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The mixed viscosity approximation is proposed for finding fixed points of nonexpansive
mappings, and the strong convergence of the scheme to a fixed point of the nonexpansive mapping
is proved in a real Banach space with uniformly Gateaux differentiable norm. The theorem about

Halpern type approximation for nonexpansive mappings is shown also. Our theorems extend and
improve the correspondingly results shown recently.

1. Introduction and Preliminaries

Let E be a real Banach space with norm || - ||, E* denote the dual space of E, and (-, -) denote
the generalized duality pairing. Let J : E — 2F" denote the normalized duality mapping
defined by

J@) = {f e X" (x f7) = [IF =],

£l =llxll}, VxeE. (1.1)

It is well known that the following results: Vx,y € E, Vj(x + y) € J(x + y), Vj(x) € J(x),

lxll? +2(y, () < |+ y|* < IxlP + (v, j(x + v)). (1.2)
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Let U = {x € E : ||x|| = 1} be the unit sphere of Banach space E, the norm of E is said
to be Gateaux differentiable if the limit

hmw (1.3)
t—0 t

exists for each x, y € U. Such an E is called a smooth Banach space. The norm of Banach space
E is said to be uniformly Gateaux differentiable if for each y € U, the limit lim; o ((||x + ty|| -
lx]l)/t) is attained uniformly for x € U. A Banach space E is said to be strictly convex if

x|l =|ly||=1 x#y implies ”x;r—y” <1, (1.4)

to be uniformly convex if for all € € [0, 2], 36, > 0 such that

vl s (15)

lel = [lyll =1, |lx - ]| > e implies

It is well known that (see [1, 2]): (1) if E has a uniformly Gateaux differentiable norm,
then J is norm-to-weak* continuous on bounded set of E. (2) If a Banach space E admits
a sequentially continuous duality mapping J from weak topology to weak star topology,
then the duality mapping | is single-valued. (3) Each uniformly convex Banach space E is
reflexive and strictly convex and has fixed point property for nonexpansive self-mappings;
every uniformly smooth Banach space E is a reflexive Banach space with a uniformly Gateaux
differentiable norm and has fixed point property for nonexpansive self-mappings.

Let C be a nonempty closed convex subset of a Banach space E. If D is a nonempty
subset of C, then a mapping P : C — D is said to be a retraction if Px = x for all x € D.
A mapping P : C — D is said to be a sunny if P(Px + t(x — Px)) = Px, Vx € C where
t > 0. A subset D of C is said to be a sunny nonexpansive retract of C if there exists a sunny
nonexpansive retraction of C onto D. For more details, see [2]. Note that every closed convex
subset of a Hilbert space is a nonexpansive retract. In the sequel, we always take P to denote
the sunny nonexpansive retraction of E onto C.

LetT : C — C be a nonexpansive mapping; for a sequence {a,} C (0,1) and a fixed
contractive mapping f : C — C, the sequence {x,}, iteratively defined in C by

Xne1 = Onf(xn) + (1 —an)Tx,, n=0,12,..., (1.6)

is said to be viscosity approximation. If f(x,) = yo for a given yy € C, it is called Halpern
approximation which was first introduced by Halpern [3] in 1967. Under the following
assumption:

[ee)
(i) lima, =0, Z(xn = oo,
n=0

n—oo

(1.7)
(i) Dl — ol < o0 (or Jim L _ 1>,

n=0 n— oo an
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Xu [4] proved the strong convergence of {x,} to a fixed point of T in Hilbert spaces and in
uniformly smooth Banach spaces in 2004. In [3], Halpern pointed out that the condition (i)
is necessary for the convergence of the Halpern approximation to a fixed point of T. At the
same time, he put forth the following open problem: is the condition (i) a sufficient condition
for the convergence of the Halpern approximation to a fixed point of T? which was put forward by
Reich in [5] also. In order to answer the open question, many authors have done extensively
some works; see [6-11] and the references therein. In [7-9], the strong convergence of the
Halpern approximation depends on the convergence of the path x; = tyg+(1-£)Tx;(t € (0,1)).
In [6], Song got rid of the dependence on the convergence of the path x;, and proved the
convergence of the Halpern approximation under the assumptions for {a,} and T as follows:

oo . +
(iii) E a, = oo, E lapi1 —ay| <oo (or lim == =1),
n=0 n=0 n—o Ay

(iv)  Kmin[ |F(T)#0,

(1.8)

where Kmin = {z € C : Uyllxn—z| = infyecUy||x, - y||2} and U, is a Banach limit.
Recently, many authors have studied extensively the problem of approximating a fixed point
of nonexpansive nonself-mappings T : C — E in a Banach space, by using the Halpern type
iteration (see [12-16]) and the viscosity type iteration (see [17-23]).

In this work, on one hand, we will prove the strong convergence of the mixed viscosity
iterative scheme, which is introduced as follows: for any chosen x; € C,

Yn = (1-0,)x, +0,Txy,

(1.9)
X1 = anf (xn) + (1 - an) [(1 - ﬁn)xn +,6nTyn]), Yn>0,

where f : C — C is a fixed contractive mapping, {a,}, {f.}, and {0,} are the real number
sequences in (0, 1), to a fixed point of the nonexpansive mapping T : C — C in a real Banach
space with uniformly Gateaux differentiable norm under the following conditions:

nlif;oa" =0, i“" = oo,
n=0
0< lir¥r_1)i£fﬁn <limsupf, <1, (C1)
1im 0, =0,
(iv)" Kumin [\ F(T) #9, (1.10)

where Kmin = {z € K : Uy||x, — z||* = infyec Uyl — y|*}, Uy is a Banach limit, and {x,) is
defined by (1.9). On the other hand, we will show that the condition (iv)’ is not necessary for
proving the strong convergence of the mixed viscosity iterative scheme. As the applications,
we will show some results about mixed viscosity type approximation and Halpern type
approximation for nonexpansive nonself-mappings also. Our theorems complement and
generalize the corresponding results in [8, 9, 16, 24-26].

Now, we recall the following lemmas for proving our theorems firstly.
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Lemma 1.1 (see [27]). Let {x,} and {y,} be bounded sequences in a Banach space E, {t,} C [0,1]
a sequence satisfying

0 <lim inft, <limsup t, < 1. (1.11)

n— oo 11— 00

Suppose that xy.1 = tyYn + (1 —ty)xy, foralln =0,1,2,..., and

limsup(||yn+1 - yn" - ”xn+1 - xn”) <0. (1-12)

n— oo

Then limy, , o ||y — Yull = 0.

Lemma 1.2 (see [28]). Let {ay}, {b,} and, {c,} be sequences of nonnegative real numbers such that
an1 < (1—ap)a, + apby + ¢, VYn > 0. If {a,} C [0,1],

szn = oo, limsupb, <0, ch < oo, (1.13)
n=1 n—oo n=1

then lim,, _, ,a, = 0.

2. Main Results

In this section, the mixed viscosity iterations for a contractive self-mapping f for
approximating to a fixed point of nonexpansive mapping T : C — C are studied in a real
Banach space.

Theorem 2.1. Let C be a nonempty closed convex subset of a real Banach space E. Let T : C — C
be a nonexpansive mapping with F(T) = {x € C: Tx = x} #@and f : C — C a fixed contractive
mapping with the contractive coefficient k € (0,1). If the sequences {a,}, {Pn}, and {6,} in (0,1)
satisfy (C1) and for any xo € C, the sequence {x,} is defined as follows:

Yn=(1-0,)x,+0,Tx,,

@2.1)
Xnt1 = lxnf(xn) +(1-ay) [(1 - ﬁn)xn + ﬂnTyn])/ Vn > 0;

then we obtain the following:

(1) {xn} is bounded;

(2) limy — o5 [|Xns1 — x|l = 0 and limy, -, o |2 — Txp|| = 0.
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Proof. First we show that {x,} is bounded. Now let z € F(T), then

lyn = 2|l = [I(1 = 64) (xn = 2) + 0u(Txtn = T2)|| < [l - 2[I;
xn1 = 2zl = || anf (xn) + (1= an) [(1 = Bn)xn + uTyn] — 2
<an||(f(xn) = f(2)) + (f(2) - 2) |
+ (L= an)||(1 = Bu) (n = 2) + fu(Tyn — 2) |

< ank||x, — z|| + an || f(z) — z|| + (1 = an) B || Tym — Tz||

7

+(1- “n)(l _ﬁn)”xn -z||
(2.2)
< “nk“xn - Z” + “n"f(z) - Z” + (1 - “n)ﬁn”yn - Z”
+ (1= a,) (1= Bu)llxn — 2|l

St f(2) = z|| + (1= an(1 = k))llxcu — 2|

gmax{lik”f(z)—z ,||xn—z||}

< max{ S 1@ - 2l o - 21

Therefore, {x,} is bounded, so are {Tx,}, {yn}, {Ty,}, and { f(x,)}. Next, we show that
1My o |01 — 2]| = 0. (23)
Forall n >0, let
X1 = YnXn + (1= Yn) Un, (2.4)
where y, = (1 -a,)(1 - B) € (0,1), then

0 <lim infy, <limsupy, <1. (2.5)

=
n n—oo
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Note that
Ml — Uy = Xn+2 = Yn+1Xn+1 _ Xn+1 = YnXn
1- Yn+1 1- Yn
_ lxn+1f(xn+1) + (1 - an+1) [(1 - ﬂn+1)xn+1 + ﬁn+1T]/n+1] ~ Yn+1Xn+1
1- Yn+1
anf () + (1= @) [(1 = Bu)xn + PuTYn] = YuXn
1-y,
a‘rl
= 1 ;1 (f(xn+1) + Tyn+1 ) - (Tyn+1 - Tyn)/
n+1

||Tyn+1 - Tyn|| < ||yn+1 - ]/n” <1 = Xnll + Onat | Xne1 = Txnaa || + Onllxn — Txp]|.

Hence, we have that

[[ttns1 = tn| < ||f(xn+1) + T]/n+1|| + e "f(xn) + T]/n”

1

+ ||xn+1 - xn” + 6n+1”xn-¢—l - Txn+1|| + 611”-7‘:11 - Txn”-

(2.6)

(2.7)

(2.8)

Then it follows from the boundedness of {x,}, {Tx,}, {Ty,}, and {f(x,)}, and (C1) that

limsup, _, . ([[tne1 = tnll = [Xns1 = xnl]) 0.

It follow from (2.9) and Lemma 1.1 that

limy, oo || — un|| = 0,

limn—>oo||xn+1 - xn” =0

Since

Xn+l — X = “n(f(xn) - xn) + (1 - an),ﬁn<T]/n - xn)/

Xn—Yn = Qn(xn - Txn)/

(1 - “n),ﬁn”Tyn - xn” < ||xn+1 - xn” + an”f(xn) - xn”/
from (C1), (2.11) and, the boundedness of {x,}, {Tx,}, and { f(x,)}, we have

iMoo || %0 = Tyal| =0,  limu—o||2n — yu| = 0.

(2.9)

(2.10)
(2.11)

(2.12)

(2.13)

(2.14)
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From
|xn1 = Tx|| < ”T]/n - Txn” + ”xn - Tyn” + | Xns1 = Xl
(2.15)
< ”yn - x"” + ”x" - Tyn” + ||xn+1 - xn“r
we obtain
limy, - oo ||xn41 — Txy|| = 0. (2.16)
Therefore, lim,,_, o ||x,, — Tx,|| = 0. This completes the proof. O

Proposition 2.2 (see [18]). Let C be a nonempty closed convex subset of a real Banach space E
which has uniformly Gateaux differentiable norm. Suppose that {x,} is a bounded sequence of E
such that lim, _, o,||Xp41 — xu|| = 0 and U, is a Banach limit. If z € C such that U, ||x, — z||* =
inf, e Unllxn = ylI?, then

limsup (y -z,j(x,—2)) <0, VyeC. (2.17)

n— oo

Let {x,} be defined by (2.1) and a,, € (0, 1), it follows from Theorem 2.1 that {x,} is
bounded. Let

9(y) = Unllxn —ylI> VyeC, (2.18)

then ¢(y) is convex and continuous. If E is reflexive, there exists z € C such that ¢(z) =
inf cce(y) (see [2], Theorem 1.3.11). Let

Kmin = {z € C:¢p(z) =infecp(y)}, (2.19)

then Kpin #0 is a closed convex subset in a reflexive Banach space E.

Theorem 2.3. Let C be a nonempty closed convex subset of a real Banach space E which has uniformly
Gateaux differentiable norm. Suppose that T : C — C is a nonexpansive mapping with F(T) #0, f is
a fixed contractive mapping with the contractive coefficient k € (0,1), and the sequences {ay}, {Pn}
and {0,} in (0,1) satisfy (C1). Iflzmin N F(T) # 0, then the sequence {x,} defined by (2.1) converges
strongly to a fixed point of T as n — oo.
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Proof. Take z € Kumin NF(T). It follows from Theorem 2.1 that {x,} is bounded and
limy, —, 5 ||x41 — X4|| = 0. For f(z) € C, by Proposition 2.2, we have that

limsup, ,_ (f(z) -z j(x,—z)) <0. (2.20)

Next, we show that lim,, _, ..x,, = z. Since

Xna1 — (Anf (x0) + (1= an)z) = (Xp1 — 2) — @ (f (x0) — 2),
||xn+1 - (anf(xn) +(1- an)z) ” < ”(1 - an) [(1 - ﬂn)xn + ﬂnTyn] -(1- an)Z”
= [[(1 = @) [(1 = ) Gen = 2) + Pu(Tyn = T2) |

< (1= an)llxn =2,

(2.21)

then

l|lxns1 — Z”2 = <xn+1 - (anf(xn) +(1- an)z)/j(xnﬂ - Z)>
+an(f (xn) = 2, j(Xns1 = 2))
< Jxner = (@nf (xn) + (1 = @) 2) || 12041 — 2]

+an ((f (xn) = f(2),j (i1 = 2)) + (f(2) = 2, j (X1 = 2)))

<

(1= ) (It = 2IP + v = 2) + %an(llﬂxn) = F@I + lxna - 2IP)

N —

+an(f(2) - 2, j(xnn1 - 2))

< %(1 - ay, (1 - kZ)) 12w = 2|* + %leml — 2|+ 2, {f(2) = 2, j (Xns1 — 2))-
(2.22)

Hence,

lni = 2l < (1= an (1= K2) )l = 2IP + 200 (f(2) = 2,j (enen = 2)). (223)

Let a, = ||x, - z||* and b, = (2/(1 = k*)){y — 2, j(¥ns1 — 2)); it follows from Lemma 1.2 that
{x,} converges strongly to z € C. This completes the proof. O

Proposition 2.4. Let E be a real reflexive Banach space with uniformly Gateaux differentiable norm,
C a nonempty closed convex subset of E, T : C — C a nonexpansive mapping with F(T) #0, and
{xn} defined by (2.1). Then Kmin (F(T) #0.

Proof. From the reflexivity of E and the definition of IZmin, it follows that Kmin is a nonempty
closed convex subset of E. By Theorem 2.1, we know that lim,, _, o ||x5+1 — Tx,|| = 0.
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Claim that T(Ime) C Izmin. Indeed, for any x € Izmin, we have

(P(Tx) = 7/ln“xn - Tx”Z = 7/ln||xn+1 - Tx”Z
(2.24)
< WUy ([1ns1 = Txull + T = Tx|))* < Uyl = x| = ().

Therefore, Tx € Ime and T(Km) C Ime. B
Since F(T) # @, there exists unique u € Ky such that ||z — u|| = inf

z€F(T).ByTz=zand Tu € I%mim we have

e 1z = x|, for all

|z~ Tull = IITz - Tull < |1z — ull. (2.25)

Hence u = Tu by the uniqueness of u € Komin. Thus Knin N F(T) #0. O
By the above results, we can obtain the following theorem.

Theorem 2.5. Let E be a real reflexive Banach space with uniformly Gateaux differentiable norm, C
a nonempty closed convex subset of E, T : C — C a nonexpansive mapping with F(T)#®, and f a
fixed contractive mapping with the contractive coefficient k € (0,1). If the sequences {a,}, {Bn}, and
{68,} in (0,1) satisfy (C1), then the sequence {x,} defined by (2.1) converges strongly to a fixed point
of T.

Remark 2.6. Theorem 2.5 shakes off the assumption lim,, ., o, || Ty, — y»|| = 0in [26] and extends
Theorem 1 in [24] shown in uniformly smooth Banach spaces.

Theorem 2.7. Let E be a real strictly convex Banach space E with uniformly Gateaux differentiable
norm and C a nonempty closed convex subset of E which is a sunny nonexpansive retract of E. Let
T : C — E be a nonexpansive nonself-mapping with F(T) = {x e C: Tx =x}#@and f : C — Ca
fixed contractive mapping with the contractive coefficient k € (0,1). Suppose that the sequences {ay},
{Bn}, and {6, } in (0,1) satisfy (C1), C is a sunny nonexpansive retract of E, and the sequence {x,}
is defined as follows:

for any xo € C,
Yn = (1= 0n)xn + 0,PTxy, (2.26)

Xnt1 = anf(xn) +(1-ay) [(1 _ﬂn)xn + ﬁnPTyn])/ Yn >0;

If {z € C : Uylx, —z|? = infyecUy||xy —y||2} N F(T)#0, then the sequence {x,} converges
strongly to a fixed point of T asn — oo.

Proof. 1t follows from [12, Lemmas 3.1 and 3.3] that F(T) = F(PT), and then F(PT) #{. By
replacing T by PT in Theorem 2.3, we can show that the conclusion holds. O
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Theorem 2.8. Let E be a real reflexive and strictly convex Banach space with uniformly Gateaux
differentiable norm, C a nonempty closed convex subset of a real Banach space E which is a sunny
nonexpansive retract of E, T : C — E a nonexpansive nonself-mapping with F(T) #, and f a fixed
contractive mapping with the contractive coefficient k € (0, 1). If the sequences {a,}, { fn} and {6, } in
(0,1) satisfy (C1), then the sequence {x,} defined by (2.26) converges strongly to a fixed point of T.

Proof. It follows from [12, Lemmas 3.1 and 3.3] that F(T) = F(PT), and then F(PT) #{. By
replacing T by PT in Theorem 2.5, we can show that the conclusion holds. O

Corollary 2.9. Let E be a real uniformly convex Banach space with uniformly Gateaux differentiable
norm, C, T, f, {a,}, and {P,} as Theorem 2.8. Then the sequence {x,} defined by (2.1) converges
strongly to a fixed point of T.

3. Some Applications

In this section, we introduce the following Halpern type approximation: for the given xo, ug €
C, the sequence {x,} is defined by
Yn=(1=04)x, +0,Txy,

(3.1)
Xne1 = Ao + (1= ) [(1 = ) Xn + BuTyu]), VYn >0,

and show some results about Halpern type approximation for nonexpansive mappings,
which generalize and improve some known conclusions.

Define Cuin = {z € C: ¢(2) = inf,cco(y)}, where ¢(y) = Uy |x, - y|? forall y € C and
{x} is defined by (3.1).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Banach space E which has uniformly
Gateaux differentiable norm. Suppose that T : C — C is a nonexpansive mapping with F(T) #0, f is
a fixed contractive mapping with the contractive coefficient k € (0,1), and the sequences {a,}, {fn},
and {0, } in (0,1) satisfy (C1). If Cin ( F(T) # 0, then the sequence {x,} defined by (3.1) converges
strongly to a fixed point of T asn — oo.

Proof. First we show that {x,} is bounded. Now let z € F(T), then

0 = 2]| = 11(1 = 80) (xn = 2) + 0u(Totu = T2)|| < |l 2,
1xne1 — 2l = || (anrio + (1 = ) [(1 = Br) xu + PuTyn] ) — 2|
< aglluo = zll + (1 = ) [| (1 = Bu) (0n = 2) + Pu(Tyn - 2) ||
< anlluo = zll + (1 = @) | Tyn = Tz || + (1 = ) (1 = ) 1260 = 2|
< aplluo =zl + (1 = a2, — 2|
< max({llug - z||, l|lxo - zIl}.
Therefore, {x,} is bounded. Then C;, is well defined.

In the proofs of Theorems 2.1 and 2.3, take f(x) = ug for all x € C; we can show
similarly that the conclusion holds. O
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Remark 3.2. 1f 0, = O for all n = 0,1,2,..., Theorem 3.1 weakens the condition of {f,} of
Theorem 4.1 in [6].

Theorem 3.3. Let C be a nonempty closed convex subset of a real reflexive Banach space E which
has uniformly Gateaux diﬁ‘erentiable norm. Suppose that T : C — C is a nonexpansive mapping
with F(T) # 0 and the sequences {ay,}, {Bn}, and {6, } in (0,1) satisfy (C1). Then the sequence {x,,}
defined by (3.1) converges strongly to a fixed point of Tasn — oo.

Proof. Take f(x) = ug for all x € C in Theorem 2.5; it is easy to show that the conclusion
holds. O

Remark 3.4. 1f 0, = 0 for alln = 0,1,2,..., Theorem 3.3 gets rid of the dependence on the
implicit anchor-like continuous path z; = ty + (1 — )Tz in Suzuki’s Theorem 3 in [9] and
Theorem 3.1 of C. E. Chidume and C. O. Chidume [8]. It also complements and generalizes
[25, Theorem 1], which is proved in uniformly smooth Banach spaces.

Theorem 3.5. Let C be a nonempty closed convex subset of a real reflexive and strictly convex Banach
space E which has uniformly Gateaux differentiable norm. Suppose that C is a sunny nonexpansive
retract of E, T : C — E is a nonexpansive nonself-mapping with F(T) #®, f is a fixed contractive
mapping with the contractive coefficient k € (0, 1), the sequences {a,}, {Bn}, and {6, } in (0, 1) satisfy
(C1), and the sequence {x,} is defined as follows,

for the given xp,ug € C,
=(1-06,)x, +6,PTx,, (3.3)
X1 = auig + (1= ay) [(1 = Bu)xn + BuPTyy,]), Vn>0.

Then the sequence {x,} converges strongly to a fixed point of T asn — oo.

Remark 3.6. 1f 6, =0foralln =0,1,2,..., Theorem 3.3 improves and generalizes Theorem 3.2
in [16]: it gets rid of the restriction of 6 € (0,1) and dependence on the implicit anchor-like
continuous path z; = ty + (1 — t) PTz;.
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