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We introduce new spaces that are extensions of the Hardy spaces and we investigate the continuity
of the point evaluations as well as the boundedness and the compactness of the composition
operators on these spaces.

1. Introduction

Let U be the open unit disk in the complex plane C, oU its boundary, and H (U) the space of
all analytic functions on the unit disk.

For an analytic function f on the unit disk and 0 < r < 1, we define the delay function
fr by fr(e®) = f(re'). It is easy to see that the functions f, are continuous for each r, hence
they are in L?(0U, d8/2r), where dO /2 is the normalized arc length on the unit circle.

For 0 < p < oo, the Hardy space HP(U) = HP is the set of all f € H(U) such that

2
P 0\ [P do
I£1l, =sup | £+(e)] <. (1.1)

Also we recall that H*(U) = H® is the space of all bounded analytic functions defined on
U, with supremum norm || || = sup,;|f(z)]. We know that for p > 1, H” is a Banach space
(see, e.g., [1, page 37]).

By the Littlewood Subordination Theorem (see [2, Corollary 2.23]), we see that the
supremum in the above definition of H? is actually a limit, that is,
20 o\ |? d_e < (1 2)
0 fr (e > ' 27 S ’
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Another important result is Fatou’s Radial Limit Theorem (see [1, Theorems 2.2 and 2.6]),
which says, if f is in HP for some p > 0, then the radial limit

fr <ei6> = limf(re’e) (1.3)

r—1

exists for almost all 6 and the mapping f — f* is an isometry of H? to a closed subspace of
LpP(oU, dO/2r). Therefore,

() |pg < o, (1.4)

171 - |

We will also write f(e®®) for f*(e). If p = 2 and f (n) are the nth coefficients of f in its
Maclaurin series, then we have another representation for the norm of f on H? as follows:

20T
0

I3 = z_(:)|f(n)|2 < 0. (1.5)

The formula above defines a norm that turns H? into a Hilbert space whose inner product is
given by

© . 201 o
(F8)is = 20300 = [ 7 ()5 16)
n=0

for each f, g € H? (see, e.g., [2]).

Let e, be the point evaluation at w, that is, e, (f) = f(w). It is well known that point
evaluations at the points of U are all continuous on H? (see, e.g., [1, page 36]).

Let w € U and H be a Hilbert space of analytic functions on U. If e, is a bounded
linear functional on H, then the Riesz Representation Theorem implies that there is a function
(which is usually called K,,) in H that induces this linear functional, that is, e, (f) = (f, Kw).

Let ¢ be an analytic self-map of the unit disk. The linear composition operator C,, is
defined by C,(f) = fog for f € H(U). It is well known (see, e.g., [1, page 29] or [3, Theorem
1]) that the composition operators are bounded on each of the Hardy spaces H” (0 < p < o).
One of the first papers in this research area is [3], while Schwartz in [4] begun the research
on compact composition operators on H”. Shapiro and Taylor in [5] have studied the role of
angular derivative for compactness of C, in H”. For some other classical results, see [2, 6].

The boundedness and compactness of composition operators, as well as weighted
composition operators and other natural extensions of them, on various spaces of analytic
functions have been investigated by many authors; see, books [2, 6], and, for example, the
following recent papers [7-28] and the references therein.

Throughout this paper, P denotes the set of all analytic polynomials and for a function
F, Rr denotes the range of F.

2. Generalized Hardy Spaces

In this section, we define new spaces and investigate some basic properties of these spaces.
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Definition 2.1. Let F : H(UI) — H(U) be a linear operator such that F(f) = 0 if and only if
f =0, thatis, Fis 1-1. For 1 < p < oo, the generalized Hardy space Hr,(U) = HF,, is defined
to be the collection of all analytic functions f on U for which

sup Z”|(P(f))r<eie>|pg < oo. (2.1)

O<r<1

Denote the pth root of this supremum by || f| Hry® Since |F(f)|? is a subharmonic function, so
by [2, Corollary 2.23], we have

(7 o\ [P d0
1715, = im [ PG, ()] 52 2)
Therefore, f € Hf, if and only if F(f) € HP and
171, = IO = [ [ ()] 57 3)

It is easy to see that Hr), is a normed space with the norm || - || Hryp:

From now on, unless otherwise stated, we assume that F satisfies the conditions of
Definition 2.1.

In this section, we first set some conditions on F such that H, Fp becomes a Banach
space. In the following theorem, we obtain a necessary and sufficient condition for Hr), to be
a Banach space.

Theorem 2.2. Let 1 < p < oo and P C Rg. Then HY is a subspace of R if and only if Hp), is a
Banach space.

Proof. Suppose that HP C Rr. Since Hf), is a normed space, it suffices to show that it is
complete. Let { f,} be a Cauchy sequence in Hr, and set F(f,) = g.. Then {g,} is a Cauchy
sequence in H?. Since H? is complete, there is a g € H? such that

llg - gll, =0, asn— oo. (2.4)

Since H” C Ry, there is an f € H(U) such that F(f) = g. Now we show that this f is the
HEp-limit of {f,}. We have

£ = s, = gn=8ll, =0, asn— oo (2.5)

Hence f, — f € Hf), for sufficiently large positive integer n, which implies that f € Hf. So
fu — finHfpasn — oo.

Conversely, suppose that Hr), is a Banach space. If HPZRF, then there is a g € H? such
that g is not in Rr. Since the polynomials are dense in H?, there is a sequence {p,} in P such
that [[p, - gll, — 0asn — oo. Let g, = F~Y(pyn). Then {g,} is a Cauchy sequence in HEp and
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so there is a g € Hfy such that ||lg, — glln;, — 0asn — co. Hence ||F(g.) — F(q)ll, — 0O as
n — oo. On the other hand, ||F(g,) — gll, — 0asn — oo. This shows that ¢ = F(q) which is
a contradiction. O

Example 2.3. Let F(X%, a;2/) = 3.%(a;/2))2z/, where 3%, a;z/ € H(U). It is not hard to see
that g(z) = 3%,2/2z" € H? and g is not in Rr. So by Theorem 2.2, H, is not a Banach
space.

Proposition 2.4. If H? C R, then Hg, is a Hilbert space.

Proof. We define a scalar product on Hr; by
<frg>HF,2 = <F(f)'F(g)>H2' (2.6)

It is easy to show that this scalar product defines an inner product on Hp,. O

There is a Banach space HF), such that it does not satisfy the condition of Theorem 2.2.
For example, let 1 < p < oo, F(f) = zf for each f € H(U). Then 1¢ Rf. By the following
proposition, we see that although HPZRr, HF,, is a Banach space.

Proposition 2.5. Suppose 1 < p < oo, h € H(U),h#0, and F(f) = fh for every f € H(U). Then
HEy, is a Banach space.

Proof. If HP C Rp, then by Theorem 2.2, the proposition holds. Otherwise, let {f,} be a
Cauchy sequence in Hry,. Seting F(f,) = gn, 50 {gx} is a Cauchy sequence in HF. Therefore,
there is a g € H” such that [|g, - gll, — 0asn — oo.If g € R, then the proof is similar to
the proof of Theorem 2.2.

Now suppose that g is not in Rr. Then there are zg € U, m; > 0, and m, > my such that

8(z) = (z-20)" g0(2),

(2.7)
h(z) = (z - z0)"ho(2),
where hy, g0 € H(U), g0(z0) #0, and hy(zp) #0. Therefore, we have
llgn=gll, = Infa-gl,

[T 20) (o) (e) - (- 20) ()

o il — ' ' ' (2.8)
=) () () -0 )
> (1- |zO|)"“f” (e ~20) "™ " o) fu () - 07| 2.
- 0 20T
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Since ||gx — gllp — O0asn — oo, we have

<€i9 _ ZO)’”T"“ ho <ei6>fn <ei6> - (ei9>

Hence ||(z = z0)"™ ™ ho fn — gol| p = Oasn — oo.Since the point evaluation at zj is a bounded
linear functional on H?, we have

20T P de
lim “vo_
n—w ), 20

0. (2.9)

(20 = 20)™ ™ ho(20) fu(20) — g0(z0) — 0, as n— oo. (2.10)

So go(zo) = 0, which is a contradiction. O

The set of all analytic polynomials is dense in H?, but this is not the case for each space
HE,. Also it is possible that PZHF,,. For example, let p = 2, ¢(z) =1/(1 - z),and F(f) = fg.
Then 1 is notin Hgy, for if 1 € HE,, then F(1) = ¢ € H?, which is a contradiction.

In the following proposition, we will find a dense subset in Hf,,, whenever P C Rr.

Proposition 2.6. Suppose 1 <p < oo and P C Rg. Then {F~Y(p) : p € P} = Hp,,.

Proof. 1t is clear that {F~!(p) : p € P} C Hp,. Suppose that f € H,,. Then there is a sequence
{h,} in P such that ||k, — F(f)||p — O0asn — oo. Setting f, = F'(h,), we have

1fn = fllgs,, = 10 = ECHIL, (2.11)

so the result follows. O

Corollary 2.7. Suppose 1 < p < oo, P C Ry, and F'(p) € P for each p € P. Then P N Hg,, = Hp,.

3. Point Evaluations

In this section, we investigate the continuity of the point evaluations on Hf,,. The idea behind
Theorem 3.1 is similar to the one found in [29, page 51].

Theorem 3.1. Suppose that w € U and H? C Rr. Then we have the following.
(a) Ifp 2 2and 332 F~1(27)(w)z/ € H?, then ey, is continuous on H,.

(b) Let 1 < p < 2 and Z]?'ZOF‘l(zf)(w)zf € H® Ifforeach 0 < r < 1and f € Hgy,
(F(f)), = F(fr), then e, is continuous on Hpyp.

Proof. (a) By Proposition 2.4, HF, is a Hilbert space. Since

(F (@) P (), ()0

(3.1)
[Frenl,,, =1

=1

H?2
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for each j, k € NU{0}, where j#k, {F1(z/) : j € NU{0}} is an orthonormal set in Hp,. Also if
g € Hr, and for each j € NU{0}, (g, F(2/)) y,, = 0, then for each j € NU{0}, (F(g), /)= = 0.
Since {z/ : j € NU{0}} is a basis for H?, g = 0. Therefore, { F~!(z/) : j € NU {0} } is a basis for
Hpy. Since X2 F~1(2/)(w)z/ € H?, there is an h € Hp such that F(h) = 372, F71(2/) (w)2/.
For each j € NU {0}, we have

=<  STFI ) )t >H2 (32)

k=0

= F! (zf) (w).

Hence h = K, € Hp) and ey, is continuous on Hp.
Letp >2.1If f € Hfy, then

|f(w)| < ||Kw||HF,2||f||HF,2 < ”Kw”Hazllf”HRP’ (33)

S0 ey, is continuous on Hp.
(b) Let f € Hr1. Then foreach 0 <r <1, f, € Hrp and so

fr(w) = <frf KW>HF,2
= (F(fr), F(Kuw)) g2 (3.4)

i O\ T/ i0) 40
:fo F(f) () FRa) () 5

Also by [1, Theorem 2.6], [|(F(f)), — F(f)ll;, — Oasr — 1. Therefore, by Holder’s inequality
and the fact that F(K,,) = Z}’io F-1(zi)(w)z!, we have

(VPR () g2 - [T ()R (e)

(3.5)

< IIF(Kw)IImIOI|(F(fr) —F(f))(eie> g
<IFK) I I(F()), = F(POIl, — 0,
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asr — 1.So we obtain

f (@) = limf, ()

r—1

= [TR() ()R (o) 2.

= lim Z”F(f ) (e)F(Ku) () 49
0 r w o (3.6)

Hence

|f(w)| = UzﬂF(f) <eie>1:(1<w)<eie>£'

< ||F(I<w)||m‘[z”|p(f) (ei9> g (3.7)

= IF(K)lloo [l f 1 5,
for each f € Hp1. Now let 1 <p <2.If f € Hfy, then

|£@)| < IFK ol fll 11, < IF Kl f 1, (3.8)

so the result follows. O

Suppose that w and F satisfy the hypotheses in the first line of Theorem 3.1. It is easy
to see that if e, is continuous on Hpy, then according to the proof of the previous theorem,
F(Ky) = 52, F1(2) (w)=.

Now we give two examples for the preceding theorem.

Example 3.2. (a) Let w € U and F(X 2 a;2)) = ao + X7 ja;z/, where 37, a;2/ € H(U).
It is easy to see that 3,72 F71(2/)(w)z/ = 1+ Zﬁl((ﬁ)j/j)zi € H* and for each f € Hpy,
F(f;) = (F(f)),- Therefore, by Theorem 3.1, e, is continuous on Hf, for each 1 < p < co.

(b) Let p > 2 and F(X 2 a;2/) = 372, bjz/ such that (b, by, ..., b,) is a permutation of
(ap,ai,...,a,) for some n € N and by = ay for k > n. Then by Theorem 3.1, for each point w
in the open unit disk, e, is continuous on H,. Also if p = 2 and S is the above permutation,
then

F(Ky) = iF—l(zf)(w)zf = i(w)s’l Wi, (3.9)
j=0 j=0

Therefore, Ky, (z) = Z;?ZO(E)S_1 (M55

There is a Banach space HF,, such that it does not satisfy the conditions of Theorem 3.1,
but for each w € U, ey, is continuous on Hf,. For example, let 1 < p < oo, g(z) = 1/2 -z,
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and F(f) = fg foreach f € H(U). Then 1is notin Rr and F((1),) # (F(1)),. By the following
theorem, we see that although the hypotheses of Theorem 3.1 do not hold, e, is continuous
on Hf,, for each w € U.

Theorem 3.3. Let 1 <p < oo, w €U, h € H(U), h#0, and for each f € H(U), F(f) = fh. Then
ey is continuous on Hpy.

Proof. We break the proof into two parts.
(1) Let h(w) #0. If |w| < r < 1 and I'; is the circle of radius r with center at the origin,
then the Cauchy formula shows that for any f in Hf,,

f(€)h(§)
Flaohtw) = 5 [ LS
T i0 i0
=% ’ %m‘ei@de (3.10)
. -

_ JZﬂf <r6i9>h<r€i6> — ;e_ie g

0

It follows that

(3.11)

—i6
—we q

where 1/p+1/g =1.Now if r tends to 1, |r/(r —we )| converges uniformly to the bounded
function |1 - we"9|71 and ||(fh),||p < ||fh||p. Hence there is an M < oo such that

M
|f ()| < m"f”m,,,r (3.12)

and the result follows.

(2) Let h(w) = 0. Then h(z) = (z — w)"ho(z), where m € N, hg € H(U), and hy(w) #0.
Let F1(f) = fho for each f € H(U), it is easy to see that Hr), C HF, ;. Then by the preceding
part, there is a constant 0 < C < oo such that

ple® -w|™ do

|f(w)|’ < C||fh0||£ = Cj‘iﬂlf<ei6>|p'h0<ei6> Wﬂ

, 46
fwf [ ()n()] 5 e

- il

IWI)

for each f € Hp. So ey, is continuous on HE,. O
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There is an example of Hr), such that Hr, is not a Hilbert space and e, is continuous
for some w € U.

Example 3.4. Let p = 2 and F(X 2 a;2/) = 37(a;/2)2/, where 3 %) a;z/ € H(U). We can
show that for each w € (1/2)U, ey, is continuous on Hp,. Suppose f(z) = 372, ajz/ € Hpp,
we have

[fw)] = | S awl| = |3 5 @w)
j=0 j=0

) 1/2 1/2
0 .12
> <Z|(2w)7|> (3.14)
=0
- 1/2
=1 £ 1, <ZIZWI” > ,
j=0

as desired. Also it is easy to see that e,, is continuous on Hf,, for each p > 2 and w € (1/2)U.

4. Continuity of the Composition Operators on Hy,

In the most important classical spaces, all analytic maps of the unit disk into itself induce
bounded composition operators, but there are analytic self-maps of the unit disk which do
not give bounded composition operators on some generalized Hardy spaces.

Example 4.1. (a) Suppose that ¢(z) = z> and for each f € H(U), F(f) = fg, where g(z) = 1-z.
Let fj(z) =1+z+2z%+--- + 2/ for each j € NU {0}. Then f; € Hp,. We see that

IC(lE,. = g = a2+ s 2= =2i+2 »
4.1

2
=2.
2

2 2 .
1, = sl = 1 - =

So ||C2|* > j + 1 and C.2 is not bounded on Hp,.
(b) Let F(X72)aj2/) = X%y a;p(j)z/, where 372y a;z/ € H(U) and {f(j)} is given in
[2, Example 3.4]. If ¢(z) = 2, then in [2, Example 3.4] shows that C, is not bounded on HE.

In this section, we investigate the continuity of the composition operator on some
spaces Hp, in terms of a Carleson measure criterion. This criterion has been used to
characterize the boundedness and the compactness of the composition operators in different
papers (see, e.g., [16, 30]).

Definition 4.2. A positive measure p on U is called a Carleson measure (in U) if there is a
constant K < oo such that 4(S(b,h)) < Khforall b € oU and 0 < h < 1, where S(b,h) = {z €
U:|z->b| < hi.
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Proposition 4.3. Let 1 < p < co and P C Rr. If p is a finite, positive Borel measure on U, then the
following conditions are equivalent.

(a) p is a Carleson measure in U.

(b) There is a constant C < oo such that

[ IF(ranscisi, 42

forall f in Hfy.

Proof. By [2, Theorem 2.33], (a)=(b) is clear. Now we prove that (b) implies (a). For each
po € P, there is a gy, € Hf), such that F(gy,) = po and

[ ilran < cliply. 43)

If ¢ € HP, then there is a sequence {p, } in P such that ||p, - gl|, — 0asn — co. So
lpnll, — Nl asm— oo (4.4)

By (4.3), we obtain
[ tpltan<cipl (45)

for each n € N. The right-hand side of (4.5) is bounded, hence there is a subsequence {py, }
such that [}, |p,, |[Pdu converges. Since point evaluations at the points of U are all continuous
on HP, the Principle of Uniform Boundedness implies that {p,, } converges to g uniformly
on compact subsets of U. In particular, for each 0 < r < 1, the convergence is uniform on rU.
Therefore, for each 0 < 7 < 1, [ /|pn |Pdu — [, |glPdpu as k — oo. Since {[;|py, [Pdu} is a
bounded sequence, there is an M > 0 such that [ |g[Pdu < M for each 0 < r < 1. Hence
[4lglPdu < M and g € LP(u). Now let {r,} be an increasing sequence which converges
to 1 and let ¢ > 0. By [31, page 32], there is an integer mq such that [ ,|g[Pdu < €, where
A =U - ryU. Let B = r,yU. Then by [31, page 73], we have limsup,_, [ ,|pn|Pdu < e.
So there is a Ky such that for each k > Ky, [ ,|ps, [Pdpu < e. Again apply [31, page 32] for
/72 LT 7 L |anO [P. Therefore, there are my, my, ..., mg, such that

fu |pn|"dp < e (4.6)
-
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for each 1 < k < K. Let m' = max{my, my, ..., mg,}. Therefore, for each m > m’' and k € N,
Ju_y, ulpn|Pdp < €. So by [32, Theorem 19.10], we have

limf |pne | dp = lim lim'[ |pne|” Ap
k— oo u k—oom—o ol

= lim lim |pn, | dp

m— oo k— oo rml

4.7)
= lim | [g]"dpu
m=o),,u
= f 51" dp.
u
So by the preceding relation and (4.4) and (4.5), we have
[ JsPau<cls 4
for every g € H”. Thus the result follows from [2, Theorem 2.33]. O
Definition 4.4. For b on the unit circleand 0 < h < 1, let
5(b,h)={zeﬁ;|z—b|<h}. (4.9)

From now on, unless otherwise stated, we assume that Hr,, is a Banach space.

Proposition 4.5. Let 1 < p < co and P C Ry. If p is a finite, positive Borel measure on U, then the
following conditions are equivalent.

(a) There is a constant K < oo such that u(S(b,h)) < Kh forallb € oU and 0 < h < 1.

(b) There is a constant C < oo such that
[ IF(rar<cisiy, 10)

forall f € Hpp.

Proof. The implication (a)=(b) follows by Proposition 4.3 and is exactly the same as the proof
of [2, Theorem 2.35(1)=(2)]. For the other direction, by Theorem 2.2, H? C Rr. Hence for each
g € H?, we have

[ Istau<cligly, @

Then the result follows from [2, Theorem 2.35(2)=(1)]. O
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In the following theorem, we use the techniques used in [2, Theorem 3.12 part (1)].

Theorem 4.6. Suppose 1 < p < oo, ¢ and g are analytic self-maps of U. Let P C Rp and for each
f € Hrp, F(f o) = F(f) o ¢o. Then C,, is a bounded operator on Hr,, if and only if u(S(g, h)) =
O(h) forall {in oU and 0 < h < 1, where u(E) = 0(((,03)‘1(15)), o is normalized Lebesgue measure
on the unit circle, and E is a subset of the closed disk u.

Proof. Let f € Hpp. By [2, Theorem 2.25] and [33, page 163], we obtain

JJEG oo e[ oo
S IGONRTEE 412)

- [y Tan

So the result follows from Proposition 4.5. O

Remark 4.7. 1f p, ¢, o and F satisfy the hypotheses in Theorem 4.6, then by [2, Theorem 3.12,
part (1)], C, is a bounded operator on Hf), if and only if C, is a bounded operator on H?.
Since we know that the composition operators are always bounded on each of the Hardy
spaces H?, C, is a bounded operator on HF,.

5. Compactness of the Composition Operators on Hy,

In this section, we investigate the compactness of the composition operators on Hp,,.
The idea of the proof of the following theorem is similar to the proof of Proposition
3.11in [2]. A detailed proof of another similar result can be found, for example, in [18].

Theorem 5.1. Suppose 1 < p < oo and for each w € U, ey, is continuous. Also if f, — fasn — oo
uniformly on compact subsets of U, then F(f,) — F(f)in H(U) as n — oo. Then the following
conditions are equivalent.

(a) Cy is compact on Hfy.

(b) If {fu} is a bounded sequence in Hpy and f, — 0asn — oo uniformly on compact
subsets of U, then || f, o ‘/’”pr — Qasn — oo.

Proof. The implication (a)=(b) follows exactly as the proof of [2, Theorem 3.11].

Now we show that (b)=(a). Let {f,} be a bounded sequence in Hf,. Since e, is
continuous for each w € U, {f,} is a normal family. So there is a function f € H(U) and
a subsequence { f,, } such that f,, — f ask — oo uniformly on compact subsets of U. Hence
F(fn) — F(f)in H{U) as k — oo. It is easy to see that f € Hf,. Therefore, {f, — f}isa
bounded sequence in Hf, such that it converges uniformly to 0 on compact subsets of U. By
the hypotheses, we conclude that f,, o ¢ — fo¢in Hf, as k — co. Thus C, is a compact
operator. O
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Corollary 5.2. Let 1 < p < oo, g € H?, g#0, and F(f) = fg for each f € H(U). Let ¢ be an
analytic self-map of U and o(U) C U. Then C, is a compact operator on Hp.

In the rest of this section, we investigate the relation between compactness of C, on
Hfp, and HP.

Theorem 5.3. Let p, o, ¢, F, and p satisfy the hypotheses in Theorem 4.6. Then C,, is compact on
HEp if and only if u(S(g, h)) = o(h) as h — 0 uniformly in § in OU.

Proof. Let u(S(¢, h)) = o(h) as h — 0 uniformly in ¢ in oU and { f,} be a bounded sequence
in Hp,. Then by [2, Theorem 3.12, part (2)], there is a subsequence {F(f,)} such that
{Cyo(F(fn))} converges in HP. Since F(fy, o ¢) = F(fu) © ¢o, { fn, © ¢} converges in H.
Therefore, C,, is a compact operator on Hp,,.

Conversely, let { f,} be a bounded sequence in H”. By Theorem 2.2, HP C Ry, so there
is a sequence {g,} in Hf, such that F(g,) = f,. Since C, is compact on Hf,, we may extract
a subsequence {gy, } such that {C,(gy,)} converges in Hf,. So C, is a compact operator on
HP and [2, Theorem 3.12, part (2)] implies the result. O

Remark 5.4. If p, ¢, ¢, and F satisfy the hypotheses in Theorem 5.3, then by [2, Theorem 3.12,
part (2)], C, is a compact operator on Hf,, if and only if Cy, is a compact operator on H?.

Now we present an example for Remarks 4.7 and 5.4.

Example 5.5. Let p = 2, ¢po(z) = ¢(z) = z?, and F(Z;‘Zoa]-zf) = Z]?’;’O a]-c]-zf, where Z]?‘Zoajzf €
H(U) and for every odd positive integer j and every n € N, cj = ¢j; = 1/j and ¢o = 1. Itis
easy to see that by Remark 4.7, C,, is a bounded operator on Hr, and by Remark 5.4 and [2,
Corollary 3.14] C, is not a compact operator on Hrp.
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