co={z€C:llyn—2IP < lxw — I + 6, },

Qn={zeC:{(xp—z,x—x,) >0},

Xna1 = Pc,ng,x, n=1,23,...,

where

O = (an (12~ 1) + (L2, = 1) + -+ + @y (12, -1) ) (diam C)> — 0 as n — oo, (4.15)
with L, = (1/tn;) j(;”" LiT"du. Then {x,} converges strongly to Prx.
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