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This paper characterizes the boundedness and compactness of the product of extended Cesaro
operator and composition operator from Lipschitz space to F(p, g, s) space on the unit ball of C".

1. Introduction

Let B be the unit ball in the #n-dimensional complex space C", the closure of B will be written
as B. By dv we denote the Lebesgue measure on B normalized so that v(B) = 1 and by do
the normalized rotation invariant measure on the boundary S = 0B of B. Let H(B) be the
class of all holomorphic functions on B and S(BB) the collection of all the holomorphic self-
mappings of B. Denote by A(B) the unit ball algebra of all continuous functions on B that are
holomorphic on B.

For f € H(B), let

_v, 9f
Rf(z) = ;zja—zj(Z) 1.1)

be the radial derivative of f.
We recall that the a-Bloch space B* for a > 0 consists of all f € H(B) such that

Ba(f) = Sup<1 - IZIZ)QIW(Z)I < 0. (1.2)
zeB
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The expression B, (f) defines a seminorm while the natural norm is given by || f|| 5. = |f(0)[ +
By (f). This norm makes B“ into a Banach space. When a = 1, B; = B is the well known Bloch
space.

For a € (0,1), £,(B) denotes the holomorphic Lipschitz space of order a which is the
set of all f € H(B) such that, for some C > 0,

|f(2) - f(w)| < Clz - w|* (1.3)

for every z, w € B. Itis clear that each space £, (B) contains the polynomials and is contained
in the ball algebra A(B). It is well known that .£,(B) is endowed with a complete norm || - || 2,
that is given by

(1.4)

I£llz, = 1£ O]+ sup

z# w;z,weB |Z_w|u

{ |f(2) - f(w)] }

See [1, 2] for more information of the Lipschitz spaces on B.
For a € B, let g(z,a) = log|pa(z)|™" be Green’s function on B with logarithmic sin-
gularity at a, where ¢, is the Mobius transformation of B with ¢,(0) = a, ¢,(a) = 0, and
1
Pa=9, -
Let0 <p,s <o, -n—1< g < oo, a function f € H(B) is said to belong to F(p, g, s) if
(see, e.g., [3-5])

9 S
||f||’;(P/q/s) =|fO)] + sup LB |mf(z)|r’<1 - |z|z> g°(z,a)dv(z) < 0. (1.5)

If X is a Banach space of holomorphic functions on a domain Q and if ¢ is a
(holomorphic) self-map of Q, the composition operator of symbol ¢ is defined by C,(f) =
f o . The study of composition operators consists in the comparison of the properties of
the operator C, with that of the function ¢ itself, which is called the symbol of C,. One can
characterize boundedness and compactness of C, and many other properties. We refer to the
books in [6, 7] and to some recent papers in [4, 5, 8] to learn much more on this subject.

Let h € H(B), the following integral-type operator was first introduced in [9]

! dt
Tnf(z) = fo f(tz)ERh(tz)T, feH(B), zeB. (1.6)

This operator is called generalized Cesaro operator. It has been well studied in many papers,
see, for example, [3, 9-24] as well as the related references therein.

It is natural to discuss the product of extended Cesaro operator and composition
operator. For h € H(B) and ¢ € S(B), the product can be expressed as

1
ThCyf (2) = f f((P(tZ))%h(tZ)?, feH®), zeB. (1.7)
0
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It is interesting to characterize the boundedness and compactness of the product operator on
all kinds of function spaces. Even on the disk of C, some properties are not easily managed;
see some recent papers in [18, 25-28].

Building on those foundations, the present paper continues this line of research and
discusses the operator in high dimension. The remainder is assembled as follows: in Section 2,
we state a couple of lemmas. In Section 3, we characterize the boundedness and compactness
of the product T;,C,, of extended Cesaro operator and composition operator from Lipschitz
spaces to F(p, g, s) spaces on the unit ball of C".

Throughout the remainder of this paper, C will denote a positive constant, the exact
value of which will vary from one appearance to the next. The notation A < B means that
there is a positive constant C such that B/C < A < CB.

2. Some Lemmas

To begin the discussion, let us state a couple of lemmas, which are used in the proofs of the
main results.

Lemma 2.1. Suppose that f,h € H(B). Then,
R[TWCy ()] (2) = f(p(2))Rh(2). (2.1)

Proof. The proof of this Lemma follows by standard arguments (see, e.g., [9, 29, 30]). O
Lemma 2.2 (see [2,31]). If0 < a < 1, then B1™* = £,(B); furthermore,
([Pl T

B (2.2)

as f varies through £, (B).

The following criterion for compactness follows from standard arguments similar to
the corresponding lemma in [6]. Hence, we omit the details.

Lemma 2.3. Assume that h € H(B) and ¢ € S(B). Suppose that X or Y is one of the following
spaces L,(B), F(p,q,5s). Then, T,C, : X — Y is compact if and only if T,C, : X — Y is bounded,
and for any bounded sequence { fi }cn in X which converges to zero uniformly on compact subsets of
Bas k — oo, one has ||T,Cy filly — Oask — oo.

Lemma 2.4 (see [4, 5]). If f € B, then

O<ax<l, (2.3)

e ’
Jn——, a=1, (2.3)

lf()| <Cllf
|f(z)| <Cl|f

Ba’

[1£11 e

(] B |Z|2>a71 4

The next lemma was obtained in [32].

|f(=)| <C a>1. (2.3")
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Lemma 2.5. If a > 0, b > 0, then the elementary inequality holds

a? +bP, O<p<l,
(a+b)f < (2.4)
21 (aP +bP), p>1.

It is obvious that Lemma 2.5 holds for the sum of finite number k, that is,

(a1+---+ak)p§C<a’f+---+az>, (2.5)

where ay, ..., ax > 0and C is a positive constant.

Lemma 2.6 (see [4,5]). For 0 <p, s < +oo, -n—1 < g < +oo, g+ s > -1, there exists C > 0 such
that

su
acB

(1—|zf>qg%z,ayh4z)g(: (2:6)

f (1~ ol)”

|1 _ (Z, w>|n+1+q+p

for every w € B.

Lemma 2.7 (see [4]). There is a constant C > 0 so that, for all t > =1 and z € B, one has

1 -l 2
f > ( [w| ) iv(2) SC<ln 1 2> ' 2.7)
B 1-|z|

|1 _ <Z,w>|n+1+t
Lemma 2.8 (see [4,5]). Supposethat0 <p,s < oo, -n-1<g<oo,andq+s>-1.1ff € F(p,q,s),
then f € B(n+1+q)/P, and ||f||B(n+1+q)/P < CHf”F(p,q,s)-

1

In 1-(z,w)

Lemma 2.9. Let { fi}en be a bounded sequence in F(p, q, s) which converges to zero uniformly on
compact subsets of the unit ball B, where (n + 1+ q)/p < 1. Then, limy ., ,sup, | fx(z)| = 0.

Proof. 1t follows from Lemma 2.8 that F(p, q,s) C B™0/P and || f||eea < Cllf|lF@p,q,s) for
any f € F(p,q,s). So, when (n+ 1+ q)/p < 1, the proof of this lemma is similar to that of
Lemma 3.6 of [33], hence the proof is omitted. O

3. The Boundedness and Compactness of the Operator T,C, : £,(B) —
F(p,q,s)

Theorem 3.1. Assume that a € (0,1),0<p,s <o, -n—-1<g<oo0,q+s>-1,¢ € S(B), and
h € H(B). Then, T,Cy, : Lo — F(p, q,s) is bounded if and only if h € F(p, q, s).

Proof. Assume that h € F(p,q,s).Since0 <1—a <1, by Lemmas 2.2 and 2.4, for any f € £,,
we have

|f @] <Clifllpe < Clif]

" (3.1)
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Since |T;,C, f (0)| = 0, by using Lemma 2.1 and relations (2.3) and (3.1), we have

||ThC(pf||Z(p/q/s) =sup f}B |f(<p(z))9‘ih(z)|p<1 - |z|2>qgs(z, a)dv(z)

q
<Csup | [Rr()P(1-[2P) g*(z, @)dv(2) || f 150 (32)
acB JB
< C||h||’;(p/q/s) 111 < oo

Thus T;Cy : £y — F(p,q,s) is bounded.
Conversely, suppose that T;,C, : £, — F(p,q,s) is bounded. Taking the function
f(z) =1¢€ £,, then

IThCy fII7

F(oas) = |THCy f(0)|” + s;;g IB |9‘i(ThC(pf)(z)|p<1 - |z|2>qgs(z, a)dv(z)

supf | f (p(z))Rh(z) |p<1 - |z|2>qgs(z, a)dv(z) (3.3)
acB /B

sup | Pra(2)P (1- 121)"g* (2, @)dv(2) = IhIf,

acB JB PAss)

From which, the boundedness of T;,C, implies that h € F(p, g, s). This completes the proof of
this theorem. O

Next, we characterize the compactness of T,C,, : £, — F(p, q,s).

Theorem 3.2. Assume that « € (0,1),0 < p,s <o, -n-1<g<ow,q+s>-1,¢ € SB),
and h € H(B). Then, T,C, : £y, — F(p,q,s) is compact if and only if T,C, : L, — F(p,q,s) is
bounded, and

lim sup |mh(z)|P(1 - |z|2>qgs(z, a)dv(z) = 0. (3.4)
=1 aes J{lp@2)r)

Proof. Assume that T;,C, : £, — F(p,q,s) is bounded and (3.4) holds. It follows from
Theorem 3.1thath € F(p, g, s).

Now, let { f;} jen be abounded sequence of functions in £, such that f; — 0 uniformly
on the compact subsets of B as j — oo. Suppose that sup, || fjllz, < L. It follows from (3.4)
that, for any € > 0, there exists 1y € (0, 1) such that, for every rp <r <1,

sup Rh(z) (1~ |z|2>qgs(z, a)dv(z) <. (3.5)
aeB J{|p(z)|>r}
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Setry <r <1, then

ITiCofilly ) = S0P fB |Fi(@@) [1RR)P (1 12) '8 (z, @)dv(2)

<sup| (0@ PRh2)l (1-12) g (2, a)dv(2) o)
rsup| - 1fi(0) PRh)l (1-12) g (2, a)dv(2)
=11+ I,
where
he=swp | 1) PP (1-121) 8" (2 a)dv(2), -

I = sup i) PRh(2)lP (1- 12P) g (2, a)dv ().

aeB J {|p(z)|>r

Let K = {w : |w| < r}, then K is a compact subset of B. Since f; — 0 uniformly on
compact subsets of Bas j — oo and h € F(p, q,s), we get

q S
I < sup| f;(w)|"sup R (1-12) " (z a)dv(z)
wekK aeB J {|p(z)|<r}
(3.8)
< IIhIIZ(MS)sup|f7-(w)|P < Csup|fj(w)|f —0, j— oo.
"l weK weK
On the other hand, by (3.5) and Lemmas 2.2 and 2.4, it follows that
q
L<C| f,-||gl,asupf /e (1-12) 8 (z a)dv(z)
aeB J {lp(z)]>r) (3.9)
< C||f]-||p£as < CLPe.
Since ¢ is arbitrary, from the above inequalities, we get
]h_{l;)”ThCS”f] “F(p,q,s) =0. (310)

Hence, by (3.10) and Lemma 2.3, we conclude that T;,C, : £, — F(p,q,s) is compact.

For the converse direction, we suppose that T;,C, : £, — F(p,q,s) is compact. It is
obvious that T;,C,, : £, — F(p, q,s) is bounded.

Now, we prove (3.4). Setting the test functions fl(m)(z) = z" for fixed | € {1,...,n},
where z = (z1,...,2z,) and m = 1,2,.... It is easy to check that ||fl(m)||£a < C, and fl(m) -0



Abstract and Applied Analysis 7

uniformly on the compact subsets of B as m — oo. Write ¢ = (¢1,...,¢y), since T;,C,, : £, —
F(p,q,s) is compact, by Lemma 2.3, it follows that, as m — oo,

m) ||P m, 9 o
[ricesi™|, ) =50 [ o0 (1- ) g e vz —0. @

Note that [¢(2)[? = [p1(2)[> +- -+ |[9n(2)? < (l91(2)] + - - - + |9 (2)])?; by the relation (3.11) and
Lemma 2.5, we have

sup | |9(2)|"1RR)P (1~ |2P)"s* (2 a)dv(z)

acB

acB

n mp
<sup | <Zl<pz<z>|> Rh)P (1-121) gz, @)dv(z) (3.12)
=1

acB

<Csup <i|(p1(z) |mp> |Rh(z)| <1 - |z|2>qgs(z, a)dv(z) — 0, m— co.
B \i=1

This means that, for every € > 0, there is my € N such that, for every r € (0,1),

M Psup Rh(z) (1~ |z|2>q $°(2, a)dv(z)
aeB J {lp(z)[>r}

= sup e Rh(2)l (1-12) g (2, a)dv(2)
aeB J{|p(z)|>r}

< sup lp(2)|"" R0 (1- 12)° (2, a)dv (2) (3.13)

aeB J {|p(2)|>r)

<sup | g™ ()P (1- 1) g (= )dv(z)

acB

<E.

Thus, when 7 > 27(/mP) by the above inequality, we obtain

sup |§Rh(z)|p<1 - |z|2>qgs(z, a)dv(z) < 2e. (3.14)
acB J {lp(z)|>r}

From which, the desired result (3.4) holds. This completes the proof of this theorem. O

Remark 3.3. When ¢(z) = z, the product of extended Cesaro operator T;,C,, is the generalized
extended Cesaro operator Tj; thus, by Theorems 3.1 and 3.2, we have the following two
corollaries.

Corollary 3.4. Assume that a € (0,1),0<p,s <oo,-n—-1<g<oo,q+s>-1,and h € H(B).
Then, Ty, : Lo — F(p,q,s) is bounded if and only if h € F(p, q, s).
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Corollary 3.5. Assume that a € (0,1),0<p,s <oo,-n—-1<qg<oo,q+s>-1,and h € H(B).
Then, Ty, : Lo — F(p,q,s) is compact if and only if Ty, : L, — F(p, q,s) is bounded, and

lim sup | [Rh(z)P (1- |z|2>qgs(z, a) = 0. (3.15)

=1 aeB J|z|>r
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