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Let X and K be compact plane sets with K C X. We define A(X,K) = {f € C(X) : flx €
A(K)}, where A(K) = {g € C(X) : g is analytic on int(K)}. For « € (0,1], we define
Lip(X,K,a) = {f € C(X) : pax(f) = sup{|f(z) - f(w)|/|z-w|* : z,w € K,z#w} < oo} and
Lip, (X, K,a) = A(X,K) nLip(X, K, a). It is known that Lip , (X, K, a) is a natural Banach function
algebra on X under the norm ||fllLipx,xa) = Ilfllx + Pax (f), where ||f]lx = sup{|f(x)| : x € X}.
These algebras are called extended analytic Lipschitz algebras. In this paper we study unital
homomorphisms from natural Banach function subalgebras of Lip , (X1, K1, &) to natural Banach
function subalgebras of Lip ,(X», K3, a,) and investigate necessary and sulfficient conditions for
which these homomorphisms are compact. We also determine the spectrum of unital compact
endomorphisms of Lip , (X, K, a).

1. Introduction and Preliminaries

WeletC,D={zeC:|z|<1},D={zeC:|z|<1},D\,r)={ze€C:|z-A] <r}, and
DA, r) = {z € C: |z - A|] < r} denote the field of complex numbers, the open unit disc, the
closed unit disc, and the open and closed discs with center at A and radius r, respectively. We
also denote D(0, r) by D,.

Let A and B be unital commutative semisimple Banach algebras with maximal ideal
spaces M(A) and M(B). A homomorphism T : A — B is called unital if T1, = 1p. If T
is a unital homomorphism from A into B, then T is continuous and there exists a norm-
continuous map ¢ : M(B) — M(A) such that "_l/"? = fogpforall f € A, where § is the Gelfand
transform g. In fact, ¢ is equal the adjoint of T* : B* — A* restricted to #(B). Note that T*
is a weak*-weak® continuous map from B* into A*. Thus ¢ is a continuous map from _#(B)
with the Gelfand topology into #(A) with the Gelfand topology.
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Let A be a unital commutative semisimple Banach algebra, and let T be an
endomorphism of A, a homomorphism from A into A. We denote the spectrum of T by o(T)
and define

o(T) = {A e C: A —T is not invertible}. (1.1)

For a compact Hausdorff space X, we denote by C(X) the Banach algebra of all
continuous complex-valued functions on X.

Definition 1.1. Let X be a compact Hausdorff space. A Banach function algebra on X is a
subalgebra A of C(X) which contains 1x, the constant function 1 on X, separates the points of
X, and is a unital Banach algebra with an algebra norm || - ||. If the norm of a Banach function
algebra on X is || - ||x, the uniform norm on X, it is called a uniform algebra on X.

Let A and B be Banach function algebras on X and Y, respectively. If ¢ : ¥ — X is
a continuous mapping such that fog € Bforall f € Aandif T : A — B is defined by
Tf = f o, thenT is a unital homomorphism, which is called the induced homomorphism from
A into B by ¢. In particular, if Y = X and B = A, then T is called the induced endomorphism of
A by the self-map ¢ of X.

Let A be a Banach function algebra on a compact Hausdorff space X. For x € X, the
map ey : A — C, defined by ex(f) = f(x), is an element of M(A) and is called the evaluation
homomorphism on A at x. This fact implies that A is semisimple and ||f||x < || f |lrecay for all
f € A. Note that the map x + e, : X — _M(A) is a continuous one-to-one mapping. If this
map is onto, we say that A is natural.

Proposition 1.2. Let X and Y be compact Hausdorff spaces, and let A and B be natural Banach
function algebras on X and Y, respectively. Then every unital homomorphism T : A — B is induced
by a unique continuous map ¢ : Y — X. In particular, if X is a compact plane set and the coordinate
function Z belongs to A, then ¢ = TZ and so ¢ € B.

Proof. Let T : A — B be a unital homomorphism. Since A and B are unital commutative
semisimple Banach algebras, there exists a continuous map ¢ : M(B) — _M(A) such that
T}' = f o forall f € A. The naturality of the Banach function algebra A on X implies that the
map Ja: X — M(A), defined by J4(x) = ey, is a homeomorphism and so ];‘1 : MA) - X
is continuous. Since B is a Banach function algebra on Y, the map Jp : Y — _M(B), defined
by Js(y) = ey, is continuous. We now define the map ¢ : Y — X by ¢ = ]! o ¢ o J. Clearly,
¢ is continuous. Let f € A. Since

(THY) =TF(ey) = (Fou) Us(¥) = (FoTa)(9())

= f(ew(y)) =ep) (f) = f(o(¥)) (1.2)
= (fop)(y).

forally € Y, wehave Tf = f o ¢. Therefore, T is induced by ¢.
Now, let X be a compact plane set, and let Z € A. Then ¢ = Zo ¢ = TZ, and so
@ € B. O
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Corollary 1.3. Let X be a compact Hausdorff space, and let A be a natural Banach function algebra
on X. Then every unital endomorphism T of A is induced by a unique continuous self-map ¢ of X. In
particular, if X is a compact plane set and A contains the coordinate function Z, then ¢ = TZ and so
p €A

Definition 1.4. Let X be a compact plane set which is connected by rectifiable arcs, and let
6(z, w) be the geodesic metric on X, the infimum of the length of the arcs joining z and w. X is
called uniformly regqular if there exists a constant C such that, forall z, w € X, 6(z, w) < C|z—w]|.

The following lemma occurs in [1] but it is important and we will be using it in the
sequel.

Lemma 1.5 (see [1, Lemma 1.5]). Let H and K be two compact plane sets with H C int(K).
Then there exists a finite union of uniformly regular sets in int(K) containing H, namely Y, and
then a positive constant C such that for every analytic complex-valued function f on int(K) and any
z,w € H,

£ - F@)| < Clz=wl(Lf ]l + IF1l,)- (13)

Let X be a compact plane set. We denote by A(X) the algebra of all continuous
complex-valued functions on X which are analytic on int(X), the interior of X, and call it
the analytic uniform algebra on X. It is known that A(X) is a natural uniform algebra on X.

Let X and K be compact plane sets such that K C X. We define A(X,K) = {f € C(X) :
flg € A(K)}. Clearly, A(X,K) = A(X) if K = X, and A(X, K) = C(X) if int(K) is empty. We
know that A(X, K) is a natural uniform algebra on X (see [2]) and call it the extended analytic
uniform algebra on X with respect to K.

Let (X, d) be a compact metric space. For a € (0,1], we denote by Lip(X, «) the algebra
of all complex-valued functions f for which p,x(f) = sup{|f(z) - f(w)|/d*(z,w) : z,w €
X,z#w} < . For f € Lip(X,a), we define the a-Lipschitz norm f by | fllLipcx.a) = IIfllx +
Pax(f). Then (Lip(X, a), || - [ILip(x,a)) is @ unital commutative Banach algebra. For a € (0,1),
we denote by lip(X, ) the algebra of all complex-valued functions f on X for which |f(z) -
f(w)|/d*(z,w) — 0asd(z,w) — 0.Thenlip(X, a) is a unital closed subalgebra of Lip(X, a).
These algebras are called Lipschitz algebras of order a and were first studied by Sherbert in
[3, 4]. We know that the Lipschitz algebras Lip(X, a) and lip(X, a) are natural Banach function
algebras on X.

Let (X, d) be a compact metric space, and let K be a compact subset of X. For a € (0,1],
we denote by Lip(X, K, a) the algebra of all complex-valued functions f on X for which
Pax (f) = sup{|f(z) — f(w)|/d*(z,w) : z,w € K,z#w} < oo. In fact, Lip(X,K,a) = {f €
C(X) : flg € Lip(K,a)}. For f € Lip(X, K, a), we define || fllLipx,k,a) = | fllx + Pa,x (f). Then
Lip(X, K, a) under the algebra norm || - [|Lip(x,k,a) is @ unital commutative Banach algebra.
Moreover, Lip(X, a) is a subalgebra of Lip(X, K, a); Lip(X, K,a) = Lip(X,a) if X \ K is
finite, and Lip(X, K,a) = C(X) if K is finite. For a« € (0,1), we denote by lip(X, K, a) the
algebra of all complex-valued functions f on X for which |f(z) - f(w)|/d*(z,w) — 0 as
d(z,w) — 0with z,w € K. In fact, lip(X,K,a) = {f € C(X) : f|g € lip(K,a)}. Clearly,
lip(X, K, a) is a closed unital subalgebra of Lip(X, K, a). Moreover, lip(X, a) is a subalgebra
of lip(X, K, a); lip(X, K, &) = lip(X, a) if X \ K is finite, and lip(X, K, ) = C(X) if K is finite.
The Banach algebras Lip(X, K, a) and lip(X, K, a) are Banach function algebras on X and
were first introduced by Honary and Moradi in [5].
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Let X be a compact plane set. We define Lip , (X, a) = Lip(X, a) N A(X) for a € (0,1]
and lip, (X, a) = Lip(X,a) N A(X) for a € (0,1). These algebras are called analytic Lipschitz
algebras. We know that analytic Lipschitz algebras Lip , (X, &) and lip , (X, a) under the norm
Il - lLip(x.«) are natural Banach function algebras on X (see [6]).

Let X and K be compact plane sets with K C X. We define Lip,(X,K,a) =
Lip(X,K,a) N A(X,K) for a € (0,1] and lip,(X,K,a) = lip(X,K,a) N A(X,K) for
a € (0,1). Then Lip , (X, K, &) and lip(X, K, a) are closed unital subalgebras of Lip(X, K, a)
and lip(X, K,a) under the norm | - ||Lipxka), respectively. Moreover, Lip, (X, K,a) =
Lip , (X, ) [lip , (X, K, &) = Lip,(Xa)] if K = X, and Lip,(X,K a)
Lip(X, K, o) [lip , (X, K, a) = lip(X, K, a) ] if int(K) is empty.

The algebras Lip , (X, K, a) and lip(X, K, a) are called extended analytic Lipschitz algebras
and were first studied by Honary and Moradi in [5]. They showed that the extended analytic
Lipschitz algebras Lip , (X, K, a) and lip , (X, K, a) under the norm || - [|Lip(x,k,a) are natural
Banach function algebras on X [5, Theorem 2.4].

Behrouzi and Mahyar in [1] studied endomorphisms of some uniform subalgebras of
A(X) and some Banach function subalgebras of Lip , (X, ) and investigated some necessary
and sufficient conditions for these endomorphisms to be compact, where X is a compact plane
setand a € (0,1].

In Section 2, we study unital homomorphisms from natural Banach function
subalgebras of Lip ,(Xj, Ky, a1) to natural Banach function subalgebras of Lip , (X, K3, a2)
and investigate necessary and sufficient conditions for which these homomorphisms are
compact. In Section 3, we determine the spectrum of unital compact endomorphisms of
Lip,(X, K, a).

2. Unital Compact Homomorphisms

We first give a sufficient condition for which a continuous map ¢ : X, — Xj induces a unital
homomorphism T from a subalgebra B; of A(Xj, K1) into a subalgebra B, of A(X», K>).

Proposition 2.1. Let X; and K be compact plane sets with int(K;) # @ and K; C X;, and let B; be
a subalgebra of A(X;, K;) which is a natural Banach function algebra on X; under an algebra norm
| - |l;, where j € {1,2}. If ¢ € By with ¢(X3) C int(Ky), then ¢ induces a unital homomorphism
T : By — By. Moreover, if Z € By, then ¢ = TZ.

Proof. The naturality of Banach function algebra B, on X, implies that op, (h) = h(X3), where
o4 (h) is the spectrum of h € A in the Banach algebra A. Let f € B;. Since ¢ € By, p(X3) C
int(Kj), and f is analytic on int(K7), we conclude that f is analytic on an open neighborhood
of o, (). By using the Functional Calculus Theorem [2, Theorem 5.1 in Chapter I], there
exists g € B, such that g = f o ¢ on M(B,). It follows that

g(z) = ez(g) = g(ez) = f(‘ﬁ(ez»

= f(ez(9)) = f(9(2)) = (fop)(2),

2.1)

for all z € X; and so g = f o ¢. Therefore, f o ¢ € B,. This implies that the map T : B; — B
defined by T f = f o is a unital homomorphism from B; into B,, which is induced by ¢. Now
let Z € B;. Then ¢ = TZ by Proposition 1.2. O
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Corollary 2.2. Let X and K be compact plane sets with int(K) # @ and K C X. Let B be a subalgebra
of A(X, K) which is a natural Banach function algebra on X under an algebra norm || - ||g. If ¢ € B
with ¢(X) C int(K), then ¢ induces a unital endomorphism T of B. Moreover, if Z € B, then ¢ = TZ.

Proposition 2.3. Suppose that a; € (0,1], z; € C, 0 < r; < R;, Gj = D(zj, R)), Q; = D(zj, 1)),
X = Ej, and K; = 5]., where j € {1,2}. Then for each p € (r1, Ry] there exists a continuous map
¢p s Xo — Xy with ¢p(Xa) = D(z1, p) such that ¢, € Lip ,(X2, Ky, az) and ¢, does not induce any
homomorphism from Lip , (X1, Ky, a1) to Lip , (X2, K2, az).

Proof. Let p € (r1, R1]. We define the map ¢, : X, — Xi by

- p(z—z2)
1

L Pz-=1)

|z — 2z

|z — 22| < 19,
Pp(z) = (2.2)

Z1 1 <|z-2z2| < Ry.

Clearly, ¢, is a continuous mapping, <pp(X2) = ID(z1,p), and ¢, € Lip A(X2, K, a7). We now
define the function f, : X; — Cby

p(z—z1)
— |lz—zi|<ny,

fo(z) = n (2.3)
% T1<|Z—21|SR1.
- <1

Then, f, € Lip ,(X1, K1, a1). Since 0 < r1r2/p < r, and

2
nry
L (z-z) |z-zl < B2,
rir

p(z-z) nn
|z — 2o p

(frowp)(2) = (2.4)

< |Z—Zz| <Ry,

we conclude that f, o ¢, ¢ Lip,(Xo, K3, a2). Therefore, ¢, does not induce any
homomorphism from Lip , (X1, Ky, ;) to Lip 4, (X2, K3, a). Hence, the proof is complete.  [J

Corollary 2.4. Suppose that « € (0,1], L € C,0 <7 < R, G =D(\,R), Q = D(\,r), X = G, and
K = Q. Then for each p € (r, R, there exists a continuous self-map ¢p of X with ¢,(X) = D(A, p)
such that ¢, € Lip , (X, K, a) and ¢, does not induce any endomorphism of Lip , (X, K, a).

We now give a sufficient condition for a unital homomorphism from a subalgebra By
of Lip , (X1, Ky, a1) into a subalgebra B, of Lip , (X5, K5, a) to be compact.

Theorem 2.5. Suppose that a; € (0,1], X; and K; are compact plane sets with int(K;) # @ and
K; C X, and B; is a subalgebra of Lip ,(X;, K, a;) which is a natural Banach function algebra on
X under the norm || - ”Lip(Xj,Kj,aj)r where j € {1,2}. Let ¢ : X, — Xy be a continuous mapping.
If ¢ is constant or ¢ € B, with ¢(X,) C int(Ky), then ¢ induces a unital compact homomorphism
T: Bl — Bz.
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Proof. If ¢ : X, — X is constant, then the map T : By — B, defined by Tf = f o ¢ is a unital
homomorphism from B; into B, with dim T(B;) < 1, and so it is compact.

Let ¢ : X, — X; be a nonconstant mapping with ¢ € B, and ¢(X;) € Q. Then
the map T : By — B, defined by Tf = f o ¢ is a unital homomorphism from B; to B,
by Proposition 2.1. To prove the compactness of T, let { f, },-; be a bounded sequence in By
with || fullLipex, ki,0) < 1 for all n € N. This implies that {fu[y },2; is a bounded sequence
in C(K;) which is equicontinuous on (Ky,d;"). By Arzela-Ascoli’s theorem, {f,};2; has a
subsequence { fy, }]?'21 such that { f,, |K1 }]3‘21 is convergent in C(K7). Since fn].lKl € A(Ky) for all
j €N, {ful K, }21 is convergent in A(K1). By Montel’s theorem, the sequences { f,, }
{ f,’l] }]921 are uniformly convergent on the compact subsets of int(K). Since ¢(X) and K; are
compact sets in the complex plane and ¢(X,) C int(K;), by using Lemma 1.5, we deduce
that there exists a finite union of uniformly regular sets in int(K;) containing ¢(X5), namely
Y, and then a positive constant C such that for every analytic complex-valued function f on
int(K;) and any z, w € ¢(X3)

[*e]

j-1 and

|f(2) = f@)] < Clz=wl([|flly + I /'lly)- (25)
Therefore, there exists a positive constant C such that

+
Y

Fu (0(2)) = fu (p(@))| < Clo(@) = p@0) | (|| £

full,)- (2:6)

forall j € Nand any z,w € X5. Let j, k € N. Then, for all z, w € K; with ¢(z) # ¢(w), we have

|<<fn,- ° (p) - (fnk 04)))(2) - <<fn,- o (p) - (fnk ow))(w)|

|z — w|™
(=) 0@) = (= ) @) Jp@) - ptao)]| (2.7)
) 9(2) - g(w)] |z - w[*
SCP“ZJQ(‘P)( fnj_fnk Y+ f;lj_f;lk Y>'

The above inequality is certainly true for all z, w € K; with z# w and ¢(z) = ¢(w). Therefore,

fni _fnj

+
Y

f;l,'_fll’lj

Pasic (fr 0 9) = (fac 0 9)) < Chasic ()

Y), (2.8)

and so

+
Y

|(F09) = (Fco0) ||Lip(X2,Kzlaz) < (1+ Cpasics (#)) (|| fo = f fo=full,) @9

Since Y is a compact subset of int(K7), we deduce that the sequences { f,, }}21 and
{ f,’ii}]?‘Z1 are convergent uniformly on Y. Therefore, {f, o ¢}, is a Cauchy sequence on
Lip(Xa, Ky, ap), that is {T fn }]921 is convergent in Lip(X,, K5, a2). Hence, T is compact. O
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Corollary 2.6. Suppose that a € (0,1], X and K are compact plane sets with int(K) # @, and K C X.
Let B be a subalgebra of Lip , (X, K, a) which is a natural Banach function algebra on X with the norm
I - Lip(x2, Ka,a0), and let ¢ be a self-map of X. If ¢ is constant or ¢ € B with ¢(X) C int(K), then ¢
induces a unital compact endomorphism of B.

Definition 2.7.

(a) A sector in D(zy, r) at a point w € 0ID(z, r) is the region between two straight lines
in D(zo, r) that meet at w and are symmetric about the radius to w.

(b) If f is a complex-valued function on D(zp,r) and w € 0D(zy,r), then
Zlim;_,,, f(z) = L means that f(z) — L as z — w through any sector at w. When
this happens, we say that L is angular (or non-tangential) limit of f at w.

(c) Ananalyticmap ¢ : D(zo,7) — D, has an angular derivation at a point w € 0D, (zo, 1)
if for some 7 € 0D,

/lim 1=/ (2.10)
z—-w W—2Z

exists (finitely). We call the limit the angular derivative of ¢ at w and denote it by
24/ (w).

Lemma 2.8. Let 0 < r < 1, and let ¢ : D(zo,7) — D, be an analytic function and ¢ : D — D
defined by ¢(z) = (1/p)@(zo + rz). Then ¢ has angular derivation at w € 0D(zo, r) if and only if ¢
has angular derivation at (w — zo) /v € 0D. Moreover,

24 (w) = %m'(ﬂ) (2.11)

r

The following result is a modification of Julia-Caratheodory’s theorem. For further
details and proof of Julia-Caratheodory’s theorem, see [7, pages 295-300].

Theorem 2.9. Tnke 0 < r < 1. Let ¢ : D(zo,7) — D be a nonconstant analytic function and

w € 0D(zg, r). Then the following are equivalent:

(i) liminf; ., (ll¢llp, = l(z))/(r —|z]) =6 < oo,
(if) Zlim,_, (- ¢(2))/(w — z) exists for some 1 € OD,
(iii) Zlim;_, ¢’ (2) exists and Zlim,_, ,¢(z) = € OD.

The boundary point # in (ii) and (iii) is the same, and 6 > 0 in (i). Also the limit of
the difference quotients in (ii) coincides with the limit of the derivative in (iii), and both are
equal to wn6.

Note that the existence of the angular derivative ¢ at w € 0D(zo,r), according to
Theorem 2.9, is equivalent to liminf, _, , (||¢|lpz,r) — 9(2)|)/(r — |z = z0]) < co. In this case
the angular derivative of ¢ at w is nonzero.

Proposition 2.10. Let X be a compact plane set, and let D(zp,r) C X and K = D(zo, r). Suppose
that ¢ € 0D(zo,r) and ¢ € Lip ,(X, K, 1) is a nonconstant function such that |¢(c)| = ”‘P”W'
Then the angular derivative of ¢ at c exists and is nonzero.
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Proof. LetT’ = {z € D(zo,7) : |z —c|/(r — |z — z0]) <2}. For every z € I' we have

o)~ 19(2) - - -
9l = lo(2)] _le@)] -lo(2)] < lz—cl |o(z) - ()] <2014 (). (2.12)
r—|z — 2ol r—|z — 2| r—|z — 2ol |z - |

Therefore, liminf, ., (||¢||pz,r) — l@(2)])/ (r — |z — z0|) < o0, and, by Theorem 2.9, the proof is
complete. m

Definition 2.11.

(a) A plane set X at ¢ € 0X has an internal circular tangent if there exists a disc D in the
complex plane such that ¢ € 0D and D \ {c} C int(X).

(b) A plane set X is called strongly accessible from the interior if it has an internal circular
tangent at each point of its boundary. Such sets include the closed unit disc D
and D(zo,7) \ Uk.; D(zk, rc), where closed discs D(zx, r) are mutually disjoint in
]D(ZO ’ T') .

(c) A compact plane set X has peak boundary with respect to B C C(X) if for each ¢ € 0X
there exists a nonconstant function h € B such that ||h||x = h(c) = 1.

Example 2.12. The closed unit disc D has peak boundary with respect to A(D) because, if
¢ € 3D, then the function & : D — C defined by h(z) = (1/2)(1 + cz) belongs to A(D) and
satisfies ||h||5 = h(c) = 1.

Let X be a compact plane set. The algebra R(X) consists of all functions in C(X) which
can be approximated by rational functions with poles off X. It is known that R(X) is a natural
uniform algebra on X.

Example 2.13. Let X be a compact plane set such that C \ X is strongly accessible from the
interior. If R(X) C B € C(X), then X has a peak boundary with respect to B.

Proof. Let zy € C\ X. Since C\ X is strongly accessible from the interior, for each ¢ € 0(C\ X),
there exists a 6 > 0 such that |c—zy| = 6 and D(zg, 6) C int(C\ X). Now, we define the function
h:X — Cby

62

"= e

(2.13)

Then h € B, ||h||x = h(c) = 1. O

Theorem 2.14. Let X; be a compact plane set such that Gy = int(Xy) is connected, and G = Xj.
Suppose that Xy has peak boundary with respect to Lip ,(Xq,1). Let Q1 C Gy be a bounded connected
open set in the complex plane, and let Ky = Q. Let Q, be a bounded connected open set in the
complex plane, and let K, = Q such that K, is strongly accessible from the interior. Suppose that
Xy is a compact plane set such that Ko C Xp. If T : Lip ,(Xy1, K1,1) — Lip (X5, K2, 1) is a unital
compact homomorphism, then T is induced by a continuous mapping ¢ : Xo — X such that ¢ is
constant on K or p(K3) C Gy = int(X;). Moreover, ¢ = TZ.
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Proof. Since Lip ,(X1,K1,1) and Lip, (X2, K2, 1) are, respectively, natural Banach function
algebras on X; and X,, T : Lip ,(Xy,Ky,1) — Lip,(X5,K5,1) is a unital homomorphism,
X1 is a compact plane set, and Z € Lip ,(Xj, Ky, 1), we conclude that T is induced by ¢ = TZ
and so ¢ € Lip,(X3, K3, 1) by Proposition 1.2. Suppose that ¢ is nonconstant on €,. Since
¢ is analytic on €, we deduce that ¢(£) is an open subset of X; and so ¢(£») € Gi.
We now show that ¢(K;) C Gi. Suppose that ¢(K;)ZG;. Then there exists ¢ € 0K, such
that ¢(c) € 0Xj. Since X; has peak boundary with respect to Lip ,(Xi, 1), there exists a
nonconstant function h € Lip,(Xjy,1) such that ||hl|x, = h(¢(c)) = 1. We now define the

[e'e]

sequence { f,},; of complex-valued functions on X; by f,(z) = (1/n)h"*(z). Let n € N. Then

1 2 1
I£all, = — (ki)™ = (2.14)
B |n"(z) — h"(w)| }
Pk, (fn) _Sup{—n|z—w| cz,we Ky, z#w
|h(z) - h(w)| }
< —_—— !
< sup{ z=w| z,we Ky, z#w (2.15)
|h(z) — h(w)| }
< —_— .
_sup{ iz =] z,w€ Xy, z#w
<pix, (h)
Thus
1
||fn||Lip(X1,K1,1) < ot pix,(h) <1+pix, (h), (2.16)

by (2.14) and (2.15). This implies that { f,,},-; is a bounded sequence in Lip , (X1, K1,1). The
compactness of homomorphism T implies that there exists a subsequence { fu}72; of { fu};2,
and a function g in Lip , (X3, K3, 1) such that

Jh—%”Tf"" - g”Lip(Xz,Kz,l) =0. (2.17)

This implies that
Jim ||T s — g”XZ = 0. (2.18)

On the other hand, we have [T f,,||x, < 1/n; for all j € N by (2.14). Hence,

lim ”T Fur

]

o0 (2.19)

By (2.18) and (2.19), g = 0. Therefore, by (2.17) we have

lim |7,

J—®

Lip(Xp,Ka1) 0 (2:20)
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This implies that
],hﬁrrcl0 PLK, ( fnj 0 <p> =0. (2.21)

Assume that € > 0. By (2.21), there exists a natural number N such that for each j € N with
j2N

|z - wl

sup{ '(fnj 0‘/’)(2) - <fnj 0‘P>(w)| ;z,wEKz,Z¢w} <e. (2.22)

In particular,

sup{ |((h0(p)(z)31 N|Z_ ((:)1|0(p)(w)) Nl 1z, W E Kz,Z#w} <E€. (2.23)
Nz —

This implies that
Lsup{|((h0(p)(z)) ~((hop)(©) 7| :zng,z7éc}<s. (2.24)
nN |z -l

Since ¢ € 0K; and K3 is strongly accessible from the interior, there exists an open disc D =
D(zo,7) such that ¢ € dD and D \ {c} C int(K). Since ¢ is analytic on int(D) C int(K,) and h
is analytic on (p(B) C int(X;), we deduce that h o ¢ is analytic on int(D). On the other hand,
we can easily show that

pi5(ho) <pix, (W)pik,(p) < co. (2.25)

Therefore, ho ¢ € LipA(Xz,ﬁ, 1). Since ||h||x, = h(p(c)) = 1, we conclude that
(hoy)(c)=|hoy|5=1 (2.26)

We claim that h o ¢ is constant on D. If h o ¢ is nonconstant on D, then, by Proposition 2.10,
Z(ho¢)'(c) exists and is nonzero and since (ho ¢)"™ (c) =1, (ho )™ (c) € OD.If T is a sector
in D at ¢ € 0D, then

1 | (o)™ @) = (o)™ @]

nN z—c z—C

(2.27)

by (2.24). Thus

nig((h 09)™) (¢) <e. (2.28)
N
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But
Z((ho9)™) (c) = nn(ho@)™ ' (c)- Z(hog) (c). (2.29)

Hence, by (2.28) we have
Z(hoo) (c) = %4((}104))"1\’)/@) <e. (2.30)

Since ¢ is assumed to be a positive number, we conclude that Z(h o ¢)'(c) = 0, contradicting to
Z(hog)'(c) #0. Hence, our claim is justified. Since ¢ is nonconstant on K5, ¢ is a nonconstant
analytic function on connected open set D. This implies that ¢(D) is a connected open set in
the complex plane. This implies that & is constant on connected open set G;. The continuity

of hon X; = G; follows that h is constant on G; = X;. This contradicting to h is nonconstant
on Xj. Therefore, ¢(K>) C G. O

Corollary 2.15. Let X be a compact plane set such that G = int(X) is connected and G = X. Let
Q C G be a bounded connected open set in the complex plane, and let K = Q. Suppose that K is
strongly accessible from the interior and X has peak boundary with respect to Lip ,(X,1). If T is a
unital compact endomorphism of Lip ,(X, K, 1), then T is induced by a continuous self-map ¢ of X
such that ¢ is constant on K or ¢(K) C G = int(X). Moreover, ¢ = TZ.

Lemma 2.16. Let G and Q be bounded connected open sets in the complex plane with Q C G, and let

X = Gand K = Q. Then for each ¢ € G \ K there exists a function f,. € Lip (X, K, 1) such that f. is
not analytic at c.

Proof. Let ¢ € G\ K. Then there is a positive number r such that
{zeC:|z—c|<r} CG\ K. (2.31)

We now define the function f. : X — Cby

z—c zeX, |z-c|>r,
fe(z) = 1 _ (2.32)
¢ m zEX, |Z—C|<T.
1+]z-¢|
It is easily seen that f. € Lip , (X, K, 1) and f. is not analytic at c. O

Definition 2.17. Let X and K be compact plane sets such that K C X. We say that K has peak
K-boundary with respect to B C A(X, K) if for each ¢ € 0K there is a function h € B such that
h is nonconstant on K and ||k||x = h(c) = 1.

Example 2.18. Letr € (0,1] and K = D,. Suppose that LipA(ﬁ, K,1) € B C A(D,K). Then K
has peak K-boundary with respect to B.

Proof. We first assume that r = 1. If for each ¢ € 0D the function h : D — C defined by
h(z) = (1/2)(1 +¢z), then h € B, his nonconstant on K =D and h(c) =1 = |kl
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We now assume that 0 < r < 1. For each ¢ € 0K, set zo = (1 +r)c/r. Then zg € C \ D.
Define the function h : D — C by

—ﬁ ZEE, |Z—Zol >1,
—Zo
h(z) = rlz - zo| _ (2.33)
—— z€D, |z-z <L
c(z - zo)
It is easily seen that h € LipA(ﬁ, K,1) and ||h|lz =1 = h(c). O

Lemma 2.19. Let Q be a connected open set in the complex plane, and let ¢ be a one-to-one analytic
function on Q. If f is a continuous complex-valued function on (L) and f o ¢ is analytic on Q, then
f is an analytic function on ¢(£2).

Proof. By [8, Theorem 7.5 and Corollary 7.6 in Chapter IV], we deduce that ¢(Q2) is a
connected open set in the complex plane, ¢'(z) #0 for all z € Q, and ¢! : p(Q) — Qs
an analytic function on ¢(Q). Since f = f o p o ¢! on ¢(Q), we conclude that f is analytic on
(). O

Theorem 2.20. Let Xy be a compact plane set such that Gy = int(X;) is connected and G = Xj.
Suppose that Ky is a compact subset of Xy such that Qi = int(Ky) is connected, Ki = Q,, and K,
has peak Ky-boundary with respect to Lip , (X1, K1, 1). Let €, be a bounded connected open set in the
complex plane, and let K, = Q such that K, is strongly accessible from the interior. Suppose that
Xy is a compact plane set such that Ko C X5 If T : Lip ,(X1, K1,1) — Lip,(Xp, K2, 1) is a unital
compact homomorphism and TZ is one-to-one on Qp, then T is induced by a continuous mapping
¢ : Xo — X such that ¢ = TZ and ¢(K3) C Q; = int(K7).

Proof. Since Lip , (X1, K1,1) and Lip, (X2, Ky, 1) are, respectively, natural Banach function
algebras on X; and X,, T : Lip,(Xy,Ky,1) — Lip,(X3,K5,1) is a unital homomorphism,
X1 is a compact plane set, and Z € Lip ,(Xj, Ky, 1), we conclude that T is induced by ¢ = TZ
and so ¢ € Lip , (X, K3, 1) by Proposition 1.2.

To prove ¢(K3) € Qi, we first show that ¢(Q;) € Kj. Since ¢ is a one-to-one analytic
mapping on £, we conclude that ¢(€,) is an open set in the complex plane. This follows that
() C int(X;) = Gy since () C X;. Suppose that ¢(£;) € K;. Then there exists A € €,
such that ¢(\) € G; \ K;. By Lemma 2.16, there exists a function f € Lip,(Xj, K;,1) such
that f is not analytic at ¢(\). But f o =T f € Lip , (X2, K3, 1), so that f o ¢ is analytic on Q.
Since f is continuous on ¢(Q;) and ¢ is a one-to-one analytic function on €,, we conclude
that f is analytic on ¢(£2;) by Lemma 2.19. This contradicts to the fact f is not analytic at
p(L) € (7). Therefore, p(L2y) C Kj so ¢p(£2p) C int(K;) = Q; since ¢(£2;) is an open set in
the complex plane. Since ¢ is continuous on Ky, ¢(Q) C Qi, Kp = Q,, and K; = Q;, we can
easily show that ¢(K3) C K;. We now show that ¢(K3) C Q;. Suppose that ¢(K3) Z Q;. Then
there exists ¢ € 0K, such that ¢(c) € 0Kj. Since K; has peak K;-boundary with respect to
Lip , (X1, K1, 1), there exists a function h € Lip , (X1, K1,1) such that h is not constant on K;
and

[k, =h(p(c)) =1. (2.34)
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Applying the similar argument used in the proof of Theorem 2.14, we can prove that h is
constant on K. This contradiction shows that ¢(K3) C Q. O

Corollary 2.21. Let X be a compact plane set such that G = int(X) is connected and G = X. Let
K be a compact subset of X such that Q = int(K) is connected and K = Q. Suppose that K has
peak K-boundary with respect to Lip ,(X, K, 1) and K is strongly accessible from the interior. If T is
a unital compact endomorphism of Lip ,(X, K, 1) and TZ is a one-to-one mapping on Q, then T is
induced by a continuous self-map ¢ of X such that ¢ = TZ and p(K) C Q = int(K).

3. Spectrum of Unital Compact Endomorphisms

In this section we determine the spectrum of a unital compact endomorphism of a subalgebra
of Lip , (X, K, a) which is a natural Banach function algebra with the norm || - ||Lip(x,Ka)-

The following result is a modification of [9, Theorem 1.7] for unital compact
endomorphisms of natural Banach function algebras.

Theorem 3.1. Let X be a compact Hausdorff space and B a natural Banach function algebra on X. If T
is a unital compact endomorphism of B induced by a self-map ¢ : X — X, then (2, ¢ (X) is finite,
and if X is connected, (ney @0n(X) is singleton where @, is the nth iterate of ¢, that is, po(x) = x and
©n(x) = 0(n-1(x)). If Ny 0 (X) = {x0}, then x is a fixed point for . In fact, if F = (\,— ¢ (X),
then ¢(F) = F.

Theorem 3.2. Suppose that X is a compact plane set with int(X) # @, Q is a connected open set in
the complex plane with Q C int(X), and K = Q. Let B be a subalgebra of A(X, K) containing the
coordinate function Z which is a natural Banach function algebra on X with an algebra norm || - ||.
Let T be a unital compact endomorphism of B induced by a self-map ¢ of X. If p(X) C int(K) and z
is a fixed point of ¢, then

o(T) ={0,1} U {(¢'(z0))" : m € N}. (3.1)

Proof. Clearly 0 and also 1 € o(T) since T(1x) = 1x. If ¢ is constant then the proof is complete.
Let A € o(T) \ {0,1}. The compactness of T implies that there exists f € B\ {0} such that
Tf = fo¢ = Af.Since ¢(z0) = zo € int(K), f(zo) = 0. We claim that f)(z¢) #0 for some
j € N.If fW(z)) = 0 forall n € N, then f = 0 on an open disc with center z; and so on Q.
By maximum modules principle, it follows that f = 0 on X since ¢(X) C Q, A € C\ {0},
and Af(z) = f(¢p(z)) for all z € X. This contradicts to f #0. Hence, our claim is justified. Let
m =min{n € N: f®(z)) #0}. Then f%)(zy) =0 forall k € {0,...,n—1} and f™(z) #0. By
m times differentiation of fop = Af, we have (¢'(z0))" f™ (¢(z0)) = Af ™ (zp), and therefore
A= (f'(z0)™ Then o(T) \ (0,1} € ((¢/(20))" : n € N}.

Conversely, first we show that, if A € o(T) with |A\| =1, then A = 1. Let A € o(T) and
[A| = 1. The compactness of T implies that there exists g € B \ {0} such that go ¢ = Ag. It
follows that |g o ¢| = |g|. Since ¢(K) C int(K) = Q and g is analytic on the connected open
set 2, we conclude that g is constant on Q by maximum modules principle. Since ¢(X) C Q,
gop =1g,and A € C\ {0}, we deduce that g is constant on X. Applying again go ¢ = Ag
implies that A = 1 since g € B\ {0}.
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We now claim that ¢'(z) € o(T). If ¢'(z9) ¢ o(T), then there exists a nonzero linear
operator S : B — B such that

(T-¢'(z0))S=1. (3.2)
Since Z — zglx € B, h = S(Z — zy1x) € B and so
hog-¢'(20)h=2Z-zlx, (3.3)
by (3.2). By differentiation at zg, we have
0 =1 (p(20))¢'(z0) - ¢ (z0) W (0) = 1, (3.4)

this is a contradiction. Hence, our claim is justified.

We now show that (¢'(z¢))" € o(T) for all n € N. If ¢'(z) = 0 or |¢'(z0)| = 1, the proof
is complete. Suppose that ¢'(zp) #0 and |¢'(zo)| #1. If ((p’(zo))j ¢ o(T) for some j € N with
j > 1, then there exists a nonzero linear operator S; : B — B such that

(T - (<p'(z0))f1) S =1 (3.5)
Since (Z - zolx)' € B, hj =S;(Z - zolx)j € B and so
hj o= (¢'(z0))'h; = (Z - z01x)', (3.6)
by (3.5). By j — 1 times differentiation at zy, we have
hyj(z0) = Hi(20) =+ = )™ (20) = 0, (37)
and by j times differentiation at zy, we have
0= (¢'(20))1 (9(20)) = (¢/(20))'h} (20) = , (3.8)

this is a contradiction. Thus, (¢'(z¢))" € o(T) for all n € N. This completes the proof. O

Corollary 3.3. Let B and T satisfy the conditions of Theorem 3.2, and let B be a natural Banach
function algebra with the norm || - ||a,x. If F is a finite set such that ¢(F) = F, then there exist zg € F
and m € N such that

(A" xeo(T)} =1{0,1} U{(¢,,(z0))" : n € NJ. (3.9)

Proof. Since F is a finite set and ¢(F) = F, there exist zy € F and m € N such that ¢,,(zo) = zo.
Since (X) C int(K), so zg € int(K). If ¢ is constant, then the proof is complete. When ¢ is
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nonconstant, we define T : B — Bby Tf = f o ¢,. Then T is a compact endomorphism of B
induced by ¢,, by Corollary 2.6 and ¢,,(zo) = zo. Therefore,

o(T) = 0,1} U {(¢ly(20))" : m € N} (3.10)

by Theorem 3.2. Since Tf = fopand Tf = f o ¢,, for all f € B, we have T = T™. By Spectral
Mapping Theorem, o(T™) = {A" : A € o(T)}. Therefore,

(A" xeo(T)} =1{0,1} U{(¢),(z0))" : n € NJ. (3.11E)]

Corollary 3.4. Suppose that X is a compact plane set with int(X) # @, Q is a connected open set in the
complex plane with Q C int(X), and K = Q. Take a € (0,1]. Let ¢ be a self-map of X with p(X) C Q
such that ¢ € Lip ,(X, K, &), and let ¢(zo) = zo for some zo € Q. If T is a unital endomorphism of
Lip ,(X, K, a) induced by ¢, then T is compact and

o(T) ={0,1} U {(¢'(z0))" : m € N}. (3.12)
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