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The boundedness and compactness of weighted iterated radial composition operators from the
mixed-norm space to the weighted-type space and the little weighted-type space on the unit ball

are characterized here. We also calculate the Hilbert-Schmidt norm of the operator on the weighted
Bergman-Hilbert space as well as on the Hardy H? space.

1. Introduction
Let z = (z1,...,24) and w = (wy,..., wy,) be points in C", (z,w) = >[_; zkwy, and |z| =
V{(z,z).Let B = {z € C" : |z| < 1} be the open unit ball in C", 0B its boundary, and H(B) the

class of all holomorphic functions on IB.
For an f € H(B) with the Taylor expansion f(z) = 3559 apz’, let

Rf(z) = Z |ﬁ|aﬂzﬁ (1.1)
|8]>0

be the radial derivative of f, where = (B, p2, ..., Bn) is a multi-index, || = 1 +--- + p, and
zP = zy zﬁ" [1]. It is easy to see that

Rf(z) =(Vf(2),2), (1.2)

where V f is the complex gradient of function f.
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The iterated radial derivative operator R™ f is defined inductively by
Wf:%(mm-lf), meN\ {1}. (1.3)

A positive continuous function v on the interval [0, 1) is called normal [2] if there are
6€[0,1) and T and t, 0 < T < t such that

(1v_(r:)T is decreasing on [§,1), }111} (;’E?)T =0,

(1.4)
L)t is increasing on [6,1), lim v(r) ;=00
(1-7) r=1(1-r)

If we say that a function v : B — [0, 00) is normal, we also assume that it is radial, that is,
v(z) =v(z|), z € B.

Strictly positive continuous functions on B are called weights.

The weighted-type space H;?(B) = H;? consists of all f € H(B) such that

1 fll ;1 =sup p(2)|f(2)] < o0, (1.5)
s z€B

where y is a weight (see, e.g., [3, 4] as well as [5] for a related class of spaces).
The little weighted-type space H,(B) = H/, is a subspace of H;? consisting of all
f € H(B) such that

IlliTl u(z)|f(z)] =0. (1.6)

For 0 < p, g < o, and ¢ normal, the mixed-norm space H(p,q,¢)(B) = H(p,q, )
consists of all functions f € H(B) such that

1 p 1/p
Hfmmww=<£gwﬂﬂﬂff?m> <o, (1.7)
where
1/q
A@m0=<LQﬂ@meQ , (1.8)

and do is the normalized surface measure on 0B. For p =g, ¢(r) = (1 - rz)(’”l)/”’, and a > -1,
the space is equivalent with the weighted Bergman space AL (B) = A%, which is defined as
the class of all f € H(B) such that

IVMya&U@WO—Mﬁ%wn<m, (1.9)
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where dV (z) is the Lebesgue volume measure on B. Some facts on mixed-norm spaces in
various domains in C" can be found, for example, in [6-8] (see also the references therein).
For 0 < p < oo the Hardy space H” (B) = H” consists of all f € H(BB) such that

1/p
7l = sup ([ 1f0ldow) ) <o (1.10)

O<r<1

For p = 2 the Hardy and the weighted Bergman space are Hilbert.
Let ¢ be a holomorphic self-map of B, u € H(B), and m € Ny. For f € H(B), the
weighted iterated radial composition operator is defined by

Riy (f)(2) =u(2)R"f(p(z)), z€B. (1.11)

Note that the operator is the composition of the multiplication, composition and the iterated
radial operator, that is

Rip = My 0 Cy o R™. (1.12)

This is one of the product operators suggested by this author to be investigated at numerous
talks (e.g., in [9]). Note that for m = 0 the operator R}/, becomes the weighted composition
operator (see, e.g., [4, 8, 10]). It is of interest to provide function-theoretic characterizations
for when ¢ and u induce bounded or compact weighted iterated radial composition operators
on spaces of holomorphic functions. Studying products of some concrete linear operators on
spaces of analytic functions attracted recently some attention see, for example, [11-32] as well
as the related references therein. Some operators on mixed-norm spaces have been studied,
for example, in [8, 10, 11, 16, 25, 26, 29, 33] (see also the references therein).

Here we study the boundedness and compactness of weighted iterated radial
composition operators from mixed-norm spaces to weighted-type spaces on the unit ball for
the case m € N. We also calculate the Hilbert-Schmidt norm of the operator on the weighted
Bergman-Hilbert space A2(B) as well as on the Hardy H?(B) space.

In this paper, constants are denoted by C, they are positive and may differ from one
occurrence to the other. The notation a < b means that there is a positive constant C such that
a < Cb. If both a <band b < a hold, then one says that a < b.

2. Auxiliary Results

In this section we quote several lemmas which are used in the proofs of the main results.
The next characterization of compactness is proved in a standard way, hence we omit
its proof (see, e.g., [34]).

Lemma 2.1. Assume p,q > 0, ¢ is a holomorphic self-map of B, u € H(B), ¢ is normal and p is
a weight. Then the operator R, - H(p,q,¢) — H,? is compact if and only if for every bounded
sequence (fi)reny C H(p, q, §) converging to 0 uniformly on compacts of B as k — oo, one has

lim
k— o0

Ry, fk| =0 (2.1)
"
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The following lemma is a slight modification of Lemma 2.5 in [8] and is proved similar
to Lemma 1 in [35].

Lemma 2.2. Assume p is a normal weight. Then a closed set K in H%, is compact if and only if it is
bounded and

lim sup u(2)|f(z)] = 0. (2.2)

The following lemma is folklore and in the next form it can be found in [36].

Lemma 2.3. Assume that 0 < p, g < oo, ¢ is normal, and m € N. Then for every f € H(B) the
following asymptotic relationship holds:

fM”(f )T d = |fO)] + JM”(mmf (1 - mr’@dr. (2.3)

Lemma 2.4. Assume that m € N, 0 < p, g < oo, ¢ is normal and f € H(p,q, $). Then, there is a
positive constant C independent of f such that

Ed

p=n (1 -127)""" 9

1R £ (@) < Cll Nl k1,099

Proof. Let g = R™! f and z € B. By the definition of the radial derivative, the Cauchy-Schwarz
inequality and the Chauchy inequality, we have that

SUPB(2,1-|2)) /4) |g(w)| (2.5)

|Rg(z)| <121|Vg(2)| < Clz| -
1-1z|

From (2.3) with m — m — 1 we easily obtain the following inequality (see, e.g., [8,
Lemma 2.1]):

1A 99
lg(z)| <C Ty (2.6)
2
$(1z) (1-121)
From (2.5) and (2.6) and the asymptotic relations
1-12
1-|w|=x1-lz|, ¢(z|) < ¢(wl|), forw e B| z, — ) (2.7)

inequality (2.4) follows. O
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Lemma 2.5. Let

1
as(2z) = ——, 2z€B. 2.8
Tl = T2y 29
Then,
Pu((z a))
R =S 29
fu,S(Z) s (1 _ <Z,a>)s+m ( )
where
Pp(w) = s"w™ + pl? ()™ + -+ py" (s)w? + w, (2.10)
and where p;m) (s),j =2,...,m—1are nonnegative polynomials for s > 0.
Proof. We prove the lemma by induction. For m =1,
(z,a)
Rfas(z) =s z€B, (2.11)

(1-(za))""

which is formula (2.9) with P, (w) = w.
Assume (2.9) is true for every m € {1,...,1}. Taking the radial derivative operator on
equality (2.9) with m = [, we obtain

sz a) +p (s)(z, @) -+ p(s)(z,a) + (2, a)

(1-(za)™

(s+D(s(z @) +pl()(z @)+ 4 (6)(z,0)° + (z,0)°)
(1-(z,a)™™"

(151 (z, @)+ (1-Dp’, (5)(z )+ - 42p] (s)(z,0) 4 (2, @) ) (1-(z, a))

+ S 4
(1 _ <Z, a>)s+l+1

R £, o(2) = sR

=S

sz @) o (s + 1= 2P (5) + 3pY) (5)] (2, @)
(1 _ (z,a))”m

=S

(s+1-1)+ 2p§l)(s)] (z,a)2 +(z,a)
(1 _ (Z,a))ﬁlﬂ

+

(2.12)

from which the inductive proof easily follows. O
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3. Boundedness and Compactness of R : H(p,q,¢) — H? (or H7))

This section characterizes the boundedness and compactness of Rie + H (p.g¢) —
H (or H/fo).

Theorem 3.1. Assumem € N, 0 < p, q < oo, ¢ is normal, y is a weight, ¢ is a holomorphic self-map
of B, and u € H(B). Then R, : H(p,q,¢) — H? is bounded if and only if

M; = sup ll(Z)|u(z)||(p(z)|

wigrm 3.1
= ¢ (|p2)]) (1~ [ )" o

Moreover, if R}, : H(p,q,¢) — H,? is bounded, then the following asymptotic relationship holds

| R

Proof. Assume (3.1) holds. Then by Lemma 2.4 for each f € H(p, g, ¢), we have that

m
u,p

~

= M. (3.2)

| H(p,q,9)— Hp

1(@)u)p=)]
(o@D (1- o2

@R f @] < Clf g e (3:3)

Taking the supremum over the unit ball in (3.3) and using (3.1) the boundedness of operator
R, H(p, g, ¢) — H follows and

”9{”"["/’ |H(p,q,¢)ﬁH;o < CM;. (3.4)

Now assume that operator R, : H(p,q,¢) — H;? is bounded. By using the test
functions

fi(z)=zj€eH(p,q,¢), j=1,...,n, (3.5)
we obtain

R feHT, j=1,...,n, (3.6)

thatis, foreach j =1,...,n, holds

m

”m%ﬁHHﬁ h iglgﬂ(z)lu(Z)II%(zﬂ <12l 1o 0.0 “%’*"P

< oo,
'H(P/Wi’) —Hp (3.7)
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which implies that

sup u@u@)p)] < X sup pu(2)lu(2)l|p;(2)]

j=1 zeB
(3.8)
n
< [|mm ' :
<15y 2t <
Let
B 5 t+1

(1 le) (3.9)

Jul®= P(w)(1 - (z,w))" 11

It is known that L; := sup,, .l fwllHpg¢) < oo (see [8, Theorem 3.3]). From this, using the
boundedness of R}, : H(p,q,¢) — H;® and by Lemma 2.5, we have that for each a € B

m

L[|,

> ||, o)

— m
- e = SUPHEEIR iy (0(2))]

i ¢(I<P(a)|)(1— |(p(a)|2> I (3.10)
> (E +t+1> p@)u(a)llp(a)]
! $(lo@)) (1~ lop@]*)

n/q+m’

From (3.10), we have that

pu(@)u)lp2)|*
>n/q+m

© > sup

W12 (|p(2)]) (1~ |o(2)
> sup u(z)|u(2)l|p(z)]
|¢(Z)|>1/22¢(|(p(z) |) (1 - |tp(z)|2

(3.11)

>n/q+m :

On the other hand, from (3.8) and since ¢ is normal, we obtain

2
sup u(p(z))[u(2)||e(z)] < Csugy(w(z))|u(z)||(p(z)| < 0. (3.12)

|(P(Z)IS1/2¢((/,(Z)) (1 _ |‘P(Z) |2>"/q+m
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From (3.8), (3.10), (3.11), and (3.12) condition (3.1) follows, and moreover

m

My < Cl|%,

|H(Pr’1/¢) —Hy' (3.13)

From (3.4) and (3.13) asymptotic relationship (3.2) follows, finishing the proof of the theorem.
O

Theorem 3.2. Assumem € N,0 < p, g < oo, ¢ is normal, p is a weight, ¢ is a holomorphic self-map of
B and u € H(B). Then R, : H(p,q,$) — H? is compact if and only if Ry}, : H(p,q,$) — H?
is bounded and

. p(2)|u(2)l|e(z)| 0. (3.14)
|w<z>\~1¢(|(p(z)|)(1 - |<P(Z)|2>n/q+m |

Proof. Suppose that Ry, : H(p,q,¢) — H;? is compact. Then it is clear that R}, :
H(p,q,¢) — H;? is bounded. If [|¢[|c, < 1, then (3.14) is vacuously satisfied. Hence assume
that ||¢]lc = 1. Let (zx)rey be a sequence in B such that |p(zx)] — 1 as k — oo, and
fx(2) = fozo(2),k € N, where f,, is defined in (3.9). Then sup, |l fkllHpq4) < %, fx — 0
uniformly on compacts of B as k — oo since

2 t+1
fim (1-lo=0f) _o, (3.15)
k= (|op(zi)])
so that
lim |7, fk| e =0 (3.16)

On the other hand, by (3.10), we have

p(zi) [u(zi)||p(z0) | < C|
o(lo(z0)]) (1 - |<p(zk)|2>n/q+m

9‘%fk| b (3.17)

From (3.16) and (3.17), equality (3.14) easily follows.

Conversely, assume that R, : H(p,q,¢) — H;? is bounded and (3.14) holds. From
the proof of Theorem 3.1 we know that (3.1) holds. On the other hand, from (3.14), we have
that, for every ¢ > 0, thereis a 6 € (0, 1), such that

p(2)|u(2)l|o(z)| (3.18)
¢(|‘P(z)|)<1_ |(p(Z)|2>n/q+m )

whenever 6 < |p(z)| < 1.
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Assume (fi)iey is a sequence in H(p,q,$) such that sup, |l fillHpqp < L and fi

converges to 0 uniformly on compact subsets of B as k — oo. Let K = {z € B : |p(2)| < 6}.
Then from (3.18), and by Lemma 2.4, it follows that

Wil fi . = S0 KGR fi(9()]
< sup W) IR"fi(p(=)] + sup pDMEIIR"fi(p(2)

< sup p(2) (=)l [9(2)]| | V" il (2))|

(3.19)

u(z)|u(z)l|p(z)]

+ C”fk||H(p,q,¢) sup S n/qm
=g (lo)]) (1- o))
< K2C|s€1|11§ me—lfk(§)| + CE”fk”H(qu,d)),
<
where K := sup, pu(z)|u(z)||¢(z)| (see (3.8)). Therefore
m m-1

o], < Kasup| V3% fe@| +CLe. (3.20)

Since (fx)ren converges to zero on compact subsets of B as k — oo, by Cauchy’s estimates it
follows that the sequence (|VR™! fi]), o also converges to zero on compact subsets of B as
k — oo, in particular

lim sup
k=<6

VR ()| = 0. (3.21)

Using these facts and letting k — oo in (3.20), we obtain that
lim sup”i)%,’f,‘pfk” L <CLe. (3.22)
k— oo Hj
Since ¢ is an arbitrary positive number it follows that the last limit is equal to zero. Applying
Lemma 2.1, the implication follows. O
Theorem 3.3. Assumem € N,0 < p, g < oo, ¢, p are normal, ¢ is a holomorphic self-map of B and

u € H(B). Then Ry, - H(p,q,¢) — H, is bounded if and only if Ry, - H(p,q,¢) — H? is
bounded and

lim pu(2)u(2)l|p(2)] =0. (323)

Proof. First assume that Ry, : H(p,q,¢) — H7 is bounded. Then, it is clear that 27, :
H(p,q,¢) — HJ? isbounded, and as in the proof of Theorem 3.1, by taking the test functions
fi(z) =zj,j=1,...,n, we obtain (3.23).
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Conversely, assume that the operator Ry, : H(p,q,¢) — H;? is bounded and
condition (3.23) holds. Then, for each polynomial p, we have

w@|(Riyp) (2] < HEMEI (D) (9(2)) | < pE () ()] | TR p| (3.24)

from which along with condition (3.23) it follows that R p € HZ,. Since the set of all

polynomials is dense in H(p, g, $), we see that for every f € H(p, g, ¢) there is a sequence of
polynomials (pk) ey such that

Al [1f = pill .99 = 0 (3.25)

From this and by the boundedness of the operator Ry, : H(p,g,¢) — H;?, we have that

m
u,p

[, = R, < | 1 = Pl — O (326)

| H(p,q,9)— Hy

as k — oo. Hence Ry, (H(p,q,¢)) € H, and consequently Ry, : H(p,q,¢) — HJ is
bounded. O

Theorem 3.4. Assume m € N, 0 < p, q < oo, ¢, p are normal, ¢ is a holomorphic self-map of B and
u € H(B). Then Ry, : H(p,q,¢) — H7, is compact if and only if

. u(2)|u(z)l|p(2)|

lim =0.

z|— n/q+m (327)
(@) (1- o))"

Proof. From (3.27), we see that (3.1) hold. This fact along with (3.3) implies that the set
RS | IfllH@pqe) <1})is bounded in H?, moreover in H,f0~ By taking the supremum in
(3.3) over the unit ball in H(p, g, ¢), using (3.27) and applying Lemma 2.2 we obtain that the
operator Ry, : H(p,q,$) — H 7, is compact.

It K7, : H(p,q,.9) — H, is compact, then by Theorem 3.2, we have that condition
(3.14) holds, which implies that for every ¢ > 0 there is an r € (0,1) such that

p(2)|u(2)l|p(2)| <. (3.28)
(i)(l(/’(z)')(l_ |g0(Z)|2>n/q+m .

forr < |p(z)] < 1.
As in Theorem 3.3, we have that (3.23) holds. Thus there is a ¢ € (0, 1) such that

pE) ) pE)| <e(1- rz)”/"”"lwgf<r¢(lsv<z> D, (3:29)

foro<|z| < 1.
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If |p(z)| < rand o < |z| < 1, then from (3.29), we obtain

p(2)|uz)l|(z)]| < 1(2)|u(z)l|p(2)|
(1-lo(2) |2>n/q+m¢(|q)(2)|) A=) T Minfiyeed(|9(2)]) (330
Using (3.30) and the fact that from (3.28), we have
1(2)|u(2)||¢(z)] G0
n/g+m 4 .
p(lo@D) (1-lo= )"
foro < |z| <landr < |p(z)| <1, we get (3.27). O

4. Hilbert-Schmidt Norm of )%/, : A7 — A and R}, : H*> — H?

In this section we calculate Hilbert-Schmidt norm of the operators R, : A2 — A? and
Ry, : H> — H?. For some related results see [37, 38].

If H is a separable Hilbert space, then the Hilbert-Schmidt norm ||T||us of an operator
T:H — Hisdefined by

. 1/2
[T |35 = <Z|ITen||2> , (4.1)
n=1

where {e,,},cy is an orthonormal basis on . The right-hand side in (4.1) does not depend on
the choice of basis. Hence, it is larger than the operator norm ||T||op of T.

Let (-, ), a > -1, be the usual scalar product on A2, where we regard that AEl = H,.
Since for each multi-index g = (f1,...,fn) € Nj

2 pIr(n+a+1)
p =
fB |Z ' 40x(2) T(n+|p|+a+1)’ (42)
where p! = p;!---B,!, and
f 2 dv,(z) =0, P#y (4.3)
B
(see, e.g., [1]), we have that the vectors
T+ Bl +a+1) 5 . m
e”(z)_\/ ATn+ar1) - PeNo @4

form an orthonormal basis in A2.
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Theorem 4.1. Let m € No. Then Hilbert-Schmidt norm of the operator R}, on A2 a>-1is

1/2
1

(1 _ Z?zl wj>n+a+1

m

| Ry, doa(z) | . (@5)

.= jB ()| o

wj=ly; ()|

Proof. By using the definition of the Hilbert-Schmidt norm and the monotone convergence
theorem, we have

F(n+|[3|+a+1) ”

|9‘{u"f¢ |HS= [3'1’(n+a+l)
~ F(n+|[3|+a+1) m - 2%
2 Ttnrar LB I Llgi ) dos(z) (46)

_ nL(n+|pl+a+1) 2 2,
_fBlu(z)lzzﬂ:|ﬁ| FTnsasT) Hl(p](z)l dvug(z).

We also have that

—(n+a+1) k
2 S < In+a+k+1)
<1_wa> =2 .wa> KT(n+a+l)

]:] k=0 ]:]
& ki'vq ;T(n+a+k+1)
- Yo iitarctl) (4.7)
kz=(:)|l|:k 'H J K T(n+a+1)

o ln+a+|l|+1) 5
_; INT(n+a+1) Hw,

from which by taking the radial derivatives it follows that

m 1 3 mIm+a+]l|+1)&
9% n n+a+l - Z|l| l' F(n +a+ 1) H (4.8)

(1 -2 w,-> :
From (4.6) and (4.8) the result easily follows. O

Similar to Theorem 4.1 the following result regarding the case of the Hardy space is
proved. We omit the proof.
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Theorem 4.2. Let m € No. Then, Hilbert-Schmidt norm of the operator Ry, on H?, is

1/2
1

m do(g) . (49

m
R

s

= sup J lu(re)*| |m™
0<r<1 S
wj=|p; (ro)[?
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