Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2010, Article ID 897301, 24 pages
doi:10.1155/2010/897301

Research Article

Solution Properties of Linear Descriptor (Singular)
Matrix Differential Systems of Higher Order with
(Non-) Consistent Initial Conditions

Athanasios A. Pantelous,’ Athanasios D. Karageorgos,®
Grigoris I. Kalogeropoulos,? and Kostas G. Arvanitis®

1 Department of Mathematical Sciences, University of Liverpool, Peach Street, L69 7ZL Liverpool, UK
2 Department of Mathematics, University of Athens, GR-15784, Greece
3 Department of Natural Resources Management and Agricultural Engineering,

Agricultural University of Athens, GR-11855, Greece

Correspondence should be addressed to Athanasios A. Pantelous, a.pantelous@liverpool.ac.uk
Received 27 July 2009; Revised 11 December 2009; Accepted 27 January 2010
Academic Editor: Agacik Zafer

Copyright © 2010 Athanasios A. Pantelous et al. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

In some interesting applications in control and system theory, linear descriptor (singular) matrix
differential equations of higher order with time-invariant coefficients and (non-) consistent initial
conditions have been used. In this paper, we provide a study for the solution properties of a more
general class of the Apostol-Kolodner-type equations with consistent and nonconsistent initial
conditions.

1. Introduction

Linear Time-Invariant (LTI) (i.e., with constant matrix coefficients) descriptor matrix
differential systems of type (1.1) with several kinds of inputs

FX™(t) = AX(t) + BU(b), (1.1)

where F,A € M(n x m;F), B € M(n x u;F), and U € C*(F, M(u x m;F)), often appear
in control and system theory. For instance, (1.1) identifies and models effectively many
physical, engineering, mechanical, as well as financial phenomena. For instance, we can
provide in economy, the well-known, famous input-output Leontief model and its several
important extensions, advice [1, 2]. Moreover, in the beginning of this introductive section,
we should point out that singular perturbations arise often in systems whose dynamics
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have sufficiently separate slow and fast parts. Now by considering the classical proportional
feedback controller

U(t) = -FX(b), (1.2)

we can obtain (1.3), where G = A — BE.
Our long-term purpose is to study the solution of LTI descriptor matrix differential
systems of higher order (1.1) into the mainstream of matrix pencil theory, that is,

FXM(t) = GX(t), (1.3)

where, for (1.1), (1.2), and (1.3), rth is the order of the systems, F,G € M (n x m;F) (where
matrix F is singular), and X € C*(F, _M(m x [;IF) (note that F can be either R or C). For the
sake of simplicity we set in the sequel M, = M(n x n;[F) and M, ,, = M(n x m; F).

Matrix pencil theory has been extensively used for the study of LTI descriptor
differential equations of first order; see, for instance, [3-6]. Systems of type (1.3) are more
general, including the special case when F = I,,, where I,, is the identity matrix of #,, since
the well-known class of higher order linear matrix differential of Apostol-type equations is derived
straightforwardly; see [7-10]. In the same way, system (1.1) might be considered as the more
general class of higher order linear descriptor matrix differential equations of Apostol-Kolodner type,
since Kolodner has also studied such systems in nondescriptor form; see also [8].

Recently, in [5], the reqular case of higher order linear descriptor matrix differential
equations of Apostol-Kolodner type has been investigated. The regular case is simpler,
since it considers square matrix coefficients and the Weierstrass canonical form has been
applied. Actually, the recent work is a nonstraight generalization of [5]. Analytically, in this
article, we study the linear descriptor matrix differential equations of higher order whose
coefficients are rectangular constant matrices, that is, the singular case is examined. Adopting
several different methods for computing the matrix powers and exponential, new formulas
representing auxiliary results are obtained. This allows us to prove properties of a large class
of linear matrix differential equations of higher order; in particular results of Apostol and
Kolodner are recovered; see also [5, 8].

Finally, it should be mentioned that in the classical theory of linear (descriptor)
differential systems, see, for instance, [1, 2, 11-13], one of the important features is that not
every initial condition X, admits a functional solution. Thus, we shall call X a consistent
initial condition for (1.3) at t, if there is a solution for (1.3), which is defined on some interval
[to,to +y], ¥ > 0 such that X(t,) = Xo.

On the other hand, it is not rare to appear in some practical significant applications
that the assumption of the initial conditions for (1.3) can be nonconsistent, that is, X(t,) # Xo.

2. Mathematical Background and Notations

In this preliminary section, some well-known concepts and definitions for matrix pencils are
introduced. This discussion is highly important, in order to understand better the results of
Section 3.
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Definition 2.1. Given F,G € M,,, and an indeterminate s € I, the matrix pencil sF -G is called
regular when m = n and det(sF — G) #0 (where 0 is the zero element of _#(1,F)). In any other
case, the pencil is called singular.

In this paper, as we are going to see in the next paragraph, we consider the case that the
pencil is singular. The next definition is very important, since the notion of strict equivalence
between two pencils is presented.

Definition 2.2. The pencil sF — G is said to be strictly equivalent to the pencil sF — G if and only
if there exist nonsingular P € M, and Q € M,, such that

P(sF -G)Q = sF - G. (2.1)

The characterization of singular pencils requires the definition of additional sets of
invariants known as the minimal indices.

Let us assume that r = rankp()(sF — G), where F(s) denotes the field of rational
functions in s having coefficients in the field IF. The equations

(sSF-G)x(s) =0, ¢ (s)(sF-G)=0" (22)
have nonzero solutions x(s) and ¢ (s) which are vectors in the rational vector spaces
./Uright(s) = -/Uright(SF - G)/ -/Uleft(s) £ -/Uleft(SF - G)/ (23)

respectively, where
Nrignt(s) = {x(s) €F(5)™ : (sF - G)x(s) =0,,},

24
et () = {f(s) €F(s)" : ¢ (s)(sF - G) = QrTn} 9

The sets of the minimal degrees {v;, 1 <i<m-r}and {u;, 1<j<n-r}areknown as column
minimal indices (c.m.i.) and row minimal indices (rm.i.) of sF — G, respectively. Furthermore, if
r = rankp() (sF — G), it is evident such that

m-r n-r
7= Z v; + Z uj + rank(sF, — Gy), (2.5)
=g+l  j=h+l F(s)

where sF,, — Gy, is the complex Weierstrass canonical form; see [3].
Let By, By, ..., B, be elements of #,,.
The direct sum of them denoted by By @ B, @ - - - @ By, is the block diag{Bs, B, ..., B,}.
Thus, there exists P € M,, and Q € M, such that the complex Kronecker form sFi — Gy
of the singular pencil sF — G is defined as follows:

sFx = G £ Opg @ sAy — Ay @ sA, -\, @ sI, - [, @ sH, - I, (2.6)

m-r
i=

where v = 3" 0 v, u =31 u;, p= 3 pj,and g = 37, g; (see below). In more details,
the following are given.
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(51) Matrix Oy, ¢ is uniquely defined by the sets {0,0,...,0} and {0,0,...,0} of zero

/ -

€ e
column and row minimal indices, respectively.

(52) The second normal block sA, — A, is uniquely defined by the set of nonzero column
minimal indices (a new arrangement of the indices of v must be noted in order to simplify the

notation) {vg1 < -+- < vy} of sSF — Q and has the form

SAy = Ay 25Ny, = Ao @ BNy, — Ly, @ SNy, — Ao, (2.7)

where A, = [I, (_)] € My, v+1, Ao, = [H, ‘€ ] € My, 1 foreveryi=g+1,9+2,..,m—r,and

vi-Ey,
I, and H,, denote the v; x v; identity and the nilpotent (with index of nilpotency v;) matrix,
respectively. 0and g, =[0 -+ 0 1]" are the zero column and the column with element 1

at the v;place, respectively.

(S3) The third normal block sAl — AT is uniquely determined by the set of nonzero row
minimal indices (a new arrangement of the indices of u must be noted in order to simplify the
notation) {up41 <--- <u,_,} of sF — G and has the form

SAy =Xy £ s, =\, @ @sA —A @---esAL A (2.8)

Up41 Up41

Su.:

el of
where AZJ_ = [ ] € Myii;, )ng = [ ] € My1y forevery j=h+1,h+2,...,.m-r,
H,, L,

uj )
and I,; and H,, denote the u; x u; identity and nilpotent (with index of nilpotency u;) matrix,
respectively. 0 and e, = [1 -~ 0 0]" are the zero column and the column with element 1

at the first place, respectively.
(54-S5) The forth and the fifth normal matrix block is the complex Weierstrass form
sFw — Gy, of the singular pencil sF — G which is defined by

$Fw— Qu £ sl, - J,®sHy - I, (2.9)

where the first normal Jordan-type element is uniquely defined by the set of finite elementary
divisors (f.e.d.)

K
(s—a)?,..., (s —ay)P, Zp]- =p (2.10)
i=1

of sF — G and has the form

sly— Jp 2 sy, = Jp,(@1) ® - @ sl, — ], (ax). (2.11)
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And also the g blocks of the second uniquely defined block sH, - I, correspond to the infinite
elementary divisors (i.e.d.)

,...,8%7, Zq]- =q (2.12)

of sF — G and have the form

sHy—I, 2 sHy — 1, ©---®sH, ~ 1 (2.13)

9o+

Thus H, is a nilpotent element of M, with index g = max{q; :j=1,2,...,0}, where

ng((j), (2.14)
and Ly, Ty, (aj), Hq]. are the matrices
[(a; 1 0 07
10 ---0
0 a; 1 0
01---0
Iy, = e € My, ]pj(a]-)= Dot | EMy,
T 0 aj 1
00 ---1
[0 0 0 0 aj
(2.15)
01 0 --- 0]
001 ---0
qu_ E,/I’lq/
00 0 01
00 0O 0 0]

In the last part of this introductive section, some elements for the analytic computation
of eAlt-t) t € [t,,00) are provided. To perform this computation, many theoretical and
numerical methods have been developed.

Thus, the interested reader might consult papers in [1, 2, 7-10, 14-16], and the
references therein. In order to obtain more analytic formulas, the following known results
should be mentioned.

Lemma 2.3 (see [15]).

evi(a(t-to) _ [dklkz]p]" (2.16)
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where

K-k
g% (t=to) (t—to)™ ™

dk1k2 = (k2 - kl)' !
0, otherwise.

1<ki<k:<pj, (2.17)

Another expression for the exponential matrix of Jordan block, see (2.18), is provided
by the following lemma.

Lemma 2.4 (see [15]).
pj-1 i
@ =3 £t~ t)[ Iy, (a7)] (218)
i=0

where the fi(t —t,)'s satisfy the following system of p; equations:

i\ t—t)k
Z<k>a;-kfi(t—to)=( kf) e, k=1,2,.,pj,

i=k (2.19)

[]Pj(af)]i = [ﬂl(jl)kz]p , for 1< ki, k2 <pj,

J

@ _ i i-(ka—k1)
where ﬁklkz = <k2_k1 >al. .

3. Solution Space for Consistent Initial Conditions

In this section, the main results for consistent initial conditions are analytically presented
for the singular case. The whole discussion extends the existing literature; see, for instance
[8]. Now, in order to obtain a solution, we deal with consistent initial value problem. More
analytically, we consider the system

FXM(t) = GX (1), (3.1)
with known

X(to), X' (to), .., X" V(t,), (3.2)

where F, G € M, ,, (Where matrix F is singular), and X € C*(F, M,,;).
From the singularity of s"F — G, there exist nonsingular matrices P € M, and Q € M,
such that (see also Section 2)

PFQ=Fi=0p0 A, 0 A, @1, ®H,,
(3.3)
PGQ=Gi=0pe0\p0 Al & 01,
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where Ay, Ay, AL, AL, I, ], Hy, and I, are given by

Np=Npp; @ O Ny, @O Ny, ,
A
Lo =dp, @Oy, @@Ly, ,
T & AT T T
Ay =Ny, @00, 00N, ,

Uh+1

L EA,, 0 el 00l

Up+1 Un—y”

(3.4)
L= o,

Iy = ]p1(a1) -0 ]px(ax)r
H,£H, e ---oHy,
L= e -ol,.
By using the Kronecker canonical form, we might rewrite system (1.3), as the following
lemma denotes.

Lemma 3.1. System (1.3) may be divided into five subsystems:

Ong Y () = OngYg(t), (3.5)
MY () = Ao Yo (1), (3:6)
ALY (1) = 1Y), (3.7)
the so-called slow subsystem
Y, () = LY (8), (38)
and the relative fast subsystem
HyY\ () = Yy (t). (3.9)

Proof. Consider the transformation
X(t) = QY(1), (3.10)

where Q € M,, and Y € C*®(IF, M,,;). Substituting the previous expression into (1.3), we
obtain

FQY"(t) = GQY(t). (3.11)
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Whereby, multiplying by P, we arrive at

F YD () = GeY (b). (3.12)
Moreover, we can write Y () as
=[YIo YIo) Y YI() YI()] € M, (313)

where Yo (t) € C=(F, Mgy), Yo(t) € C2(F, Myy), Yo(t) € C°(F, Myy), Yp(t) € C(F, ./flpz)

and Y, (t) € C*(F, M,,;). Note that g is the number of zero column entries, v = 3" " —g+1 Vis
u=3"u,p=Xppandq=37,q;.
And taking into account the above expressions, we arrive easily at (3.5)-(3.9). O

Proposition 3.2. For system (3.5), the elements of the matrix Yq(t) € C*(FF, M(g x I;F)) can be
chosen arbitrarily.

Proof. Since Qy, 4, it is profound that any g-column vector can be chosen. O

Proposition 3.3. The analytic solution of system

Ao Y () = Mo, Yo, (1) (3.14)
is given by the expression
Yvi(t) = [X1(t) Zz(t) Zz(t)] = []/J\,j(t)] A=1,2,..,0; 7 (3-15)
=121
where
-1
yaj(t) = f fyuu(ﬂdt dt + Zcu HEIr (3.16)
r-times

where yy41,j(t) is an arbitrary function, for every A = 1,2,...,v;,i = g+1,...,m—r,and j =
1,2,...,1L (Note that c) y_¢1 should be uniquely determined via the given initial conditions.)

Proof. System (3.14) is rewritten as
[IviEg] YOt = [Hvifgvi]le(t), (3.17)

foreveryi=g+1,¢g+2,...,m—r.Now, we denote

v, (¢
Yo, (t) = 0 , (3.18)
y,®
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where W, () € My, W) = [0 Y0 - Y,0] with Y, =
[y;(t) y2;() - yo,(H]", and y, (&) € My (vector, 1 x I).
Thus,

RL40 G
p[50] bl 1]
¥ G
or, equivalently, we obtain

WO (1) = HoWo, (1) + £,y (8).

Note that £.Y, (t) is a matrix with v; x v;-elements as follows

Y % Y @’Ui— /
évizl(t) = [Zl(t) Y, () - Zz(t)] 2 1,1

Yor11(t) Yor12(t) - Yo +u(t)

where Y.() = [0 0 -+ you,;(B)]" forj=1,2,...,1
Consequently, (3.20) is rewritten as follows:

YOm YO @) - YO 0)] = [HoXy () HoXo() - HyY, ()]

1o L0 - Y0),
or, equivalently,
Y () = Ho X, (1) + X, (1),
and eventually, as a scalar system, we obtain

i) = 2,8, 3 (8) = ya (), .,

Yo (8 = Yo i (8, Y (6) = Yoy (1),

Denote that element y,,41,(t) is an arbitrary function; then the solution

iteratively, as follows.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

is given
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Firstly, we take the equation yg,)j(t) = Yo41,j(t) forevery j=1,2,...,1,

yv J )( ) - va,+l](t)dt+cv T1ye--

1 (3.25)

Yo, j (t) = J‘ fyv +1](t)dt -dt + ch r—¢+1 75 A - 1)'

r- tlmes

We continue the procedure, for %(121, J (t) = Yv,(t), and so forth. Thus, we finally obtain (3.15).
O

With the following remark, we obtain the solution of subsystem (3.6).

Remark 3.4. The solution of subsystem (3.6) is given by

Yolt) = Yo () @0 Yy () 0--0 Y, (1), (3.26)

where the results of Proposition 3.3 are also considered.

Remark 3.5. Considering the solution (3.14), and therefore the system (3.6), it should be
pointed out that the solution is not unique, since the last component of the solution vector is
chosen arbitrary. Moreover, it is worth to be emphasized here that the solution of the singular
system (1.3) is not unique.

Proposition 3.6. The system
ALY (1) = AL Y., (1) (3.27)

has only the zero solution.

Proof. Consider that system (3.27) can be rewritten as follows:

T T
u]- Q

Y= || Y (0) (3.28)
I,

€
H,

j

foreveryj=h+1,h+2,...,m—r.
Afterwards, we obtain straightforwardly the following system:

EROR0 [ of ] el Yy (1) =0
- - = (3.29)
Hujyuj)(t) Yy, () H, Y () = Y, ().
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Now, by successively taking rth derivatives with respect to t on both sides of
Hy, Y (1) = Y, (8), (3:30)

and left multiplying by the matrix H,, u; — 1 times (where u; is the index of the nilpotent
matrix Hy,, i.e., HZ]] = 0), we obtain the following equations:

H2YZ () = Hy Y 0, .., Ho Yl (4 = Hy v 707 @), (3.31)
Thus, we conclude to the following expression:

Y,y () = Hy Y, () = HL YD () = = Hy Y, () = 0. (3:32)

Remark 3.7. Consequently, the subsystem (3.7) has also the zero solution.

Proposition 3.8 (see [5]). (a) The analytic solution of the so-called slow subsystem (3.8) is given by

-1
Y, (t) = LR _é%l;eao et R 7,4 ), (3.33)
j=1k=
where L=1[I, O --- Q] € Myp; RE My suchthatJ = R'AR.

Note that J € My, is the Jordan Canonical form of matrix

(O I, O --- O]
001 -0
A=|: 1], (3.34)
0001,
J, 0 O -+ O
T T 0T \y
and Z(to) = [Y, (to) Y',(t) - Y, 7 (t)] € Mpry
The eigenvalues of the matrix A are given by
2kar + @; 2kar + ¢;
ik =% |a]-|<cos—q)] +zsin —(P]>, (3.35)
r r

where aj = |aj|(cos @; + zsin @;) (a; finite elementary divisors) and z* = =1 for every j =1,2,...,x
andk=0,1,2,...,r-1.

(b) However, the relative fast subsystem (3.9) has only the zero solution.

It is worth to say that the results of Ben Tuher and Rachidi [14] can be compared with the
results of Proposition 3.8, which has been discussed extensively in [5].
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Remark 3.9. The characteristic polynomial of A is ¢(\) = H;‘zl()ﬁ —a;j)P, with a; # a; for i #j

and 37, p; = p. Without loss of generality, we define that

di=7, do=m,...,di=7,and djs1 < Ti41,...,dc < Tk, (3.36)
where d;,7j,j = 1,2,...,x, are the geometric and algebraic multiplicities of the given
eigenvalues a;, respectively.

(i) Consequently, when d; = 7j, then
Ajk
Ajk
Jik(Ajx) = _ € My, (3.37)
Ajk
is also a diagonal matrix with diagonal elements of the eigenvalue Aj, forj=1,...,1L
(ii) When d; < 7, then
e 1 -
)L]-k 1
Jikz = i - e M, (3.38)
1
| Ak
forj=1+1,1+2,...,x,and z; = 1,2,...,d;.
Hence, the set of consistent initial conditions for system
F YO () = GeY (1) (3.39)
has the following form:
T
Y® (t,) = { [ng”(to) Y (1) of YT (,) @g] k=0,...,r-1 } (3.40)
In more details, since we have considered (3.14) and we can denote
Q = [Qn,g Qn,v Qn,u Qn,p Qn,q]/ (3.41)
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then we can derive the following expression:

X(to) = [Qug Quo Quu Qup Qual [¥1 () YI(to) OF ¥/ (1) OF]'

(3.42)
= Qn,ng(to) + QuoYo(to) + Qn,pr(to)-
Then, the set of consistent initial conditions for (1.3) is given by
{Qn,gyg(tO) + Qn,va(tO) + Qn,pr (tO)Qn,gYé(tO) + Qn,le')(tO) + Qn,pY;,;(tO) e
(3.43)
Qug Y& (to) + Quo¥d (o) + Qup Yy (1) .
Now, taking into consideration (3.2) and (3.43), we conclude to
X(to) = Qn,ng(to) + Qn,va (to) + Qn,pr (to)/
X'(to) = Qn,gYé(to) + Qn,szl; (to) + Qn,pY;’; (to),
(3.44)
XD (ko) = Qug YT ™ (to) + Quo Y™ (o) + Qup Yy (to)-
Theorem 3.10. The analytic solution of (3.2) is given by
k r-1
X(t) = QugYg(t) + QuoYo(t) + Quy LR @HED /W R Z(1,) (3.45)
j=1 k=0
for Yo(t) = Yo, () @ - @ Yy, () @ -+ @ Y, (t), where Yo, (t) = [yn] ., o2, g fori=
g+1,...,m—-rand
-1
(b = f . J’ Y (Bt dt + Zq, Tt (3.46)
r-times
(Note that c) y_¢+1 should be uniquely determined via the given initial conditions.)
The matrix Y4 (t) is arbitrarily chosen. Moreover
L=[I, O --- O] € Myp, Re My (3.47)

such that ] = R"'AR, where J € M is the Jordan Canonical form of matrix A, and

Z(t,) = [Y,,T (to) Y'}(to) - Y,S“”T(to)]Teﬂpr,z. (3.48)
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Proof. Using the results of Lemma 3.1, Propositions 3.2-3.8, Remarks 3.4 and 3.7 and (3.10)
then we obtain

X(0) = QY() = [Qug Qoo Quu Qup Quagl - [YI®) Y0 OF ¥7 (o) 0]
(3.49)

= QugYe(t) + QuoYo(t) + QupYp(t).

Finally, (3.45) is derived. O

The next remark connects the solution with the set of initial condition for the system
(1.3).

Remark 3.11. If Qn,p is the existing left inverse of Q, ,, then considering also (3.10)

-~

Y(to> [ QpnXp(te) 1 [Qpn 11 Xt
Qp,nX’p(to) Qp,n XlP(tO) ~
Z(to) = = ) : = qu(to)‘
W Yit)d 10X o] | O | 1X5 7 (1)
(3.50)

Finally, the solution (3.45) is given by

X(t) = QugYg(t) + QuoYo(t) + QupLR é@ el 1) R QU (1), (3.51)

j=1 k=0

where ¥(t,) = [ XTI (to) X'p (ko) x;’—DT(tO) ]T € My, and @n,p is the existing left inverse of Q,, .

The following two expressions, that is, (3.52) and (3.54) are based on Lemmas 2.3 and
2.4. Thus, two new analytical formulas are derived which are practically very useful. Their
proofs are straightforward exercise of Lemmas 2.3, 2.4, and (3.51).

Proposition 3.12. Considering the results of Lemma 2.3, one obtains the expression

X(t) = QugYe(t) + QuoYo(t)

I r-1 x r-1 dj B (352)
+QuyLR @ et @ (driks)-, RQ®¥(t,),
J=0 k= j=l+1 k=0z;=1

fe=}
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where
ka—k

Ak, = (ko —kp)!”’
0, otherwise

1<ki<ky <z, (3.53)

forj=1+1,1+2,...,x,and z; = 1,2,...,d;.

Another expression for the exponential matrix of Jordan block, see (2.18), is provided
by the following lemma.

Proposition 3.13. Considering the results of Lemma 2.4, one obtains the expression

X(t) = Qn,ng(t) + Qn,va(t)

1 r-1 x r-1 dj z-1 ;
+ OupLR [ <€B@ k() IT]-k) @( D > fitt—to) [J= (40 >] (3.54)
j=0 k=0 j=l+1 k=0 zj=1 i=

x RTQW(t,),

where the fi(t —t,)’s satisfy the following system of z; (for zj = 1,2,...,d;) equations:

Zj*l

A t—to)* |
Z<k>a}"ﬂ(t—to)=%e%kﬁ k=12,...,z (3.55)

i=k

i _ 10 @ _ i i—(ko—k1)
and [, (o)1’ = (80,1, for 1 <k ko < 2 where ), = (o )t

Analyzing more the results of this section, see Theorem 3.10 and Lemma 2.3 and 2.4,
we can present briefly a symbolical algorithm for the solution of system (1.3).

Symbolical Algorithm
Step 1. Determine the pencil sF - G.

Step 2. Calculate the expressions (3.3). Thus, we have to find the f.e.d, i.e.d., rm.i, cm., and
so forth, (i.e., the complex Kronecker form sFy — G of the singular pencil sF — G here; it should
be noticed that this step is not an easy task; some parts are still under research).

Step 3. Using the results of Step 2, determine the matrices Ay, Ay, AT, AT, Iy, J,,Hyand 1.
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Step 4. Determine Q, ¢, Qn,0, Qnp, L, R (using the Jordan canonical form of matrix A), Q and

W(t,) (see Remark 3.9).

Step 5. Considering the transformation (3.10), that is, X(f) = QY (t), we obtain (3.54). Then

the following.
Substep 5.1. Choose an arbitrary matrix Y (t).

Substep 5.2. Determine the matrix Yy (t), that is,
Yo(t) =Yy, (H@...0Y,He...0Y,, (1),
where Yy, (t) = [y.,/] V12,0012, fori=g+1,...,m-rand

gl

yi(t) = f " _[VMJ' (Ot db+ 3 enren 7y

r-times ¢=1

Step fta

Following the results of Lemma 4, determine

x r-1 1 r- x r-1 4d;
@@ eliciK) (t=to) — e)tjk(t_to)ITik @ (dklkz)z]- ,
j=1 k=0 =0 k=0 j=l+1 k=0 z;=1

where

ko—k
etik(t=to) —(t — tO) o ,

Aik, = (ko — k1)!
0, otherwise

1<ki<ky <z,

forj=1+1,1+2,...,x,and z; = 1,2,...,d;.

Step ftb

Following the results of Lemma 5, determine

-1

—

K T

-1 1
eJik(ji) (t=to) —
j=1 k=0 j=0

r—

N
<.

=~
Il

(3.56)

(3.57)

(3.58)

(3.59)

x r-1 dj i
eJ\jk(t—tu)ITjk [} fi (t — to) []Zj (-)L]k):l ’
0 j=l+1 k=0 z;=1 i=0

(3.60)
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where fi(t —t,)’s satisfy the following system of z; (for z; = 1,2,...,d;) equations:

Zj*l l' . _ k
> <k> ak filt = to) = %ew k=12,...,z;, (3.61)

i=k

i 1@ G _( i i~ (ko—ki1)
and [J:, ()]’ = [B),], , for 1 < ki ka < zj, and ), = (krk] )a]. k)
Example 3.14 (with consistent initial condition). Consider the 2nd order system

FX(t) = GX(t), (3.62)

where F,G € M(11 x 12;R), and X € C*(R, _#(12 x 5;R)), with

00 0 0 0 0 0 00 0 00
01 1-10-10-100200
000 1 000 O0O0O0O0O
0-10 0 1 1 0 00000
00-11-101 10000

F={0-10 0 0 1 0 10 0 00| €My,
00 0O0O0O0O0O0O0O0GO 0O
01 00-1-10201000
0-10 0 0 1 0 00100
0-10 0 1 1-1000 01
001 0 0 0-1000-100,

(3.63)
0 0 000 000000 07
0-1001 1000000
00000 0000O0GO O
00000 1000000
0100-1-20000 00

G=|00000 010000 0] e,
0-1000 1010000
0000-10001T1200
0-1000 1000100
00000 10000 1-1
01000 -1000-10 1

with known consistent initial conditions X (t,), X'(t,).
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From the singularity of sF — G, there exist nonsingular matrices

110000001000
1000000000 0]
010001000000
01100000000
001000010000
00100000000O0
000100000000
000100000O00O0
010010000000
01011000000
000001000000
P=100000100000|em, Q= € M1z
000000100000
000000O1TO0ODO0OO0O
010000010000
000000O01TO0O0O0
000010001000
000000OO0OO0O1O00O0
010000000100
01001000010O0
000000000011
0000000010 1]
00000000000 1}
(3.64)
Then, using (3.3), we obtain
PFQ=F, =00 A0 Al e Lo H,,
(3.65)
PGQZGkZ@Lz@.)L?,@)Lg@]z@Iz,
where Ay,\y, A, AL, I, 5, and H, are given by
1000 0010
A3=[1320]= 0100 €My, )L3=[H35g3]= 000 0| ez,
0010 0001
el 10 of 00
(3.66)
A§= =101 E,/nglz, )Lg= -l =110 E,/fl3/2,
H2 00 IQ 01

10 11 01
I = , J2(1) = , H, = .
01 01 00
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Considering the transformation (3.10), that is, X(¢t) =

Lemma 2.3 (see also J, below):

X(t) = Qua,g=2Yg=2(t) + Qr20=2Yo=2(t) + Qu2p=2LR [

where
Quag=2 = [0 1 0 0 0
0 00 1 0 0
P00 0 0 10
0 00 0 0 1
P20 1 0 0 0

(i) Yy=2(t) € M5 is an arbitrarily chosen matrix.

(11) Yv=2(t) € ﬂ2,5 with Yz (t) = [ylw'] 1=12,j=12,..5" and

yj(t) = ”w+1,j(t)dtdt+ Zq3 g(é

(iii)
L=[L O] [
(iv)
11 1 17
4 41 4 14
0 —— 0 =
R= 2 2
Lo Xy
§ 1 ! 1
|0 5 0 5]
J=R'AR=

-1 10

-10
0 01
0 00

11 0 0 0 0 0 O

1
0

0
0

21

2 2
DD @u)-

]':1 zj=

0 0 O
10 0 0 0 0 O

0
0

0

-1

-

-2

0-10

21
01

2
0

]R QW (t,),

0
0

0

|

19

QY (t), we obtain the results of

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
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(We have only two eigenvalues, Ay = -1 and A, = 1.)

(v)

- szz,lz [Xp (to) ]
Q¥(t,) = ~ , (3.72)
[ szZ,lZ] X’p(to)

where X(t,), X'(t,) are known, and

5 01 00 -1 =100 1 0 0 0 5
P20 21 000 0 1.0 0 0 1 0 of '
(vi) With
e o) e=(tt) (t— )| 0 0 ]
56 (d 0 e 0 0 3.74
jejlz?zl( taka)z, = 0 0 elt-to) gltto) (f — 1) (374)
0 0 0 elt-t)

Combining the above arithmetic results, the analytic solution of system (3.62) is given
by considering (3.58).

4. Solution Space Form of Nonconsistent Initial Conditions

In this short section, we would like to describe briefly the impulse behaviour of the solution
of the original system (1.3), at time t,, see also [11-13]. In that case, we reformulate
Proposition 3.6, so that the impulse solution is finally obtained. Note that in this part of
the paper the condition that X € C*(F, #(m x [;I)) does not hold anymore, since we are
interesting for solutions with impulsive behaviour (again IF can be either R or C).

Moreover, we assume that the space of nonconsistent initial conditions is denoted by
Cp, which is called also redundancy space. Then, considering also Lemma 3.1, and especially
(3.7) and (3.9), we have the nonconsistent initial condition that is

Ylﬁf)(to)#yuj,o, forj:h+1,h+2,...,m—r,
(4.1)
Yta(f)(tO)#YZ,o/ forz=1,2,...,0,

fork=0,1,...,r-1.

In order to be able to find a solution, we use the classical method of Laplace
transformation. This method has been applied several times in descriptor system theory; see
for instance, [4, 5, 11].
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Proposition 4.1. The analytic solution of the system (3.27) is given by

-1uU
Y, () =-3 35O oYY, (42)
k=0 ¢=0

where 6 and 6% are the delta function of Dirac and its derivatives, respectively.

Proof. Let us start by observing that—as it is well known—there exists a u; € N such that
= O, that is, the index of nilpotency equals u; of Hy;.
Moreover, system (3.27) can be rewritten as follows; see also proof of Proposition 3.6,

el Y () 0" el Yy () =
T | = (4.3)
H“/'Yu;)(t) [Yui(t)] u;‘YlEfr) (t) = Y”J'(t)'

Where by taking the Laplace transformation of H,, Y,E;) (t) = Yy, (t), the following expression
derives:

H,3{¥®} =3{v,®}, (4.4)

and by defining J{Y,, (t)} = X, (s), we obtain
r-1 )
(eruj - Iuj>xuj () = Hy, 38" kv, (4.5)
k=0

Since u; is the index nilpotency of Hy,, it is known that

u]-—l g

(s"Hu, - Iu].>_1 =~ (s"Hy)", (4.6)

=0

where ng = I,,;; see, for instance [4, 10]. Thus, substituting the above expression into (4.5),
the following equation is being taken:

r— 1”/
_1- k
Koy (s) = =3, 28" RHTY (4.7)

k=0 {=0
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Since 3{60)(t)} = s¥, (4.7) is transformed into (4.8):
r—11j=2

Ky(s)=-> 3 3{6“4“‘1"‘) } (HS Y, (4.8)

k=0 ¢=0

Now, by applying the inverse Laplace transformation into (4.8), the equation (4.2) is derived.

O
Remark 4.2. The analytic solution of the subsystem (3.7) is given by
Y.(t) =Yy, e --eY,t)e oY, (), (4.9)
where the results of Proposition 4.1 are also considered.
Similarly to Proposition 4.1, we can prove the following proposition.
Proposition 4.3. The analytic solution of the system (3.9) is given by
r-1q9"-2 X
Yo(s) == > 316050 () HEY ). (4.10)
k=0z=0
Theorem 4.4. The analytic solution of (1.3) is given by
5 e ol -t R-1
X(t) = Qn,ng(t) + QnoYo(t) + QuuYu(t) + Qn,pLR ,@0 k®0 e/ R Z(ty)
7=0k=
g2 (4.11)
_ Qn,qz Z §(rz+r-1-k) (t)H;HYq(,I;) )
k=0 z=0
The matrix Y,(t) is arbitrarily chosen. For Yy(t) = Yo, (t) @ - @ Yy, (t) @ - Yy, . (t) where
Yo, () = [ya] /\:1,2,...,vi,j:1,2,...,l'fori =g+1L,...,m—r, and
!
i = [+ [ 0dede Ser,pnt s (4.12)
r-times =1 (é )
For
Yu(t) =Yy, ()oY, ()oY, (), (4.13)

where Yu]_ ) =- er(;%) uj—2 §re+r=1- k)(t)HE;rlY’E]I%'
Moreover L = [I, (O) woo O] € Mypr; R € My such that J = R'AR, where ] € Moy is
the Jordan Canonical form of matrix A, and

Z(to) = [Yilto) Y(to) - Y (k)] € M. (4.14)
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Proof. Combining the results of Theorem 3.10 and the above discussion, the solution is
provided by (4.11). O

Remark 4.5. For t > t,, it is obvious that (3.45) is satisfied. Thus, we should stress that the
system (1.3) has the above impulse behaviour at time instant where a nonconsistent initial
value is assumed, while it returns to smooth behaviour at time instant £,.

5. Conclusions

In this paper, we study the class of LTI descriptor (singular) matrix descriptor differential
equations of higher order whose coefficients are rectangular constant matrices. By taking into
consideration that the relevant pencil is singular, we get affected by the Kronecker canonical
form in order to decompose the differential system into five subsystems. Afterwards, we
provide analytical formulas for this general class of Apostol-Kolodner type of equations when
we have consistent and nonconsistent initial conditions.

As a future research, we would like to compare more our results with those of the
preceding papers of Kolodner [9], Ben Taher and Rachidi [8, 14], and Geerts [12, 13].
Analytically, following the work in [9], we want to investigate whether it is possible to apply
our results to find the dynamical solution of LTI matrix descriptor (singular) differential
systems. Moreover, it also our wish to apply some combinatorial method for computing the
matrix powers and exponential, as it is appeared in [8]. Finally, it is worth to extend the results
of Geerts [13] to the general class of LTI matrix descriptor (regular and singular) differential
systems.
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