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We prove a strong convergence theorem for a common fixed point of two sequences of strictly
pseudocontractive mappings in Hilbert spaces. We also provide some applications of the main
theorem to find a common element of the set of fixed points of a strict pseudocontraction and the
set of solutions of an equilibrium problem in Hilbert spaces. The results extend and improve the
recent ones announced by Marino and Xu (2007) and others.

1. Introduction

Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let T : C — C
be a self-mapping of C. Recall that T is said to be a strict pseudocontraction if there exists a
constant 0 < k < 1 such that

ITx =Ty |* < |lx =yl + K[| = T)x (T - T)y (1.1)

for all x, y € C. (We also say that T is a k-strict pseudocontraction if T satisfies (1.1)). We use
F(T) to denote the set of fixed points of T (i.e., F(T) = {x € C : Tx = x}). Note that the class
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of strict pseudocontractions strictly includes the class of nonexpansive mappings which are
mappings T on C such that

ITx =Tyl < llx-vl (1.2)

for all x,y € C. That is, T is nonexpansive if and only if T is a 0-strict pseudocontraction.
In 1953, Mann [1] introduced the following iterative scheme:

xo9 € C chosen arbitrarily,
(1.3)
Xpi1 = pXy + (1 —a,)Tx,, n=0,1,2,...,

where the sequence {a,} is chosen in [0,1]. Mann’s iteration process (1.3) has been
extensively investigated for nonexpansive mappings. One of the fundamental convergence
results was proved by Reich [2]. In an infinite-dimensional Hilbert space, the Mann's iteration
(1.3) can conclude only weak convergence [3, 4]. In 1967, Browder and Petryshyn [5]
established the first convergence result for a k-strict pseudocontraction in a real Hilbert
space. They proved weak and strong convergence theorems by using (1.3) with a constant
control sequence {a,} = a for all n. However, this scheme has only weak convergence
even in a Hilbert space. Therefore, many authors try to modify the normal Mann’s
iteration process to have strong convergence; see, for example, [6-10] and the references
therein.

Attempts to modify (1.3) so that strong convergence is guaranteed have been made.
In 2003, Nakajo and Takahashi [9] proposed the following modification of (1.3) for a single
nonexpansive mapping T by using the hybrid projection method in a Hilbert space H

xo9 € C chosen arbitrarily,
Yn = ApXy + (1 - an)Txn/
Co={zeC:|z-yu| <llz-xull}, (1.4)

Qn={zeC:{(xp—z,x—x,) >0},
Xn+1 :PCnﬂQn(x)l n:O/]-/z/"'/
where Pc denotes the metric projection from H onto a closed convex subset C of H. They

proved that if the sequence {a,} is bounded above from one, then {x,} defined by (1.4)
converges strongly to Pr(r)(x).
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In 2007, Marino and Xu [11] proved the following strong convergence theorem by
using the hybrid projection method for a strict pseudocontraction. They defined a sequence
as follows:

xo9 € C chosen arbitrarily,

Yn = XXy + (1-a,)Tx,,
Co={z€C: llyn—2II* < llxa = 2IP + (1 = @) (k = ) 0 = T}, (1.5)
Qu=1{z€C: (xy—zx0~-x) >0},

Xn+1 = Pc,ng,(x0), n=0,1,2,...,

They proved that if 0 < a,, < 1, then {x,} defined by (1.5) converges strongly to Pr(r)(x0).

Motivated and inspired by the above-mentioned results, it is the purpose of this paper
to improve and generalize the algorithm (1.5) to the new general process of two sequences
of strictly pseudocontractive mappings in Hilbert spaces. Let C be a closed convex subset of
a Hilbert space H and T, S,, : C — C two sequences of strictly pseudocontractive mappings
such that ;2 F(T,) N ;29 F(S,) #0. Define {x,} in the following ways:

xo9 € C chosen arbitrarily,
Yn = anXn + (1= an)zp,
Zn = BuTnXn + (1= Bn) Snxn,
Co ={z€C: lyn—zl” < va = 212 + (1 = ) (5 = ) | = Tt
(L= ) (1= ) (k2 = ) % = Sl = (1= )P (1= Bu) 1Tk = Sl
Qu={z€C:(xy—2z,x —x4) =20},

xn+1 = Péann (xo)/
(1.6)

where {a,}, {,} are sequences in [0, 1].

We prove that the algorithm (1.6) converges strongly to a common fixed point of two
sequences of strictly pseudocontractive mappings {T,} and {S,} provided that {T,}, {S.},
{a,} and {pB,} satisfy some appropriate conditions, and then we apply the result for finding
a common element of the set of fixed points of a strict pseudocontraction and the set of
solutions of an equilibrium problem in Hilbert spaces. Our results extend and improve the
corresponding ones announced by Marino and Xu [11] and others.

Throughout the paper, we will use the following notation:

(i) — for strong convergence and — for weak convergence,

(ii) wy(xy) = {x : Ix,, — x} denotes the weak w-limit set of {x,}.
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2. Preliminaries

This section collects some definitions and lemmas which will be used in the proofs for the
main results in the next section. Some of them are known; others are not hard to derive.

Lemma 2.1. Let H be a real Hilbert space. There holds the following identity:

(@) llx = yl* = Ilxl* = lylI* = 2{x -y, y) for all x,y € H.
(i) [ltx + (1 - )y|2 = Hlx|2 + A = Dlyl2 - t(1 - t)|lx — y||? for all € [0,1], for all x,y € H.

Lemma 2.2. Let H be a real Hilbert space. Given a closed convex subset C ¢ H and x,y,z € H.
Given also a real number a € R. The set

{UECZ ||y—v||2< ||x—v||2+(z,v>+a} (2.1)

is convex (and closed).

Recall that given a closed convex subset C of a real Hilbert space H, the nearest point
projection Pc from H onto C assigns to each x € H its nearest point denoted by Pcx which is
a unique point in C with the property

llx = Pex|| < ||x—z|| VzeC. (2.2)

Lemma 2.3. Let C be a closed convex subset of real Hilbert space H. Given x € H and z € C. Then,
z = Pcx if and only if there holds the relation

(x-z,z-y)>20 VYyeC (2.3)

Lemma 2.4 (Martinez-Yanes and Xu [8]). Let C be a closed convex subset of real Hilbert space H.
Let {x,} be a sequence in H and u € H. Let g = Pcu. If {x,,} is such that wy,(x,) C C and satisfies
the condition

o —ull < ||lu-q|| Vn (2.4)

Then, x, — q.

Given a closed convex subset C of a real Hilbert space H and a mapping T : C — C.
Recall that T is said to be a quasistrict pseudocontraction if F(T) is nonempty and there exists
a constant 0 < k < 1 such that

ITx = p||” < || - || + kllx - Tx|? (2.5)

forallx e Cand p € F(T).
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Proposition 2.5 (Marino and Xu [11, Proposition 2.1]). Assume C is a closed convex subset of a
Hilbert space H, and let T : C — C be a self-mapping of C.

(i) If T is a k-strict pseudocontraction, then T satisfies Lipschitz condition

1+k
|Tx-Ty| < n”x—y” Vx,y € C. (2.6)

(ii) If T is a k-strict pseudocontraction, then the mapping I — T is demiclosed (at 0). That is, if
{xn} is a sequence in C such that x,, — x and (I - T)x, — 0, then (I -T)x = 0.

(iii) If T is a k-quasistrict pseudocontraction, then the fixed-point set F(T) of T is closed and
convex so that the projection Prt) is well defined.

Lemma 2.6 (Plubtieng and Ungchittrakool [12, Lemma 3.1]). Let C be a nonempty subset of a
Banach space E and {T, } a sequence of mappings from C into E. Suppose that for any bounded subset
B of C there exists continuous increasing function hg from R* into R* such that hg(0) = 0 and

. k _
k,lllinoo p; =0, (2.7)
where
p;‘ :=sup{hp(||Tkz - Tiz||) : z € B} < oo, (2.8)

forall k,1 € N. Then, for each x € C, {T,,x} converges strongly to some point of E. Moreover, let T be
a mapping from C into E defined by

Tx = lim T,x VxeC. (2.9)

n—oo

Then, lim,, _, o sup{hp(||Tz - T,z||) : z € B} =0.

Lemma 2.7. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H, and
let {T,,} be a sequence such that for each n, T,, is k"-strict pseudo contraction from C into H with
limsup, , k" <1and

Tx=lim T,x VxeC. (2.10)

n— oo

Then, F(T) is closed and convex so that the projection Pr(ry is well defined.
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Proof. To see that F(T) is closed, assume that {p,} is a sequence in F(T) such that p, — p.
Since Ty, is a k"-quasistrict pseudocontraction, we get, for each n,

2

ITP = pull = |TP = Tpu||” = || lim Top - lim Tops| = lim || Tp = Toupa’

<timsup (|5~ pul*+ k7|5~ Tup) = (oo~ T )

m— oo

<|lp-pal + <limsup km> <lim sup||(p = Tmp) — (Pn = Tipn) ||2> (2.11)

2

= ||,5—;gn||2 + <limsup k’”>

m— o

'(f) - lim Tmﬁ> - <pn - lim Tmpn)
= Ip=pall* + (limsup k™ ) 5 - 5.

Taking the limit as n — oo yields ||Tp - p||* < «||p — Tp|l>, where « := limsup,, k™. Since
0<x<1 wehaveTp =p. O

3. Main Result

In this section, we prove a strong convergence theorem by using the hybrid projection method
(some authors call this the CQ method) for finding a common element of the set of fixed
points of two sequences of strictly pseudocontractive mappings in Hilbert spaces.

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H. For eachn, let T,,, S, : C — C be
k%, kg-strict pseudocontractions for some 0 < ki, kg < 1 with limsup, _, k7, limsup,_ kg <1,
respectively, and assume that ;oo F(T,) N(Nyeg F(Sn) # 0. Let {xy, } 5 be the sequence generated by

xo € C  chosen arbitrarily,
Yn = anXp+ (1 - an)zy,
zn = PuTpxn + (1= Bn) Suxn,
C, = {z € C: ||lyn —2||* < l1xn = 2> + (1 = @) B (kI = @) |0 — Tt
(1= ) (1= ) (K = ) 1% = Suall” = (1= @) B (1 = ) I Toxn = Suxal},
Qn={zeC:(xp—z,x0—x,) =0},

Xp+1 = PC”an (x0)-
(3.1)
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Assume that {a,} and {f,} are chosen so that 0 < a, <1and 0 < a < B, < b <1 forall n. Suppose
that for any bounded subset B of C there exists an increasing, continuous, and convex function hp
from R* into R* such that hg(0) = 0, and

kllirn sup{hp(||Tkz-Tiz||) : z€ B} =0 = kllim sup{hg(||Skz — Siz||) : z € B}. (3.2)

Let T,S : C — C such that Tx = lim,_, ,T,x and Sx = lim,,_, ,,S,x for all x € C, respectively,
and suppose that F(T) = (g F(T,) and F(S) = ;oo F(Sn). Then, {x,} converges strongly to a
common fixed point q = Pr(r)nr(s) (x0).

Proof. It is not hard to check that C, and Q,, are closed and convex for all n (via Lemma 2.2
and the properties of the inner product). Then, if CnNQyis nonempty for all #, the sequence
{xn} is well defined. Now, we will show that N;2, F(Ty) N Ny F(Sn) C C, for all n. Let
p € Moo F(T) NNy F(S,), we observe that

20 =PI = 1Bu(Tuxn = p) + (1= ) (Suxa = p) ||’
= Bul| Tuxn = p|I> + (1= Bu) |Suxtn = PII* = Bu (1 = Bu) ITuxn = Sutal?

< Bu(llxn = pII* + Kplln = Tuxall?) + (1= ) (12 = pI* + K2l = Surcal)

(3.3)
- ﬁn(l - ﬁn) | Tnon — Snxn”2
= ||xn = pII” + Bukitllxn = Tuxul* + (1 = Bu) K2l = Spxul?
- ﬂ‘fl(l - ﬁn) ”Tnxn - Snxn”2/
126 = Zull? = || Bn(%n = Tuxn) + (1= Bo) (Xn = Suxn) ||
(3.4)
= ﬁn”xn - Tnxn”2 + (1 - ﬁn)“xn - Snxn”2 - ﬂn(l - ﬁn)“Tnxn - Snxn||2-
By (3.3) and (3.4) we obtain
Iyn = pII* = llan(xn = p) + (1 = atn) (za - p) ||
= “n”xn _PHZ +(1- an)”Zn - P”2 —an(1—a,)|x, - Zn||2
< Jloen = pII* + (1 = @) B (K5 = ) 10 = T (35)

+ (1= ) (1= B) (K2 = @) ]| = S|

= (1= @)*Bu (1= Pu) I T = Suxull®
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Thus, we have F(T) N F(S) c C, for all n. Next, we will show that F(T) N F(S) ¢ Q,, for all n.
If n =0, then F(T)NF(S) C C = Qp. Assume that F(T)NF(S) C Q,. Since x,1 is the projection
of xp onto C,, N Qn, by Lemma 2.3 we have

(Xpe1 =2, %0 —Xpe1) 20 Vz € én NQn- (3.6)

Noting that F(T) N F(S) C CnN Q, by the induction assumption, it implies that F(T) N F(S) C
Qu+1, thus by induction F(T) N F(S) C Q, for all n. Hence, F(T) N F(S) C Cun Q,, for all n. So,
{x,} is well defined.

Notice that the definition of Q, actually implies x,, = Pg,(x0). This together with the
fact F(T) N F(S) C Q, further implies

lu —xoll < [lp~ %]l ¥p € F(T)NF(S). (37)
In particular, {x,} is bounded and

[l = x0ll < ||g = x0|| Vn, (3.8)

where q = Prr)nr(s)(%0).-
The fact x,.1 € Q, asserts that (x,.1 —x,, X, —xo) > 0. This together with Lemma 2.1(i)
and Lemma 2.3 implies

%51 = Xull® = | (2ns1 = X0) = (X = X0)|I>
= n+1 — X0 - n — X0 - n+l — Xn, Xn — X0 .
l2¢ns1 = 20ll% = |3t = xolI* = 2241 = Xn, X — X0) (3.9)

< Nemer = xoll* = floen = 0.
It turns out that
[2¢n+1 = 24|l — 0. (3.10)
By the fact x,,11 € én, we get

||xn+1 - ]/n”2 < lxnen = xn”z +(1- an)ﬂn(k¥ - “n)”xn - Tnxn||2
+ (1= ) (1= ) (k& = ) %0 = Sl (3.11)

= (1= an)*fu (1= Ba) ITwn = Suxul®
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Observe that
%1 = Yol|” = etn (et = X0) + (1 = ) (2 = 2|
= a2t = Xal* + (1= ) [ Xna1 = Zall® = @ (1 = ) 0 = zal%,
%41 = ZalP* = || B (Xns1 = Tuxa) + (1= Bu) (X1 — Spxa) ||

= ﬁn”xnﬂ - Tnxn”2 + (1 - ﬂn)”xwrl - Snxn||2 - ﬂn(1 - ﬂn) ||Tnxn - Snxn||2-
(3.12)

With simple calculation by using (3.12) and (3.4), we have

%1 = Yu|” = @nllZnsr = ull* + (1 = 20) Bull X1 — T
+(1- ‘xn)(l - ﬁn)”xnﬂ - Snxn”2 —an(1 - ay)Pullx, - Tnxn”Z

— ay (1= at,) (1= Bu) 10 = Sutnl* = (1 = @n)* B (1 = ) I TuXn = Snall*.
(3.13)

So, when we combine (3.11) and (3.13) and compute, we obtain

(1 - ‘xn),ﬁn”xnﬂ - Tnxn“2 + (1 - an) (1 - ,Bn) ||xn+1 - Snxn”2

< (T =an)|lxne1 — xn”2 +(1- “n)ﬂnk;E”xn - Tnxn||2 +(1-ay,) (1 - ﬂn)kg”xn - Snxn||2-

(3.14)
Since a,, < 1 for all n, we have
,Bn”xn+1 - Tnxn”z + (1 - ,Bn)”an - Snxn”z
) , , (3.15)
< [xns1 = xal|” + Brkf 0 = Tuxul|” + (1 - ﬁn)kgllxn = 5,54
Notice that
|Ixn+1 - Tnxn||2 = ”(xn+1 - xn) + (xn - Tnxn)llz
R , (3.16)
= ||Xps1 — Xnll” + 2(x0n41 — Xn, X0 — TyXn) + || X0 — Txn||”,
%61 = Suull® = [|(ne1 = xn) + (Xn = Spx) |
(3.17)
= ||xn+1 - xn”2 + 2<xn+1 = Xn, Xn — Snxn> + ”xn - Snxn||2~
By (3.15), (3.16), and (3.17), we have
Bu(1 = K 1% — Tuu |l + (1= Bo) (1 = k%) ||265 — Sxa® 18)

< _zﬂn<xn+1 —Xn, Xn — Tnxn> - 2(1 - ﬂn) (xn+1 — Xn, Xn — Snxn>-
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Since {x,}, {Txx,}, and {S,x,} are bounded, 0 < a < f, < b <1 for all n and limsup, , k7,
limsup,_, kg <1, it follows from (3.10) and (3.18) that

lim ||x, — Tpxy| = 0 = lim ||x, — Spxa||- (3.19)
n—oo n—oo

Since {x,} is bounded, there exists a bounded subset B of C such that {x,} C B. From
Lemma 2.6, we are able to set Tx = lim,,, _, . T,,x for all x € C, and then observe that

1 1 1
E”xn —Txn|| < E”xn = Tyxn|| + E”Tnxn = Toxn|. (3.20)

Since hp is an increasing, continuous, and convex function from R* into R* such that hg(0) =
0, we discover that

1 1 1
o (31~ Tl ) < 3ol = Tl + 3(1T%, = T )
(3.21)

1 1
< ghs(llxn = Tuxull) + 5 supthp(|Tuz — Tz[|) - z € B}.

By Lemma 2.6 and the continuity of hg, we have lim,,_, o, hp((1/2)||x, — Tx,||) = 0. And then
the properties of hp yield

lim ||x;, — Txy|| = 0. (3.22)
n—oo

By the same argument, we have
lim ||x;, — Sx,|| = 0. (3.23)
n—oo

Now Proposition 2.5 guarantees that wy,(x,) C F(T) N F(S). This fact, the inequality (3.8),
and Lemma 2.4 ensure the strong convergence of {x,} to g = Prr)nr(s)(xo). O

If T, = Tand S, = S for all n, then ki = kr and ki = ks for all n. So, Theorem 3.1
reduces to the following corollary.
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Corollary 3.2. Let C be a closed convex subset of a Hilbert space H. Let T,S : C — C be kr, ks-
strict pseudocontractions for some 0 < kr, ks < 1, respectively, and assume that F(T) N F(S) #0. Let
{xn )5z be the sequence generated by

xo € C chosen arbitrarily,
Yn = anXn + (1 - an)zn,
zn = PuTxn + (1= Bn) Sxn,
Co ={z€C: lyn 2l <l = 2IP + (1= ) Bulhr = ) llxn = Tl (3.24)
(1= ) (1= B) (ks = ) 12 = S3all* = (1= )1 = ) I T = Sl
Qu={zeC:(xp,—2z,x0—x,) >0},

Xn+l = P(fann (x0),

where {a,} and {p,} be as in Theorem 3.1. Then, {x,} converges strongly to a common fixed point
g = Prrynr(s) (xo)-

In particular, if T = S, then z,, = Tx,, and

Cp= {z €C: |lyn—-plI> < || —p|* + 1 = an)Bulkr — )| — Tou|?
(1= @) (1= B) (et = ) 2 = T |* = (1= @) (1= B) [T ~ TP} (3:25)

=C,.

So, Corollary 3.2 reduces to the following corollary.

Corollary 3.3 (Marino and Xu [11, Theorem 4.1]). Let C be a closed convex subset of a Hilbert
space H. Let T : C — C be a k-strict pseudocontraction for some 0 < k < 1, and assume that the
fixed-point set F(T) #@. Let {x,} ;- be the sequence generated by

xo € C  chosen arbitrarily,
Yn = XXy + (1 - dn)TXn,
Co={zeC:llyn—z2I" <l —2IP + (1 - @) (k- @) lxa - Txal?}  (326)
Qu=1{zeC:(x,—z,x0—x,) >0},

Xn+1 = Pc,ng, (%0).

Assume that the control sequence {a, }, is chosen so that 0 < a, < 1 for all n. Then, {x,} converges
strongly to a fixed-point q = Prry(xo).

If T, =T for all n and {S,} is a sequences of nonexpansive mappings, then k7. = k and
kg = 0 for all n. So, Theorem 3.1 reduces to the following corollary.
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Corollary 3.4. Let C be a closed convex subset of a Hilbert space H. Let T : C — C be a k-strict
pseudocontraction for some 0 < k < 1, for each n and S, : C — C a nonexpansive mapping, and
assume that F(T) N (s> F(Syn) #0. Let {x, },—, be the sequence generated by

xo € C chosen arbitrarily,
Yn = anXn + (1= an)zn,
zn = PnTxy + (1= Pu)Snxn,
Co ={z€C: lyn -2l <l = 21 + (1 = ) Bulk = ) l|xn = T, (3.27)
—atn (1= ) (1= ) 6 = Suxall” = (1= @) (1 = Bu) 1T, = Spal P},
Qn=1{z€C:(xy~2,x0~x) >0},

xn+1 = Péann (xo)/

where {a,} and {B,} be as in Theorem 3.1. Suppose that for any bounded subset B of C there exists
an increasing, continuous, and convex function hg from R* into R* such that hg(0) = 0, and

kllim sup{hg(||Skz - Siz||) : z€ B} = 0. (3.28)

Let S : C — C besuch that Sx = lim,,_, o, Syx for all x € C, and suppose F(S) = ey F(Syx). Then,
{xn} converges strongly to a common fixed point q = Pr)nr(s)(X0).

4. Equilibrium Problem

In this section, we have an application of the main result for finding a common element of
the set of fixed points of a strict pseudocontraction and the set of solutions of an equilibrium
problem.

Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. Let
¢ be a bifunction of C x C into R, where R is the set of real numbers. The equilibrium problem
for ¢ : C x C — Ris to find x € C such that

o(x,y) >0 VyeC. (4.1)

The set of solution of (4.1) is denoted by EP(¢)(= {x € C: p(x,y) > 0 for all y € C}). Many
problems in physics, optimization, and economics reduce to find some elements of EP(¢p).
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For solving the equilibrium problem for a bifunction ¢ : CxC — R, let us assume that
¢ satisfies the following conditions:

(A1) p(x,x) =0forall x € C;

(A2) ¢ is monotone, that is, ¢(x,y) + ¢(y,x) < Oforall x,y € C;
(A3) foreach x,y,z€ C,

I}lr(l)up(tz +(1-tHx,y) <o(xy); (4.2)

(A4) for each x € C, y — p(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [13].

Lemma 4.1 (Blum and Oettli [13]). Let C be a nonempty closed convex subset of H, and let ¢ be a
bifunction of C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such
that

(p(z,y)+%(y—z,z—x>20 Yy e C. (4.3)

The following lemma was also given in [14].

Lemma 4.2 (Combettes and Hirstoaga [14]). Assume that ¢ : C x C — R satisfies (A1)—(A4).
Forr > 0and x € H, define a mapping S, : H — C as follows:

S,(x):{ZEC:(p(z,y)+%<y—z,z—x)20, VyeC} (4.4)

forall z € H. Then, the following hold:

(1) S, is single-valued;

(2) S, is firmly nonexpansive, that is, for any x,y € H, ||S,x — S,y||* < (S;x - S,y,x - y);
(3) F(Sr) = EP(¢);

(4) EP() is closed and convex.

The following corollary is an application of Corollary 3.4 in the case of finding a
common element of the set of fixed points of a strict pseudocontraction and the set of
solutions of an equilibrium problem.

Corollary 4.3. Let C be a closed convex subset of a Hilbert space H. Let T : C — C be a k-strict
pseudocontraction for some 0 < k < 1 and ¢ a bifunction from C x C into R satisfying (A1)—(A4).
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Suppose that F(T) N EP(¢p) # 0. Let {x,},, be the sequence generated by

xo € C chosen arbitrarily,
Yn = XXy + (1 - an)znr

Zn = PuTxn + (1= Bn)ttn,

u, € C such that ¢(uy,y) + l<y — U, Un —Xn) 20, Vy €C,
T (4.5)

Cy = {z €C: ||y — 2| < llxn = 2 + (1 = @) Bk — an) |0 = Tx, )
-, (1 - an)(l - ﬂn)”xn - un”z -(1- an)zﬂn(l - ﬂn)”Txn - un||2},
Qn=1{zeC:{x,—z,x0—x,) >0},

Xni1 = Pe g, (X0),

where {a,} and { B} be as in Theorem 3.1 and {1y, } 5 is chosen so that {r,} C (0, co) with inf,r, > 0
and 372 [T —7u| < 0o. Then, {x,,} converges strongly to a common fixed point g = Pr(r)nep(e) (X0)-

Proof. Obviously, u, = S;,x,, where S,, are mappings as in Lemma 4.2. Next, we want to
show that for any bounded subset B of C there exists an increasing, continuous, and convex
function hg(= (-)?) from R* into R* such that hz(0) = 0, and

kllim sup{hg(||Sr,v - Sy?||) : v € B} =0. (4.6)
Let B be a bounded subset of C. For each v € B, let v,, = S,,v. Then, by Lemma 4.2, we have

1
(v, y) + r_1<y -, -v) =20 VyeC, 4.7)

1
(v, y) + EW ~v,v-v) =0 VYyeC (4.8)
Put y = v, in (4.7) and y = v; in (4.8), we have
1 1
(v, vK) + r—l<vk —v,v-v) 20, @k v)+ a(vl - vk, vk —v) = 0. (4.9)

So, from (A2), we have (vx — v;, (v; — v) /11 — (vx — v) /1) > 0 and hence (vx — v, v, — v —
(r/re)(vk —v)) = 0. Thus,

(vk — v, 01 — Vk) +<vk—vl, <1—:—i>(vk—v)> > 0. (4.10)
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Let b := inf,,r,,. Thus, we have

(ISn0 = Sol)* = (vk =1, vk — 1)

< <vk -, <1 - %)(Uk - U)>

1
< ok - Ul||5|rk = ril[lox = ol|

) (4.11)
= I5no = SnollISno —vllir - 7l
4
< E”v —p|llrc =l where p € EP(p)
4
< EM|rk —-r| where M :=sup{|v-p| :veB}.
Put k > 1. Observe that
(1Sr0 = Srol)* < 3 Mlrk =7l < EMZV,M — 1] < EMZV,M — 1| < o0, (4.12)
n=Il n=Il
for all v € B, and then
4 o0
Plk = sup{(||Srkv - SrzU||)2 1V E B} < EMZ|Tn+1 — 1| < oo. (4.13)
n=lI

Let] — oo, we have lim_ o, pf = 0. Then, by Lemma 2.6, we can define a mapping S by

Sx = lim S, x VxeC. (4.14)
Next, we will show that
F(S) = (\F(S.) = EP(¢). (4.15)
n=0

Since {r,} C (0, 0), inf, , > 0 and (4.14), it is easy to see that

EP(y) = ﬁF(s,n) C E(S). (4.16)

n=0

Let p € F(S). By the definition of 5,, we have

1
¢(Srpy) + —(y=Snp,Snp-p) 20 VyeC. (4.17)
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By (A2), we have
1
a(z/ -S.p,Snp-p) = 9(y,Sr,p) VyeC (4.18)

From (4.14) and the lower semicontinuity of ¢(y,-), we have 0 > ¢(y,p) for all y € C. Let
y € Cand set x; =ty + (1 - t)p, for t € (0,1]. Then, we have

0=0p0,x) <top(x,y) + (1 -He(x,p) <tp(x,y). (4.19)

So ¢(x:,y) = 0. Letting t | 0 and using (A3), we get ¢(p,y) > 0 for all y € C, and hence
p € EP(p) = N4 F(S:,). Hence, we have (4.15). Then, applying Corollary 34, x, — g =
Pr(r)nEP(p) (X0)- =
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