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By using the Leray-Schauder fixed point theorem and differential inequality techniques, several
new sufficient conditions are obtained for the existence and global exponential stability of almost
periodic solutions for shunting inhibitory cellular neural networks with discrete and distributed
delays. The model in this paper possesses two characters: nonlinear behaved functions and all
coefficients are time varying. Hence, our model is general and applicable to many known models.
Moreover, our main results are also general and can be easily deduced to many simple cases,
including some existing results. An example and its simulation are employed to illustrate our
feasible results.

1. Introduction

Consider the following shunting inhibitory cellular neural networks (SICNNs) with discrete
and distributed delays (mixed delays):

x:,].(t) = —a;; (t, xij(t)) + Z Blkjl(t)fij(xkl(t — 71 (t)))xi ()

BKeN, (i,f)
t (1.1)
+ Z Cfil(t)f_ kij(t = 5)gij(xki(s))dsxij () + Lij (t),

CHeN, (i,f)
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wherei=1,2,...,n,j=1,2,...,m. Ci(t) denotes the cell at the (i, j) position of the lattice at
time ¢, the r-neighborhood N, (i, j) of Cj;(t) is

N, (i,j) = {Cu(t) : max(|k —i|, [l - j|) <r, 1<k <m, 1<1<n}. (1.2)

x;j(t) is the activity of the cell Cj;(t), I;;(t) is the external input to C;;(t), a;j(t, x;;(t)) represents
an appropriately behaved function of the cell C;;(t) at time t; Bl‘jl(t) and le‘jl(t) are the
connection or coupling strength of postsynaptic activity of the cell transmitted to the cell
Cij(t) depending upon discrete delays and distributed delays, respectively; the activation
functions f;;(-) and g;;(-) are continuous representing the output or firing rate of the cell
Ci(t); 7;j(t) represent axonal signal transmission delays; ijl(t), ijl(t), fii (), &ii (), Lij (t), 73 (t)
are all continuous almost periodic functions.

Since Bouzerdoum and Pinter described SICNNs as a new cellular neural networks
[1-3], SICNNs have been extensively studied and found many important applications
in different areas such as psychophysics, speech, perception, robotics, adaptive pattern
recognition, vision, and image processing. There have been some results on the existence
of periodic and almost solutions for SICNNs with discrete or distributed delays (distributed
delay was first introduced in [4]) [5-21]. We find that all the behaved functions in the models
in [5-21] are linear. Actually, a;;(, x;;(t)) may be nonlinear. Moreover, we find that the models
in [5-20] are special cases of (1.1). For example, let a;;(t, x;;(t)) = a;j(t)x;;(t), then Cz’.‘].l(t) =0
in [5], Blk].l(t) = 01in [7], Clk].l(t) = 0in [8], aij(t),Clk].’(t) are constants and Bf].l(t) = 01in [9],
a;j(t), ijl (t), Tk (t) are constants, and Cl’.‘jl (t) = 01in [10, 11]. To the best of our knowledge, few
authors have considered the existence and global exponential stability of almost periodic
solutions for SICNNs with nonlinear behaved functions, periodic coefficients and mixed
delays. Obviously, (1.1) is general and is worth to continue to investigate its dynamical
properties such as existence and global exponential stability of almost periodic solutions.

The main purpose of this paper is to get sufficient conditions on the existence and
global exponential stability of almost periodic solutions for SICNNs (1.1) by using the
Leray-Schauder fixed point theorem and differential inequality techniques. Our results are
general and possess infinitely adjustable real parameters and can be deduced to many simple
results, including some existing results as special cases. Therefore, our results provide a wider
application criteria for neural networks.

The remaining part of this paper is organized as follows. We first state some useful
definitions and lemmas in Section 2. In Section 3, we study the existence of almost periodic
solutions of system (1.1) by using the Leray-Schauder’s fixed point theorem. In Section 4, by
using Lemma 2.7, we will derive sufficient conditions for the global exponential stability of
the almost periodic solution of system (1.1). A useful corollary is also obtained. An illustrative
example and its simulation are given in Section 5.

2. Preliminaries

For convenience, we denote

X = {xij(t)} = (xll(t)/ le(t)r tee /xlm(t)f ceesXnl (t)r xnz(t)f cry xnm(t))T‘ (21)
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Definition 2.1. The continuous function x;j(t) : R — R is called almost periodic on R, if for
any € > 0, it is possible to find a real number | = I(¢) > 0 such that, for any interval with
length I, there exists a number 7 = 7(¢) in this interval such that |x;; (t + T) — x;; (t)| < ¢, for any
teR.

Definition 2.2 (see [22, page 21]). Let [E be a Banach space, D an open subset in E and f(t, x) €
C(RxD,E). ForVx € D, f(t, x) is called uniformly almost periodic about ¢, if for any € > 0 and
any compact subset S C I, there exists a real number [ = I(g,S) > 0 such that, for any interval
with length I, there exists a number 7 = 7(¢, S) in this interval such that || f (t+ T, x) — f (¢, x)|| <
g, forany (t,x) e R x S.

The initial condition ¢ = {¢;;(s)} of (1.1) is of the form
xij(s) = ¢ij(s), s € (-0,0], (2.2)

where ¢;i(s), i=1,2,...,n, j =1,...,m, are continuous almost periodic solutions.

Definition 2.3. Let x*(t) be an almost periodic solution of (1.1) with initial value ¢*. If there

exist constants a« > 0 and P > 1 such that for every solution x(¢) of (1.1) with initial value ¢
i) - x5 ()| < Pllo-g e, W>0,i=1,2,...,m j=1,2,...,m, 2.3)

whljlre llp—¢*|| = max jsup,,{lei;(s) —(p;.*j (s)|}. Then x*(t) is said to be globally exponentially

stable.

Lemma 2.4 (see [22, page 136]). Suppose that f(t, x) is uniformly continuous on R x S, where S is
any compact set on R", and that there exists a nonsingular matrix P(t) € C', such that

(a) there exists a constant p satisfies |[P(t)|| < p, forall t € R,

(b) the eigenvalues Ai(t), i=1,2,...,n, of P(t) satisfy |Ai(t)| > & > 0, where & is a constant,
and there are k negative eigenvalues, n — k nonnegative eigenvalues,

(c) all the eigenvalues Ai(t,x), i=1,2,...,n, of the following symmetric matrix:
M(t,x) = P(t) f(t,x) + fL(t,x)P(t) + P(t) (2.4)
satisfy
Ai(t,x) £ -6<0, VY|x|| <Ro, (2.5)

where 6, Ry are constants.

Then, for any fixed ¢(t) € C(R,R") and any t € R satisfying ||¢p(t)|| < Ro, the linear differential
equation

x=f(tP(t))x (2.6)
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admits an exponential dichotomy on R:

)X¢(t)Q¢X(_Pl(S)| < M\/ge—((s/Zp)(t—s), t>s,
(2.7)

X0~ X; 01| < My B0, sz,

where Xy(t) is fundamental solution matrix of (2.6) satisfying X(0) = Iyxn, Inxn is the identity
matrix, Qg is a constant projection, the constant M has no relationship with ¢(t).

Lemma 2.5 (see [22, page 139]). Suppose that the n x n matrix function f(t,x) and the n-
dimensional vector function g(t,x) are uniformly almost periodic on R x R", and that there exists
real symmetric nonsingular matrix P(t) satisfying the conditions (a)—(c) in Lemma 2.4, then,

1= f(t¢)x+g(t9) (2.8)

has a unique almost periodic solution x(t), where ¢ € C(R,R™) is almost periodic function and

t +00
20 = [ X00%; 0)3( 90 - [ Xy0)(1-Q)X} ©5(s,ple)ds. 29

Lemma 2.6 (Leray-Schauder). Let E be a Banach space, and let the operator @ : E — E be
completely continuous. If the set {||x|| | x € E, x = ADx, 0 < A < 1} is bounded, then @ has a
fixed point in T, where

T={x|x€E, |x|| <R}, R =supf{||x|| | x =Adx, 0 <X <1} (2.10)

Lemma 2.7 (see [23]). Let a >0, by >0(k =1,2,...,m), the following inequality holds

aﬁbq" < liqkbr e (2.11)
gt .

where g >0, (k =1,2,...,m) is some constants, >\ qx =r -1, and r > 1.

Obviously, inequality (2.11) also holds for a >
1,2,...,m. Hence, we always assume that a > 0, by >
in (2.11) in the later sections of this paper.

Furthermore, throughout this paper, we assume that

=1,and gx = 0,k =

0,0b LT
0,r and qx > 0,k =1,2,...,m

(Hy) aij(t,u) € C(R*R) is continuous almost periodic about the first argument
and, there exists a positive continuous almost periodic function p;;(t) such that
Oa;j(t,u)/ou > p;j(t), u € R,and a;j(t,0) =0,i=1,2,...,n,j=1,2,...,m

(Ha) there exist nonnegative constants M;; and Nj, i = 1,2,...,n,j = 1,2,...,m, such
that

|fij(w)] < Mij, |gi(w)| <Nij, VueR; (2.12)
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(Hs3) the delay kernels k;; : [0, +o0) — R are continuous, integrable and there are positive
constants k;; such that

+o0 _
J‘ |kij(5)|d8§ki]', i=12,...,n, j=12,..., m (2.13)
0

(Hy) there exists a constant ay > 0 such that

+00
f |kij(s)|e®*ds < +00, i=1,2,...,m, j=1,2,...,m. (2.14)
0

(Hs) the following inequality holds:

wij ()

DUBHeN, (i) |ijl(t) |Mij + 2icHeN, (i) |C§~l(t) |kijNij
max su
@) ter

} =n<1 (2.15)

(Heg) there are nonnegative constants a;;, f;; such that

. fij(w) = fij(v) B gij(u) — gij(v)
WINPT Ty | PSRl T T, (210
forallu,v e R,u#v, i=1,2,...,n, j=1,2,...,m.
3. Existence of Almost Periodic Solutions
Letéij,i=1,2,...,n,j=1,2,...,mbe constants. Make the following transformation:
xij=§i]'yij(t), i=1,2,...,n, j=1,2,...,11’l, (31)
then (1.1) can be reformulated as
! _ -1 kl
v (1) = =& aii (1, &ijyii (1)) + > Bi; (1) fij (§rayia (t = Ta (1)) yij (t)
BMeN, (i,])
(3.2)

t
+ ijl(t)J‘_ kij (t = ) gij (&iyia(s)) dsyis (£) + &' L ().

CKeN, (i,j)



6 Abstract and Applied Analysis

System (3.2) can be rewritten as

v () = —dij(t, yii (1)) yii () + > ijl(t)fij(éklykl(t - T(t))) yij (t)

BKEN, (i,j)
t (3.3)
+ ijl(t)J‘_ kij (t = ) gij (&iyia(s))dsyi; () + & L (b),

CHeEN, (i,f)

where d;;(t, yij(t)) = (0aij(t, z)/az)lz:gi/., e;j is between 0 and ¢;;y;i(t), e;j € R. By (Hy), we
know that a;j(t, §;jyi;) is strictly monotone increasing about y;;. Hence, d;;(t, y;j(t)) is unique
for any y;;(t). Obviously, d;;(t, yij(t)) is continuous almost periodic about the first argument
and d;;(t, yij(t)) > pij ().

Take X = {¢ = {¢;j(t)} | ¢;j : R — R is an almost periodic function, i = 1,...,n,
j=1,...,m}. Then X is a Banach space with the norm

II¢|I=r{1aX{|¢if|o}/ |pijlg = suplpiy(D|, i=1...n j=1,... m (3.4)
i,j) teR

For for all ¢ € X, we consider the following auxiliary equation:

v () = —dij(t, i (1) )y (£) + >, ijl(t)fij@kld)kl(f - 71 (1)) ij (t)

BMEN, (i,)
t (3.5)
+ D Cf-(,-l(t)J‘ kij(t = 5)8ij (kipri(s))dseij(t) + §{,~11ij(t)~
CHEN, (i j) -
From (H;), we know that
dii(t’yii)’ i=1,2,...,1’l, j:1,2,...,m, (36)

are uniformly almost periodic functions on R x R. Since y;;(t), i =1,2,...,n, j =1,2,...,m,
are positive continuous almost periodic functions, there exists a positive constant 6 such that

Hence, the conditions in Lemma 2.5 are satisfied (take P(t) = Luxnum)-
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According to the fact that B;‘jl(t),ci)ij(t),q‘il (t), I;j(t) are almost periodic functions, in
view of Lemma 2.5, we know that system (3.5) has a unique almost periodic solution

t
y¢(t) = {f e_jgdff(”rd’ij(”))du

x[ >, B () fij (s = 7a(s))) dij(s) (3.8)

BKeN, (i,j)

CHEN, (i,f)

+ Z Cf]-l(s)f_ookij(s — 1) gij (& Pri (1)) dugi; (s) + §l~_jl[ij(5)“ ds }

Set a mapping @ : X — X by setting
(@P)(t) =y?(t), YpeX. (3.9)

Before using Lemma 2.6 to obtain conditions of the existence of almost periodic
solution for (1.1), we have to prove the following lemma.

Lemma 3.1. Suppose that (Hi)—( Hs) hold. Then ® : X — X is completely continuous.

Proof. Under our assumptions, it is clear that the operator @ is continuous. Next, we show
that @ is compact.
For any constant D > 0,let Q = {¢ | ¢ € X, ||¢|| < D}. Then, for any ¢ € Q, we have

t
f oIy ey ()
—o0

o9 [-maxsup]
L) teRr

y [ Z BII;I(S)fU (ékld)kl(s = Tkl(s)))d)ij(s)

BMEN, (i,j)

+ CEZ(S)I_wkij(s_u)gij(ékld’kl(”))dud)i]‘(s)+gileij(S)]dS

CHEN, (i,f)

}
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t
Smaxsup{f efi*“'“”)d”[( S [Be|My+ |C§;~’<s>|EjNif>

(irj) teR BkleNr (i,j) CkIENr (i,]')

x| pij(s)| + §i_j1|1ij(5)|] ds}

t [ (w)du Tij Tij
<maxsupy | TNy (s)ds pgf|gf| +maxq - b <D+ maxg -
) teR -0 (i,j) ‘;I]Eij (i,7) él]ﬁij

(3.10)

where Tij = maxser|lij (t)], .. = infrerpij (t). Hence, ®(£2) is uniformly bounded.
—ij
By the definition of ®, we get

d t "
") = — ~[dhij (e pij (u)) du
(¢)¢>ij(t) =3 (I_we j j

y [ Z ijl(s)fij(ékl‘i’kl(s_Tkl(s)))(i)ij(s)

BMeN, (i,j)
+ > ij’(s)f kij(s — u) gij (érira (u) ) dugpi; (s) + gi‘lei,-(s)] ds>
CKeN, (i) >

= —d;j(t, §ij (1)) (Dij) (t) + Z ijl(t)fij (rapra (t = T (£))) i (1)

BHEN, (i,f)

t
o3 CHO[ k- 9giEadu(e)dspi 0 + 10
CHEN, (i f) —o0
(3.11)

Since dij(t, ¢ij(t)), i = 1,2,...,n, j = 1,2,...,m, are uniformly almost periodic functions on
R x €, there exists a positive constant © such that

|dij(t/¢ij(t))| <0, fOI'tER, (i)i]'(t)EQ, i=1,2,...,n, j=1,2,...,m. (312)
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Hence,

[@¢), 0 < 9<’1D T { «;5;,. }>

—kl —kl— 1=
@) | BueN, G ) CHEN, (i)

(3.13)

—kl —kl

where Bj; = supteRlejl(t)L Gy = supt€R|C1’.‘jl(t)|. So, ®(Q) C X is a family of uniformly
bounded and equicontinuous subsets. By using the Arzela-Ascoli theorem, @ : X — Xis
compact. Therefore, @ : X — X is completely continuous. This completes the proof. O

Theorem 3.2. Suppose that (Hy)—(Hs) hold. Let &, i = 1,2,...,n, j =1,2,...,m, be constants.
Then system (1.1) has an almost periodic solution x*(t) with ||x*|| < maxj){&; }ﬁ 2 Ry, where

max(i,j) {Tij/éijﬁij} (3_14)

R= -7

Proof. Let ¢ € X. From Lemma 3.1, we get that ® : X — X is completely continuous.
Consider the following operator equation:

¢ =1Dp, Ae(0,1). (3.15)

If ¢ is a solution of (3.15), we obtain

I,
¢ < llog] < Ol|¢]l +maxq s~ ¢. (3.16)
((Z)) §1]ﬁi],

This and (Hs) imply that
I$]l < R. (3.17)

In view of Lemma 2.6, we obtain that ® has a fixed point ¢*(t) with ||¢*|| < R. From (3.5) and
(3.8), we know that ¢* satisfies (3.3) and (3.2). Hence, system (3.2) has an almost periodic
solution ¢*(t) = {(i);‘].(t)} with [|¢*|| < R. Tt follows from (3.1) that x*(¢t) = {x;‘j(t)} = {§i]-(;b;f].(t)}
is one almost periodic solution of (1.1) with

"Il < max{g; JR 2 Ro. (3.18)

This completes the proof. O
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4. Stability of Almost Periodic solution

In this section, we prove that, under suitable conditions, the almost periodic solution obtained
in Theorem 3.2 is globally exponentially stable.

Theorem 4.1. Assume that (Hy)—(Hy) and (Hg) hold and

(Hy7) there are constants os, €s,1s,Ys,0s,ds €R, g 21,ps>0,0>0, §;>0, s=1,2,.. L,m+
1, i=12,...,n, j=1,2,...,m,such that

A= ma)xsup{ <_q#i]‘ t)+q Z |Blk].l(t) 'Mij +q Z |Clk]l(t) |Ei]'Ni]‘

@]) teR BMEN, (i,f) CHeEN, (i,f)

- Kl o |99 ges ol ml
DY ZpsBij(t)' a; Ry + > 2ps

BHEN, (i j) 5=1 CHEN, (i,j) s=1

3 |B§;?(t)

BKleN, (i,f)

AYs g6, 15qds
ciw|" R >;~,~

qOm! +1 G 1 Al 41
aij ’ Ro ‘;kl

+ 3 e

CHEN, (i,j)

AV +1 G0, 41 9w 179
ﬂi]' Ro kijékl <-0<0,

(4.1)

m m m m
where, Omy11 + 31511 OsPs = Eme1 + Digly €sPs = b1 + 251 Lsps = Yme1 + 255 YsPs =
m m m
Om+1 + Digeq OsPs = At + X dsps =1, 20 ps =g — 1.

Then (1.1) has unique almost periodic solution, which is globally exponentially stable.

Proof. Obviously, that (Hy) holds implies that (Hs) holds. By Theorem 3.2, there exists an
almost periodic solution x*(t) of (1.1) with initial value ¢*(t) and ||x*|| < Ry. Suppose that
x(t) is an arbitrary solution of (1.1) with initial value ¢(t). Set z(t) = x(¢) — x*(t). Then, from
(1.1), we have

zi.j(t) = —[aij(t, xij(t)) — aij <t/ x;j(t)>]
+ > BE®O(fiyCoalt = ma )i () = fii (i (¢ - Ta ()5 (1))
BHEN, (i)
¢ t
o 5 aro([_no-omtuonsn [ ko-osienso),
CHEN, (i,]) —oo -

i=1,2,...,n,j=1,2,...,m.
(4.2)
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Set

rij(x,t):<1—qyij(t)+q S [BEw|My+q 3 |CHo N

BNEN, (i,j) CHEN, (i,f)

o3 Splmotarte s S

aYs g6, d
clw|" iR >s;-,-

BMEN, (i,j) s=1 CHeN,(i,j) s=1
4O’ + ! !
n Z | Bf]-l(t) ! qu + qum Az,
BKeN, (i)
QYm'+1 g6 d +oo q
+ Z |C (t) ﬂq ' +1 R‘? m'+1 (J |k1] (S) |e()t/q)sds> ékl/
CHEeN,(i,j) 0

i=1,2,...,n, j=1,2,...,m

11

(4.3)

Clearly, T;;(\,t),i = 1,2,...,n,j = 1,2,...,m, are continuous functions about A and almost

periodic about f on R.
From (Hy), we get

Fi]-(O,t)SAS—O'<O, i:1/2/---/n/j:1/21"'/m‘

In addition to

ar,] (A £

40! +1 qg

41 qum+17_ (De AT (£) &

=&+ > |BY®

BNEN, (i,j)

C 3 e

CHeN, (i,j)

Wt B s ([ (A/9) I
ﬂ "Ry |kij(S)|S€ D3ds ) ¢y >0
0

and Tjj(+co,t) = +oo for Vt € R, we obtain that I};j(A,¢t), i = 1,2,...,n,j = 1,2,...
are strictly monotone increasing functions about A. Therefore, for any i € {1,2,..

j€1L,2,...,m}, there is unique real number )Lg such that

0.

~
1

sup I';; <.)Lg,t

teR
In view of (4.4), we have .)Lf)j > 0. Let 0 = min{Aj', \j?,..., A0™}, we obtain

supl;;(0,t) <0, i=1,2,...,n, j=1,2,..., m.
teR

(4.4)

(4.5)

Im/

ar

(4.6)

(4.7)
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Now, we choose a positive constant d such that gdg; >1, i =1,2,...,n, j =1,2,...,m. Itis
obvious that

e, fore(-o0,0], i=1,2,...,n, (4.8)

()17 < ||¢ — o™ ||7 < qdéi||lp - ¢*

where || — ¢*|| is defined as that in Definition 2.3.
Let Vj;(t) = (l/q)69t|zi,-(t)|’7, i=12,...,n j=1,2,...,m Inview of (42) and (2.11),
for t > 0, we obtain

d"Vi;(t)
dt

= e™|z; ()| "
X SgN zjj {— [a,-j(t, Xij (t)) - aij <t, x:} (t))]

+ > Bj® <fij(xkl(f = i (£)))2xi (£) = fij (o (£ = Tkl(t)))xf,-(t)>

BKeN, (i,j)

t
Y Cf.‘].l(t) <J kij(t = 5)gij(xxi(s))dsx;;(t)

CHEN, (i,j)
t 1 0
_J. kij(t - s)gij (x,tl(s))dsx;‘j(t)> } + 56@ t|zl~]-(t)|q

< €9t|Zij(t) |q_1

X {—‘ui]‘(t)|zij(t)| + Z |Blkfl(t)|

BHEN, (i,j)

x <|fij(xkl(t_ T () ||z (0) | + | fij (e (E = T (£))) = fij (g, (E = i (1)) | x}kj(f)D

t
DY |c:§?<t>|<fm|ki,-<t—s>||gi,~(xkl<s)>|ds|zi]-<t>|

CHEN, (i,j)

t
. f ki = )y o)) g5 (e (5)) | s

x;;.(t)|>} + %669t|zi]~(t)|q
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< e|zi(t) |1771

x {_,Uij(t)|zij(t)| + Z |B§l(t)|(Mij|Zij(t)| + i Ro| zxi (t — i (1)) )

BMEN, (i,j)

o ¢
+ Z |Clk]~l(f)| <kijNij|Zij(t)| + ﬁinOIw|kij(t - 5)||Zk1(5)|d5> }

CHEN, (i,j)

+ %969t|zij(t)|q

nS <9 —quij()+q9 D, Iszjl(t)|Mij +q D) |C1kjl(t)|EijNij

BNEN, (i,j) CHEN, (i,j)

& Kl py |79 aes pals &
DY ZpsBij(t)' a; Ry™ + > 2ps

BNEN, (i j) s=1 CHEN, (i,j) s=1

s a6, 1,qds
clm|" R >w,-<t>

qOm' +1 ml+ [
+ D |ijl(t)| a?].g RI OOV (- T (1))
BHEN, (i,f)

> |cHw

t q
qYm'+1 [ ., —
RS 1<I |kij (- 5)]e® D S>Vk,(s)1/‘7ds>.
—0oo

CHEN, (i f)
(4.9)
We now prove that the following statement is true:
Vii(t) = %eet|zi]-(t)|q <déill-¢7, i=12...,n j=12,...,m ¥t>0. (4.10)
Contrarily, there must exist some i € {1,2,...,n},j € {1,2,...,m}, and >0, such that
Vi (F) = gl - 9" % >0, Va) <dgallg-¢),  HHD
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forall t € (-o0,t], k =1,2,...,n, 1 =1,2,...,m. Together with (4.9), (4.11), and (4.7), we
obtain

"V (F)

0< T

Sd”‘i’_‘i’*”q{<9 ‘WU<>+‘1 Z |Bkl<>|M17+q Z 'C <>|EijNij

BKeN, (i,j) CHEeN, (i,j)

m
+ Z ZPS Blgc]_l (?)|q05a?jgs Rgls Z ZPS

BMeN, (i,j) s=1 CHEN, (i,j) s=1

AYs g6, 15qds
c®|" p R )gﬁ

+ Z |Bkl(t) GOm'+1 qsmqulmﬂ E)Tk;(t)ék

BMeN, (i,j)

+Z'C

CHeN,(i,j)

qu +1 qﬁ ) qd too (9/ ) q
p m+1R m+1< |ki]'(S)|€ qsds> ékl SO,
0

(4.12)
which is a contradiction. Hence, (4.10) holds. It follows that

xi () — x;‘j(t)i = |zij(t)] < (ng,-j)l/q”q)— q)*||e‘(9/‘7)t, Vt>0,i=1,2,...,n,j=12,...,m.
(4.13)

Let P = max){ (qdéij)l/q +1}, then
x--(t)—x’-"-(t)|<P|| —¢*|le” @, vt>0,i=1,2 j=1,2 (4.14)
ij ij < p—y|e , , 1 2, ..,0, ] ,2,...,Mm. .

By means of Definition 2.3, the almost periodic solution x*(t) of (1.1) is globally exponentially
stable. This completes the proof. O

Since Theorem 3.2 is general, the expression of (Hy) is complex. In order to check the
applicability of the results easily, we give the following corollary.

Corollary 4.2. Assume that (Hy)—(Hy) and (He) hold. Furthermore, if one of the following conditions
holds
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(Aq) there are constants 0 >0,q>1,¢;>0,i=1,2,...,n,j=1,2,...,m, such that

maxsup{<—quij(t)+q S [Bw|My+q X |cHo|kN;

@) ter BHEN, (i,j) CHEN, (i j)

+@-1) 3 [Bo|+@-1) X |Ck’(t)|>§1] (4.15)

BKIeN,(i,j) CKeN,(i,j)

+ |B (t)|a Rl + |C (t)|[5q quljékz <-0<0,
BKleN, (i,j) CKEN,(i,j)

(Az) there are constants 0 >0,4;; >0,i=1,2,...,n,j=1,2,...,m, such that

max sup{ <—2/4i]~(t) +2 Z Bkl(t)|M,] +2 Z 'Ckl(t)'k,]N,]

(ij)  ter BHEN, (i,f) CHleN, (i,§)

+ Z |Blkjl(t)|+ Z |Ckl(t)|>§1] (4.16)

BFeN, (i,j) CHMeN, (i,f)

+ > |Bf§~l(t)|vf Rt + >, |Ck’(f)|ﬂ2R2kq<§kl} -0 <0,

BNEN, (i,j) CHEN, (i,f)

(A3) there are constants 6 >0, ¢;; >0,i=1,2,...,n,j=1,2,...,m, such that

max sup —ui(t) + D) |Blk].l(t)|Ml-]~+ |C (t)|EijNij &ij
@) teR BKEN, (i,j) Ck’eN (i,j)
(4.17)

+ |ij’(t)|ai]-R0§k,+ |C (t)|ﬁz]R0 qékz} -0 <0.

BKleN, (i,j) CkleN (i,7)

Then (1.1) has exactly one almost periodic solution, which is globally exponentially
stable.

P?’OOf. Letm' = 1,01 =0=NnN=N= 1/6],51 =11 =61 =d1 =O,and£2 =lz =62 =d2 = 1,
i=12,...,n,j=1,2,...,m,in (Hy), respectively, then (Hy) turns to (A;).

Let g =2and g = 1in (A;), respectively, then we get (A;) and (A3). This completes the
proof. ]

Remark 4.3. Corollary 4.2 can still be simplified into many simple results, which include the
results in [7-11]. For example, authors of [9] considered a special case of our model (1.1)
and obtained sufficient conditions of existence and exponential stability of almost periodic
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solutions for their model. Although the results of [9] and ours are completely different, we
claim that the results in [9] are also special cases of the results in this paper. The model
considered in [9] is

X () = —ayx(t) + Y, CH f kij(s)g(xxi(t — s))dsoxi; (t) + Lij (t), (4.18)
CHEN,(i,j) 0

where al-]-,CZ.l >0, |g(x)] <M, and |g(u) — g(v)| < plu —v| for u,v € R. The other arguments
are same as this paper. Obviously, system (4.18) is a special case of system (1.1). The main
theorem in [9] is the following.

Corollary 4.4. Assume that there exist nonnegative constants 1, q, and 1 such that
maX(i,j){chleNr(i/j) Clk}lkle/[ll]} = TZ < 1, I = maX(i,j){Iij/aij}, q = 11(1 + #I/(]. — ﬂ)M) < 1.
Then system (4.18) has exactly one almost periodic solution, which is globally exponentially stable.

Now we prove that Corollary 4.4 is a special case of Corollary 4.2. Comparing (1.1)
with (4.18), we have p;;(t) = ajj, |C§].’ B = Cf]!, |B§;.l (] =0, Nj = M. Let¢; = 1,i =
1,2...,n, j=1,2...,m. According to the proof of Theorem 3.2, we have Ry = I/(1-17). 50, q =
N(1+puRo/M) <1 & n((M+puRo)/M) <1.Inview of the condition 3 cuen; (i j) Cf‘jlki]-M/ai]- <

7, we have

ki
ZC“eN,(i,i) Cij ki]'

(M +uRy) <1, (4.19)
(11‘]'
which is equivalent to
ki ki
—aij + M Z Cij k,']' + //tRo Z Cij ki]' <0. (4.20)
CHEN, (i,f) CHEN, (i,f)

The expression is a special case of (A3z) in Corollary 4.2.

Similarly, from Corollary 4.2, we can get the main results of [5, 11] by the condition
(A3) (restrict in the case of periodic system in [5]) and the main results of [10] by condition
(Ap). Hence, the results of this paper are useful and important.

Remark 4.5. In (1.1), if f;;j(u), ij(u), u € R are replaced by f;;(t,u), gj(t,u), t,u € R, where
fij(t,u), &ij(t,u) are bounded and almost periodic functions about the first argument, then,
by the same methods used in this paper, we can also get some general results similar to
Theorem 4.1 and Corollary 4.2 and extend and improve the main results in [12].

Remark 4.6. Note that condition (H7) in Theorem 4.1 possesses infinitely adjustable real
parameters. This enables neural networks workers to obtain many special conditions on the
existence and global exponential stability of almost periodic solutions and periodic solutions
in the designs and applications of neural networks. We can offer many different corollaries
by changing the parameters in (Hy), not only Corollary 4.2. Hence, our results provide many
criteria for neural network’s application.
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5. A Numerical Example

Consider the following SICNNs with mixed delays:

x; (1) = —aij (t, xij (1)) + > ijl(t)fij(xkl(t = Tri(t)))xij ()

BEN, (i)
t (5.1)
+ > Clk]'l(t)J‘_ kij(t — s)&ij (ki (s))dsxi () + L (t),

CKeN, (i,j)

where r = 1, ;;(t) = (cost)z, i,j =1,2,3. Take aj1(t) = 6x — cosx + xsint, app(t) = 6x +
0.5sinx + xcost, ajz(t) = 5x + cosx + xsint, ax(t) = 7x + sinx + xsint, an(t) = 7x —
cosx —xsint, ay(t) =5x —cosx + xcost, az (t) = 6x +sinx + xcost, az(t) = 6x + cosx +
xsint, azp(t) = 6x —sinx +xcost, fij(x) = gj(x) =0.1sinx, k;;(t) = e” sint, and

Bll(t) Blz(t) Blg (t)-‘ [0.1cost 0.2sint 0 ]
By (t) Bzz(t) B23(t) = 10.3cost 0 0.3sint|,
B3 (t) B32(t) B33 (t)‘ | 0 0.4cost 0.2sin t;

Cn(t) Cpa(t) Ciz(t)] [0.2cost 0.4sint 0.3cost]
Coi(t) Coa(t) Cos(t)]| = |0.6cost 0 0.5sint |, (5.2)
Ca1(t) Cs(t) Css(t)] | 0.5sint 0.6cost 0.5sint

L1 (t) Ia(t) Ii3(t) 2cosV2t  sinV/3t  1+2cos/2t
I (i’) I (t) 123 (t) = |1+ cos \ﬁt 2 cos \ﬁt 1-sin ’\f3t
Iy (t) Isp(t) Is(t) 2sinv/2t 1-cos+/3t 3sin+/2t

Then pi1(t) = 5 + sint, pip(t) = 5.5 + cost, pa(t) = 4 + sint, pi(t) = 6 + sint, pxn(t)
6-sint, px(t) =4+cost, usi(t) =5+cost, us(t) =5+sint, puss(t) =5+cost, a;j(t) = pij(t)
M;j = N;; =0.1.

py |Bﬂ(t)| = 0.4|cos £ + 0.2]sin ], > |Bf£(t)| = 0.4|cost| + 0.5|sin t|,
BKeN,(1,1) BKeEN,(1,2)
>, |Bl®|=o05ksint, >, |BY )] = 0.4lcost] +0.6lsint],

BKEN,(1,3) BMEN,(2,1)
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0 0.5 1 1.5

2.5 3 3.5 4

Figure 1: States of networks (5.1) with f € [0, 4].

> |B§£(t)| = 0.8|cos t| + 0.7|sin ],
BHEN, (2,2)

S |BY®)| = 03jcost] + 04fsin],
BMEN, (3,1)

> |B§§(t)| = 0.4|cos t| + 0.5|sin |,
BHeN, (33)

> |le£(f)' = 1.1|cos t| + 0.9|sin t],
CHeEN,(12)

Z |Clz({(t)| = 1.4|cost| + 0.9|sint|,
CHeN,(2,1)

py |C’z‘é(t)| = 0.9|cos t| + 1.4[sint],
CKeN,(2,3)

S |c’3<§(t)| = 1.2|cos t| + 1.5[sin ],

CHEN,(3,2)

D |Bg(t)| = 0.7|cos t| + 0.4]sin t],
BHEN, (2,3)

S, |B®)| =07lcost +05lsint,
BMEN,(3,2)

py |Clﬁ(f)| = 0.8|cos t| + 0.4|sin ],
CHEN, (1,1)

> |C’fé(t)| = 0.3|cos t| + 0.9]sin ],
CKleN,(1,3)

Z |Clzcé(t)| =1.7|cost| + 1.9[sin t|,
CHeN,(22)

> |C’3‘i(t)| = 1.2|cos t| + 0.5sin ¢,
CKleN,(3,1)

> |C§§(t)| = 0.6|cos t| + [sin |.
CHEN,(3,3)

(5.3)

Take &; = 1,1i,j = 1,2,3. Computing by Matlab toolbox, we have 1 = 0.0721 < 1,
Ry = L3/ a,;,(1-1) = 1.0777,and A = -2.6849 < 0. It is easy to check that all the conditions
needed in Corollary 4.2 with (A3) are satisfied. Therefore, system (5.1) has a unique almost
periodic solution x*(¢) with ||x*|| < 1.0777, which is globally exponentially stable. See Figures
1 and 2.

Remark 5.1. In (5.1), the behaved functions are all nonlinear. So, all the results in [5-20] and
the references therein are inapplicable for (5.1). This means that the results of this paper are
new and useful.
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2|
-3 . . . . . . .
0 5 10 15 20 25 30 35 40
Figure 2: States of networks (5.1) with t € [0,40].
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