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The necessary and sufficient conditions for Schur geometrical convexity of the four-parameter

means are given. This gives a unified treatment for Schur geometrical convexity of Stolarsky and
Gini means.

1. Introduction and Main Result

Letp,qg € Rand a,b > 0. For a #b the Stolarsky means are defined as

(/qaP —bP\VPD
<Em> , pa(p—4q) #0,

Ll/P(aF’, bP), p#O, q= 0,
Spa(@/b) =4 L1/4(at, b7), q#0, p=0, (1)
1VP(aP,bP), p=q#0,

Vab, p=q=0,
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and Sy 4(a, a) = a (see [1]), where

& x#
L(x,y) = { nx-Iny’ *7¥ (1.2)
x x =1,
X\ /)
Y ;X 12
I(x,y) = (yy> 7Y (1.3)
X, x=vy

are the logarithmic mean and identric (exponential) mean of positive numbers x and y,
respectively.
Another two-parameter family of means was introduced by Gini in [2]. That are

defined as
al + bP 1/(p—9)
<m) ’ P#4,

a’lna+b?Inb 3
Py ) PO

Stolarsky and Gini means both are contained in the so-called four-parameter means
[3], which are defined as follows.

Gpqla,b) = (1.4)

Definition 1.1. Let (a,b) € R, xR, witha#band (p,q), (r,s) € RxR. Then the four-parameter
homogeneous means denoted by F(p, g; 1, s; a, b) are defined as follows:

L(a?",bPr) L(a%, b%) )1/<p—q><r—s>

F(p,q;r,s;a,b) = <L(aPS, b7) Lt b7 if pgrs(p—q)(r —s) #0, (1.5)

or

if pgrs(p —q)(r —s) #0. (1.6)

aP’ — bPr gas — pas \ /(P9 (r-s)
Fpa7.50.5) = <aPS “bps i - bqr)

If pgrs(p —q)(r —s) =0, then F(p, g; 1, 5; a, b) are defined as their corresponding limits,
for example:

. I(aPr,bPry\/P=s)
F(p,p;1,s;a,b) = ;13; F(p,q;r,s;a,b) = (W) , ifprs(r-s)#0, p=q,

L(a?",b"r)

1/p(r-s) .
L(a, bF’S)) , ifprs(r-s)#0, g=0,

F(p,0;1,s;a,b) = lin})F(p,q;r,s; ab) = <
qé

F(0,0;7,s;a,b) = lin})F(p,O; r,s;a,b) =G(a,b), ifrs(r-s)#0, p=gq=0,
p—)
(1.7)
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where L(x, y), I(x, y) denote logarithmic mean and identric (exponential) mean, respectively,

G(a,b) = Vab.

The Schur convexity of S, 4(a, b) and Gy, 4(a,b) on (0, o0) x (0, o) with respect to (a, b)
was investigated by Qi et al. [4], Shi et al. [5], Li and Shi [6], and Chu and Zhang [7].
Until now, they have been perfectly solved by Chu and Zhang [7], Wang and Zhang [8],
respectively. Recently, Chu and Xia also proved the same result as Wang and Zhang [9].

The Schur convexity of S, ;(a,b) and G, 4(a, b) on [0, %) x [0, c0) and (~oo, 0] x (—o0, 0]
with respect to (p,q) was investigated by Qi [10] and Sandor [11], respectively. Now Schur
convexity of a four-parameter homogeneous means family containing Stolarsky and Gini
means on (—oo, o) x (oo, c0) with respect to (p, q) has been perfectly solved by Yang [12].

The Schur geometrical convexity was introduced by Zhang [13]. In [8, 14], Wand and
Zhang proved that G, 4(a,b) is Schur geometrically convex (Schur geometrically concave)
on (0,00) x (0,00) with respect to (a,b) if p + g > (<)0. Chu et al. [15] pointed out that this
conclusion is also true for S, 4(a, b). Shi et al. [5, 16], Li and Shi [6], and Gu and Shi [17] also
obtained similar results.

The purpose of this paper is to present the necessary and sufficient conditions for
Schur geometrical convexity of the four-parameter homogeneous means. This gives a unified
treatment for Schur geometrical convexity of Stolarsky and Gini means with respect to (a, b).

Our main result is as follows.

Theorem 1.2. For fixed (p, q), (r,s) € RxR the four-parameter homogeneous means ¥(p, q;r,s; a, b)
are Schur geometrically convex (Schur geometrically concave) on (0, o) x (0, oo) with respect to (a, b)

ifand only if (p + q)(r +s) > (<)0.

2. Definitions and Lemmas

Definition 2.1 (see [18,19]). Let x = (x1,x2,...,x,) and y = (Y1, Y2,...,Yn) € R" (n >2).

(i) x is said to by majorized by y (in symbol x < y) if

k k n n
Zx[i] < Zy[i] for1<k<n-1, ZX[i] = Zy[i]’ (2.1)
i1 i1

i=1 i=1

where x[1] > X[2] -+ > X[) and y[1] > Y[2] - > Y[n] are rearrangements of x and y in
a decreasing order.

(ii) x> ymeans x; > y; foralli=1,2,...,n. Let Q C R" (n > 2). The function¢ : Q — R
is said to be increasing if x >y implies ¢(x) > ¢(y). ¢ is said to be decreasing if and
only if —¢ is increasing.

(iii) Q C R" is called a convex set if (ax; + py1, ..., ax, + Py,) € Q for all x and y, where
a,pel0,1]witha+p=1.

(iv) Let Q C R” (n > 2) be a set with nonempty interior. Then ¢ : Q — R is said to be
Schur convex if x < y on Q implies ¢(x) < ¢(y). ¢ is said to be Schur concave if —¢
is Schur convex.



4 Abstract and Applied Analysis

Definition 2.2 (see [13, 20]). Let x = (x1,x2,...,x,) and y = (y1,Y2,...,Yn) € R} (n > 2).
Denote

Inx = (Inxy,Inxy,...,Inx,), Iny = (Inyy,Iny,,..., Iny,). (2.2)

(i) Q C R} is called a geometrically convex set if (x?yf ey xﬁyﬁ) € Qforall xandy,
where a, p € [0,1] witha + g =1.

(ii) Let Q C R? (n > 2) be a set with nonempty interior. Then function ¢ : Q — R, is
said to be Schur geometrically convex on Q if Inx < Iny on Q implies ¢(x) < ¢(y).
¢ is said to be Schur geometrically concave if —¢ is Schur geometrically convex.

Definition 2.3 (see [18]). (i) Q C R" (n > 2) is called symmetric set if x € Q implies Px € Q for
every n x n permutation matrix P.

(ii) The function ¢ : Q — R is called symmetric if for every permutation matrix P,
¢(Px) = ¢(x) for all x € Q.

Lemma 2.4 (see [18,19]). Let Q C R" be a symmetric set with nonempty interior Q° and ¢ : Q —
R be continuous on Q and differentiable in Q. Then ¢ is Schur convex (Schur concave) on Q if and
only if ¢ is symmetric on Q and

(x1 = x2) <% - %> > ()0 (2.3)

ax1 axp_

holds for any x = (x1,x2, ..., x,) € Q°.

Lemma 2.5 (see [13, Theorem 1.4, page 108]). Let Q C R be a symmetric set with a nonempty
interior geometrically convex set Q0. Let ¢ : Q — R, be continuous on Q and differentiable in Q°.
Then ¢ is Schur geometrically convex (Schur geometrically concave) on Q if and only if ¢ is symmetric
on Q and

(Inx; —Inxy) <X1 ;—;ﬁl - X2§_J(i> > ()0 (2.4)

holds for any x = (x1,x2,...,x,) € Q°.

3. Schur Geometrical Convexity of Two-Parameter
Homogeneous Functions

The more general form of two-parameter homogeneous means is the so-called two-parameter
homogenous functions first introduced by Yang [21]. For conveniences, we record it as
follows.

Definition 3.1. Assume that f: R, x R, — R, U {0} is n-order homogeneous, continuous and
exists first partial derivatives and (a,b) € R, xR,, (p,q) € R xR.
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If f(x,y) >0 for (x,y) € Ry xR, \ {(x,x) : x € R,} and f(x,x) = 0 for all x € R,,
then define

f(ap,br’))””‘q’ .
Li(pgab) = (-t fp#4, pa#0,
7(p.4;a,b) (f(aq,bq) ifp#q, paz o

Ly (p.p;a,b) = lim L (p,q;a,b) = Grp(a,b) if p=4q#0,

where

Gypla,b) = G}/p(al”, b?), Gr(x,y) =exp < *fx(xy) h;:z; ‘Z{y (xy)Iny > , (3.2

fx(x,y) and f,(x,y) denote first-order partial derivatives with respect to first and second
component of f(x,y), respectively.
If f(x,y) >0 forall (x,y) € R, x R,, then define further

P bP 1/p )
Hs(p,0;a,b) = (%) if p#0, g=0;

f(a%,b7) (3.3)

1/q
Jef(O,q;a,b):<W) ifp=0, q#0;

#(0,0;a,b) = afAD/FAVRHAN/FAD iy~ g -0,

Since f(x,y) is a homogeneous function, < (p, q; a, b) is also one and called a homogeneous
function with parameters p and g and simply denoted by #(p, q) or #; sometimes.

Concerning the monotonicity and log-convexity of two-parameter homogeneous
functions, there have been some literatures such as [3, 21, 22], which yield some new and
interesting inequalities for means.

The two-parameter homogeneous functions < (p, q; a, b) have some well properties
(see [21-23]) such as the following lemma.

Lemma 3.2 (see [23]). Let f : Ry x Ry — R, be a homogenous and differentiable function and

T(t) =T(ta,b) :=Inf(a'",b'), (tab)eRxR, xR,. (3.4)

Then we have

oT(t;a,b) _ a'fy(a',b')Ina+ btfy(at, b') Inb

ot a f(a", b y (3.5)
1 _ .
InHy(p,q;a,b) = fo o tp + (gt Ha:a.b) 4, (3.6)

Next we give another property.
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Lemma 3.3. Let f : R, x R, — R, be a homogenous and m-time differentiable function. Then
Hs(p,q;a,b) € C™ (R xR xR, xR,).

Proof. Since f(x,y) has continuous partial derivatives of m order with respect to x, y on R, x
R,, the integrand in (3.6) has continuous partial derivatives of m — 1 order with respect to
p,q,a,bonRxR xR, xR, thatis H#¢(p,q;a,b) € C™ IR xR xR, xR,). O

For the Schur geometrical convexity, we have the following result.

Theorem 3.4. Assume that f: R, x R, — R, is a symmetric, n-order homogeneous, continuous,
and three-time differentiable function. If for any (x,y) € Ry x R, with x#y

N(x,y) = (x-y) (x(lnf)x ~y(Inf), -2xyd ln<§>> > (<)0, where D =(Inf) .,
3.7)

then H¢(p, q; a,b) is Schur geometrically convex on (0, 00) x (0, co) with respect to (a, b) if and only
if p+q > (<)0 and Schur geometrically concave if and only if p + q < (>)0.

Proof. (1) In the case of p #g. We have

In f(a?,bP) —In f (a9, b7)

In#s(p,g;a,b) = (3.8)
f(p,q;4,b) p—
Some simple partial derivative computations yield
Olnky 1 oHy 1 [paP'fi(al,bP) qaTfi(ad,b)
da Ky da p-gq f(ar,bP) f(al,b9) ’
(3.9)
olnky 1 oky 1 [pb’fy(aP,bP) qbT fy(al,bi)
b Ky b p-q\ fl@ )  f@,bn) )
hence,
oH oH -
1[0k ok s(p) g(q), (3.10)
Hy oa ob P—-q
where
tat f,(at,bt) tb'f,(al,bt

f(at’bt) f(at, bt)

It is easy to verify that g(t) is even on (-0, o0). In fact, since f(x,y) is n-order homogeneous
and symmetric, for arbitrary A > 0, we have

fOxAy) =V f(xy),  folhx,dy) =0 fu(xy),  fy(Ax,Ay) = V7 (%, y),
feoy)=fy.x), fi(xy)=fi(yx), fy(xy)=Ffyx).

(3.12)
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Thus,

—tat fe(at b)) —tbtf, (a”t,b)

g(-t) =

f(at,b ) f(at,b )
_ _ta—t(atbt)—(”—l)fx<bt, at) B —tbt(atbt)f("fl)fy (bt, at) (3.13)
(alb) " f (b, at) (alb)) " f (b, at)
B tbtfy(at,bt) tatfx(at,bt) B
B R T I
Leta' = x, b' = y. Then
o fi(ey)\ dx  (xfuxy) dy
g(t)‘x(lnf)”t( ) > 7 (oo >ydt>
yfy(x, y) yfy(x,y)
'y(h‘f)y't< fx y) +< 7 > dt>
(3.14)
_ Xfx(x,Yy)
_x(lnf)x+t< ( ) y( ) )ylnb)

yfy(x,y) yfy(xy)
_y(lnf)y—t<x< ) >xlna+y< Fx,9) >ylnb>.

Note xf(x,y)/ f(x,y) and y f,(x,y)/ f (x,y) both are 0-order homogeneous with respect to

x and y, then
Xfx(x,y) fx(xy)\
"( fGxy) >x+y< fGxy) >y‘°’

(3.15)
20 AN &2 1S A W
few ) N\ e ),
and then
xfx(x,y) _ xfx(x/y) - _
x< f(x,y) )x_ ]/< f(x,}/) )y xyof
(3.16)

yfy(x,y) _ }/fy(xry) _
y< &) >y— x< 7oy >x— xyD.
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Therefore,
gt)=x(Inf) +txyd(Inb-1Ina)-y(Inf), - txyd(Ina-Inb)

=x(Inf), —y(Inf), -2txyd(ina-Inb) (3.17)

x N (x,
=x(Inf), —y(lnf)y —2xy01n<§> = x(f;) for x#y.

By the mean values theorem, there is a ¢ between |p| and |g| such that

g(P)‘g(‘J):8(|P|)‘8(|‘1|):|P|‘|’1|g,(§): P+a_ . PHA NEY) for x£7,

P-4 P-4 P-a lpl+lal® =" Ipl+lal x-v
(3.18)
where x = a$, y = b. Thus we have
dky  OHf\ p+g a\ N(x,y)
(lna—lnb)<a — —bﬁ>_ f|p|+|q|1n<g) .y
p+qg N(x,y)Inx-Iny
(3.19)

),
Mol +lal ¢ x-y

>0 ifp+g>(<)0,
<0 ifp+q<(>)0.

By Lemma 2.5, our required result is derived immediately.
(2) In the case of p = g#0. By Lemma 3.3 together with (3.10) and (3.17), we have

3k (p, ok (p, 0k (p,q) . 0k (p,
1 <a s(pp) 05 (p P))zhm 1 <a s(pa) 0k (p q)>
s (p.p) Oa ob i=rHs(p,q) oa ob

. 8p)-gla) _ , | Nxy)
Sl s =
(3.20)
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where x = a”, y = bP. Hence we have

0Xi(p,p) _, 0Xs(p,p) Y\ _ N(x,y)
(lna—lnb)<a 5 -b b =H¢(p,p)(Ina—Inb) Py
_ Inx-Iny

=p f(PrP)/”(x/y)ﬁ (3.21)

>0 if p> ()0,
B <0 if p<(>)0.

By Lemma 2.5, the required result holds.
(3) In the case of p = g = 0. By Lemma 3.3 and (3.20), we have

1 0Kf(0,0)  0K; (0,00 . [ oKi(pp)  OKi(pP)\ .
<“ ~b e R e = limg'(p)-

H(0,0) oa ob
(3.22)
However,
'(0) = _ _ X
g 0= (x(nf), - y(n ), - 22501 ) )
(3.23)
_ ‘fx(lrl)_ .f}/(lll)_ 1.1, . 1 _
=1 T 1 T 2.1-1-0(1,1) ln<l) =0,
where f,(1,1) = f,(1,1) due to the symmetry of f(x,y). Thus
(Ina-Inb) <aa°1€fa(f’p ) ba"lefa(f P )> —0. (3.24)

Summarizing the above three cases, this proof of Theorem 3.4 is complete. O
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4. Proof of Main Result

Establishing the Theorem 3.4, we are in a position to prove main result.

Proof of Theorem 1.2. 1t follows from [3, Section 1], that F(p,q;7,s;a,b) = Hu,(p,q;a,b),
where Hp = Hi(r,s) = HL(1,5;x,y) = Srs(x,y) is symmetric with respect to x and y. From
Lemma 3.3, it follows that #, = Hr(r,s;x,y) € C*(R xR x R, x R,). Thus we have

(11'1 e@L (T', r))x = 2111} (]-n °leL (1’, S))xl (41)
(nkp(r,1)), = lim (InH.(r, 5)),, (4.2)
(N1 (7,7)) g, = lim (In 1(7,5)).y, (43)
(InH(r,0)), = lirr(l) (InHL(7,5)),, (4.4)
(In1(r,0)), = lim (InHy (7, 5)),, (4.5)
(InHy(r, 0))xy =lim (InH(r, s))xy, (4.6)
(In#1(0,0)), = linb (InHp(r,1)),, 4.7)
(In#1(0,0)), = lim (InH, (7, 7)), (4.8)
r—0
(InHKL(0,0))y, = im (In A1 (7, 7)), (4.9)
(1) In the case of rs(r — s) #0.
Simple partial derivative calculations yield
1
In#; = :(ln|5| +In|x" —y"| = In|r| - In|x* - y°|),
r-1 s-1
(Inky), = 1 < rx _sx >’
r—=s xT — yr xS —_ yS
(4.10)

1 _ryr—l Sys—l
(aneL)y:r_5<xT—yr+x5—y5 ,

1 r2xryr Szxsys
D= (II’IJL)xy = xy(r — S) <(xr _yr)z - (xs _ ys)Z .
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Hence,
N(x,y) = (x-vy) <x(an€L)x ~y(InHky), - 2xy91n<§)>
_ xX-y <r(xf +y1‘) ~ 2r2xryrln(x/y>>
r-s x" =y’ )2
il 4.11)
_x-y <s(xs +y°) ~ 25%x5y* ln(x/y)>
r—s x5 —ys (xs—yS)z
P(r)-P
-G
where
Pt tot £t
P(t):t<i:yt_2xy In(x /2y)>. w12
v )

It is easy to check that P(t) is even and increasing (decreasing) on (0, o0) if x > (<)y. Indeed,

_ xt+y? 2x7'y T In(x/yh) B
P(~t) = —t<x_t o > - P(t). (4.13)

With (x/y)t =u, thent =Inu/In(x/y), and then P(t) can be written as

2
P() ;<”+1 Inu M) (4.14)

T /y)\e-1 0 w1y

Direct computation yields

1 u+1 2uln’u ,du
P'(t) = Inu- — ) —
*) ln(x/y) <u—1 nu (u_1)2> dt

2
:u<(u+1)(u—1)/u—lnu+ Inu 2Iny Inu (u—l)/u—lnu)

w-17 w1 -1 Mu-1 (u-1y
(4.15)
(u+1)L? — 6ul + 2u(u + 1)
(u—-1)L2

(u-1)/Inu=L

_2L(((u+1)/2)L —u) +4u((u+1)/2-L)
B (u-1)L2 ’
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From

u+1L_ _\/>>0

2 1u2

L_u+1

<0,
it follows that P'(t) > 0if u — 1 > 0, thatis, x > y and P'(t) < 0 if x < y. Namely,
(x-y)P'(t) >0 fort>0 with x#y.

By the mean values theorem, there is a 7 between |r| and |s| such that

P(rl) = P(s]) = (Ir| = [sDP' (),

and then
e g POZPE) L res P(r) - P(s)
Ay) = ) = Y g T
r+s f
:m'(x—y)P(ﬂ)

>0 ifr+s>0,
- <0 ifr+s<0.

(4.16)

(4.17)

(4.18)

(4.19)

Using Theorem 3.4, for fixed (p,q),(r,s) € R x R with rs(r — s) #0, the four-parameter
homogeneous means F(p, g; 1, s; a,b) are Schur geometrically convex on (0, o) x (0, c0) with
respect to (a, b) if and only if (p + q)(r +5) > 0 and Schur geometrically concave if and only if

(p+q)(r+s)<0.

(2) In the case of s = 0, r #0.

From (4.11) together with (4.4)—(4.6) and (4.19), there is a 77; between 0 and |r| such that

N(x,y) = (x-vy) <x(an€L(r,0))x - y(Inkr(r,0)), - 2xy(InHKp(r,0)),, ln<§)>

- l%((x ) (xﬂneleL(r, $)x = y(nHi(r,s)), = 2xy(InHi(r,s)), h‘(;)))

3 P(r - P(s) . r+s ,
hm(x y) . _!g})|r|+|s| hm(x y)P (’ll)
>0 ifr>0,
= (by (4.17)).
<0 ifr<o,

(4.20)
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(3) In the case of r = 0, s #0.

Since H1 (1, s; x,y) is symmetric with respect to r and s, it follows from case 2 that
x
N(x,y) = (x-vy) <x(1ne’€L(0, 8)), — y(InHr(0,5)), - 2xy(In K (1,5)),, hl(;))

421
{>o ifs>0, (4.21)

<0 ifs<0.

(4) In the case of r = s #0.
From (4.11) together with (4.1)—(4.3), we have

N(x,y) = (x-vy) <x(1nJ€L(r,r))x —y(Inki(r, 1)), - 2xy(InHr(r,7)),, ln<§>)

- l@((x— v) (x(lnemr, $))x = y(neki(r,s)), —2xy(In ki (7,5)).y h‘(;)))

= (e lim "= ()
>0 ifr>0,
:{<0 itreo, )

(4.22)

(5) In the case of r = s = 0.

From (4.22) together with (4.7)-(4.9), we have
N(x,y) = (x-vy) (x(anKL(O, 0)), — y(In#1(0,0)), — 2xy(In H1(0,0)),, ln<§>>

=(x- y)}iil(l)P'(r).

(4.23)
But by (4.15) and some limit computations, we obtain
- - 1 21n?
Hm P'(£)(x/y)' = ulim u( (u+1) (u-1)/u 2lnu nu  2In uz
t—0 —u-1 (u-1) u-1 (u-1)
(4.24)

-4

:0,

y Inu (u-1)/u-Inu
u-1 (u—1)>

which implies AV(x,y) = 0.
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Summarizing the above five cases, our required results are derived.
This proof ends. O

5. Other Corollaries

The four-parameter homogeneous means F(p,q;r,s;a,b) also contain many other two-
parameter means, for instance, for the identric (exponential) mean defined by (1.3), its two-
parameter means are defined as follows [21, Example 2.3]:

(/1(a?,bP) 1/(p-9)
<W> . P#d, pa#0,
GI,P(a/b)/ p =q750’
JZI(P, q;4a, b) =9 Il/p(aP, bP), p#0, g=0, &1
Il/q(aq/bq)/ p = O’ q#o’
G(a,b), p=q9=0,
where Gy, (a,b) = YV/P(a?,bP) := Y, (a,b), Y(a,b) = Ie"5"/1".
By [3], we see that
#i(p,q;a,b) =F(p,q;1,1;a,b). (5:2)

And then according to Theorem 1.2, we have the following corollary.

Corollary 5.1. For fixed (p,q) € R x R, the two-parameter identric (exponential) means H1(p, q;
a, b) are Schur geometrically convex on (0, 00) x (0, co) with respect to (a,b) if and only if p +q >0
and Schur geometrically concave if and only if p + q < 0.

As another example, for Heronian mean defined by

He = ‘”T*/m, (5.3)

its two-parameter means are defined as follows:

1/(p-q)

@+ (Vab)" + b7

q
al + <\/ ab> + b1
a(@+(Vab)" /2)/ (@ +(Vab) +b7) p((Vab)' /24b) /(aP+(Vab) +b") 4 = g2,

p#4, pq70,

Hre(p,q;a,b) = 1 (5.4)

Hel/? (a?,bP), p#0, q=0,
Hel/9(a%,b9), p=0, g#0,
G(a,b), p=qgq=0.
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By [3], we see that
Hue(p,q;a,b) =F(p,q;3/2,1/2;a,b). (5.5)

And then according to Theorem 1.2, we have the following corollary.

Corollary 5.2. For fixed (p,q) € R x R, the two-parameter Heronian means Hp.(p, q; a,b) are
Schur geometrically convex on (0, o0) x (0, co) with respect to (a, b) if and only if p+q > 0 and Schur
geometrically concave if and only if p + g < 0.
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