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An optimal lower eigenvalue system is studied, and main theorems including a series of necessary
and suffcient conditions concerning existence and a Lipschitz continuity result concerning stability
are obtained. As applications, solvability results to some von-Neumann-type input-output ine-
qualities, growth, and optimal growth factors, as well as Leontief-type balanced and optimal bal-
anced growth paths, are also gotten.

1. Introduction
1.1. The Optimal Lower Eigenvalue System

Arising from considering some inequality problems in input-output analysis such as von-
Neumann type input-output inequalities, growth and optimal growth factors, as well as
Leontief type balanced and optimal balanced growth paths, we will study an optimal lower
eigenvalue system.

To this end, we denote by RF = (R, || - ||) the real k-dimensional Euclidean space with
the dual R** = RF, Rk the set of all nonnegative vectors of R¥, and int R¥ its interior. We also
define y' > (or >) y?in RF by y' — y? € Rk (or € int R¥).

Let A€ R, =R, FCR", X CR" andT=(Ty,...,Tn), S=(S1,...,5m) : X — intR™ be
two single-valued maps, where m may not be equal to . Then the optimal lower eigenvalue
system that we will study and use to consider the preceding inequality problems can be
described by A, F, X, T, and S as follows:

A>0:dxeX
(a) 4 st. Tx—ASx € F+R™, ie.,

Tx—-Sx>c forsomece€eF,



2 Abstract and Applied Analysis

O<A—max:dxe X
(b)

s.t. Tx - ASx € F+ R"".
(1.1)

We call A(> 0) a lower eigenvalue to (1.1) if it solves (a), and its solution x the eigenvector,
claim \ = X(P )(> 0) the maximal lower eigenvalue to (1.1) if it maximizes (b) (i.e., X solves
(a), but y not if u > 1), and its solution X the optimal eigenvector.

In case F = {c} with ¢ € R, then (1.1) becomes

A>0:3xeX
(a)

st. Tx > \ASx +c,
(1.2)
O<l—max:3dxeX
@){

s.t. Tx > ASx +c.

All the concepts concerning (1.1) are reserved for (1.2), and for convenience, the maximal
lower eigenvalue A = A({c}) to (1.2), if existed, is denoted by A = A(c).

1.2. Some Economic Backgrounds

As indicated above, the aim of this article is to consider some inequality problems in input-
output analysis by studying (1.1). So it is natural to know how many (or what types of)
problems in input-output analysis can be deduced from (1.1) or (1.2) by supplying F, X, T, S,
¢, and A with some proper economic implications. Indeed, in the input-output analysis found
by Leontief [1], there are two classes of important economic systems.

One is the Leontief type input-output equality problem composed of an equation and

an inclusion as follows:
dx e X
(a)
st. x—-Ax=c¢,

dx e X
@){

(1.3)
st.x-Sx>¢,

where ¢ € R} is an expected demand of the market, X C R’ some enterprise’s admission
output bundle set, and A : X — R" or S : X — 2& is the enterprise’s single-valued or set-
valued consuming map. The economic implication of (a) or (b) is whether there exists x € X
or there exist x € X and y € Sx such that the pure output x — Ax or x — y is precisely equal
to the expected demand c. If X = R, and A is described by a nth square matrix, then (a) is
precisely the classical Leontief input-output equation, which has been studied by Leontief [1]
and Miller and Blair [2] with the matrix analysis method. If X is convex compact, and A is
continuous, then (a) is a Leontief type input-output equation, which has been considered
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by Fujimoto [3] and Liu and Chen [4, 5] with the functional analysis approach. As for
(b), in case X is convex compact, and S is convex compact-valued with and without the
upper hemicontinuous condition, it has also been studied by Liu and Zhang [6, 7] with the
nonlinear analysis methods attributed to [8-10], in particular, using the classical Rogalski-
Cornet Theorem (see [8, Theorem 15.1.4]) and some Rogalski-Cornet type Theorems (see [6,
Theorems 2.8, 2.9 and 2.12]). However, since the methods to tackle (1.3) are quite different
from those to study (1.1), we do not consider it here.

Another is the von-Neumann type and Leontief type inequality problems which can
be viewed as some special examples of (1.1) or (1.2).

(i) Assume that F C R or ¢ € R is an expected demand set or an expected demand of
the market, and X C R some enterprise’s raw material bundle set. Then the von-Neumann
type inequality problems including input-output inequalities, along with growth and optimal
growth factors can be stated, respectively, as follows.

(1) If T,S : X — intR7 are supposed to be the enterprise’s output (or producing)
and consuming maps, respectively, by taking A = 1, then from both (a) of (1.1) and (1.2), we
obtain the von-Neumann type input-output inequalities:

xeX
(a)
s.t. Tx - Sx € F+ R",

(1.4)
x e X
(b)
st. Tx-Sx>c.

The economic implication of (a) or (b) is whether there exist x € X and ¢ € F or there exists
x € X such that the pure output Tx—Sx satisfies sufficiently the expected demand c. If X = R7,
and T, S are described by two m x n matrixes, then (b) returns to the classical von-Neumann
input-output inequality, which has also been studied by Leontief [1] and Miller and Blair
[2] with the matrix analysis method. If X is convex compact, and T,S are two nonlinear
maps such that T;, —S; are upper semicontinuous concave for any i = 1,...,m, then (b) (as a
nonlinear von-Neumann input-output inequality) has been handled by Liu [11] and Liu and
Zhang [12] with the nonlinear analysis methods in [8-10]. Along the way, in case X is convex
compact, and T, S are replaced by two upper semicontinuous convex set-valued maps with
convex compact values, then (b) (as a set-valued von-Neumann input-output inequality) has
also been studied by Liu [13, 14]. However, (a) has not been considered up to now. Since (a)
(or (b)) is solvable if and only if A = 1 makes (1.1)(a) (or makes (1.2)(a)) have solutions, and
also, if and only if the maximal lower eigenvalue A(F) to (1.1) exists with A(F) > 1 (or the
maximal lower eigenvalue A(c) to (1.2) exists with A(c) > 1), we see that the lower eigenvalue
approach yielded from studying (1.1) or (1.2) may be applied to obtain some new solvability
results to (1.4).

(2)IfT,S: X € R} — int R are supposed to be the enterprise’s output and input (or
invest) maps, respectively, and set A={A > 0 : 3x € X s.t. Tx > ASx}, then A is nonempty,
and in some degree, each A € A can be used to describe the enterprise’s growth behavior.
Since the enterprise always hopes his growth as big as possible, a fixed positive number A
can be selected to represent the enterprise’s desired minimum growth no matter whether
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Ao € A or not. By taking ¢ = 0 and restricting A > g, then from (1.2) we obtain the von-
Neumann type growth and optimal growth factor problem:

A€ [Ny, +0) :Ix e X
(a)
s.t. Tx > \Sx,

(1.5)

A<l —max:dxeX
(b)
s.t. Tx > ASx.

We call A a growth factor to (1.5) if it solves (a), its solution x the intensity vector, and say that
(1.5) is efficient if it has at least one growth factor. We also claim A the optimal growth factor
to (1.5) if it maximizes (b), and its solution x the optimal intensity vector. If X = R”,and S, T
are described by two m x n matrixes, then (a) reduces to the classical von-Neumann growth
model, and has been studied by Leontief [1], Miller and Blair [2], Medvegyev [15], and
Bidard and Hosoda [16] with the matrix analysis method. Unfortunately, if T, S are nonlinear
maps, in my knowledge, no any references regarding (1.5) can be seen. Clearly, the matrix
analysis method is useless to the nonlinear version. On the other hand, it seems that the
methods of [11, 12] fit for (1.4)(b) may probably be applied to tackle (a) because Tx > ASx
can be rewritten as Tx — (AS)x > 0. However, since the most important issue regarding (1.5)
is to find the optimal growth fact (or equivalently, to search out all the growth facts), which
is much more difficult to be tackled than to determine a single growth fact, we suspect that
it is impossible to solve both (a) and (b) completely only using the methods of [11, 12]. So
a possible idea to deal with (1.5) for the nonlinear version is to study (1.2) and obtain some
meaningful results.

(ii) If m = n, X C R is the enterprise’s admission output vector set, I the identity
map from R" to itself, and A = (aij) i, B = (bij) pxn € R™ are two nth square matrixes used
to describe the enterprise’s consuming and reinvesting, respectively. Set A = -1, S = B,
T =1- A, and c = 0, then under the zero profit principle, from (1.2) we obtain the Leontief
type balanced and optimal balanced growth path problem:

u>1:3x e X
a
st. (I-A)x>(u—-1)Bx,

(1.6)
b l<py—max:3dx X
st. (I-A)x> (u—1)Bx.
Both (a) and (b) are just the static descriptions of the dynamic Leontief model
(@pu>1 or(b)l<py—max:IxeX
(1.7)

s.t. x(t) = p'x with (I = A+ B)x(t) > Bx(t+1), t=1,2,....

This model also shows that why the Leontief model (1.6) should be restricted to the linear
version. We call y(> 1) a balanced growth factor to (1.6) if it solves (a), (1.6) is efficient if it has
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at least one balanced growth factor, and claim y (> 1) the optimal balanced growth factor to
(1.6) if it maximizes (b). It is also needed to stress that at least to my knowledge, only (1.6)(a)
has been considered, that is to say, up to now we do not know under what conditions of A
and B, the optimal balanced growth fact to (1.6) must exist, and how many possible balanced
growth factors to (1.6) could be found. So we hope to consider (1.6) by studying (1.2), and
obtain its solvability results.

1.3. Questions and Assumptions

In the sequel, taking (1.2) and (1.4)—(1.6) as the special examples of (1.1), we will devote to
study (1.1) by considering the following three solvability questions.

Question 1 (Existence). If A > 0, does it solve (1.1)(a)? Can we presentany sufficient condi-
tions, or if possible, any necessary and sufficient conditions?

Question 2 (Existence). Does the maximal lower eigenvalue X = A(F) to (1.1) exist? How to
describe it?

Question 3 (Stability). If the answer to the Question 2 is positive, whether the corresponding
map F — ) = A(F) is stable in any proper way?

In order to analyse the preceding questions and obtain some meaningful results, we
need three assumptions as follows.

Assumption 1. X C R’ is nonempty, convex, and compact.

Assumption 2. Foralli =1,2,...,m,T; : X — int R, is upper semicontinuous and concave,
S; : X — int R, is lower semicontinuous and convex.

Assumption 3. B} = {F C R} : F is nonempty, convex, and compact} and F € BY".

By virtue of the nonlinear analysis methods attributed to [8-10], in particular, using
the minimax, saddle point, and the subdifferential techniques, we have made some progress
for the solvability questions to (1.1) including a series of necessary and sufficient conditions
concerning existence and a Lipschitz continuity result concerning stability. The plan of this
paper is as follows, we introduce some concepts and known lemmas in Section 2, prove
the main (solvability) theorems concerning (1.1) in Section 3, list the solvability results
concerning (1.2) in Section 4, followed by some applications to (1.4)—(1.6) in Section 5, then
present the conclusion in Section 6.

2. Terminology

Let f,gz (@€ A): X CRF — Rand ¢ : Px X C R" x R* — R be functions. In the sections
below, we need some well known concepts of f, g, (« € A) and ¢ such as convex or concave,
upper or lower semicontinuous (in short, u.s.c. or l.s.c.) and continuous (i.e., both u.s.c. and
L.s.c.), whose definitions can be found in [8-10], so the details are omitted here. In order to
deal with the solvability questions to (1.1) stated in Section 1, we also need some further
concepts as follows.
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Definition 2.1. (1) If inf,ep sup,.x@(p, x) = sup, .y infrepip(p, x) =v(¢p), then we claim that the
minimax value v(¢p) (of ¢) exists.

(2) If (p, x) € P x X such that sup__y¢(p, x) = inf,epip(p, x), then we call (p, x) a saddle
point of ¢, and denote by S(¢p) the set of all saddle points.

Remark 2.2. From the definition, we can see that

(1) v(yp) exists if and only if infpepsupxex(p(p,x) < supxexinfpepq)(p,x),
(2) (p,x) € S(p) if and only if (p,x) € P x X with sup, v¢(p, x) < inf,cpp(p, X) if and
only if (p,x) € P x X such that ¢(p, x) < ¢(p,x) for (p,x) € P x X,

(3) if S(¢) #0, then v(y) exists and v(p) = @(p,X) = sup,x¢(p, x) = inf,epy(p, x) for
all (B, %) € S(g)-

Definition 2.3. Let f be a function from R¥ to RU {+o0} with the domain dom(f) = {x € R¥ :
f(x) < +o0} and g a function from R¥*(= R¥) to RU {+o0}. Then one has the following.

(1) f is said to be proper if dom(f) # 0. The epigraph epi(f) of f is the subset of RK x R
defined by epi(f)={(x,a) € R x R: f(x) < a}.

(2) The conjugate functions of f and g are the functions f* : R — RU {+oo} and
g" : R¥ = RU {+co} defined by f*(p) = sup,p[(p,x) — f(x)] for p € R** and
8" (x) = sup,p[(p, x) — g(p)] for x € Rk, respectively. The biconjugate f** of f is
therefore defined on R***(= R¥) by f** = (f*)*.

(3) If f is a proper function from RF to RU {+c0} and xy € dom(f), then the
subdifferential of f at xq is the (possibly empty) subset 0f (x) of R** defined by
df (x0) = {p € R* : f(x0) — f(x) < (p,x0 — x) for all x € R¥}.

Remark 2.4. If f is a proper function from R¥ to RU {~oo}, then the domain of f should be
defined by dom(f) = {x € RF: f(x) > -0}, and f is said to be proper if dom(f) # 0.

Definition 2.5. Let B(RF) be the collection of all nonempty closed bounded subsets of RF. Let
x € RF and A, B € B(RF). Then one has the following.

(1) The distance d(x, A) from x to A is defined by d(x, A) = inf,cad(x, y).

(2) Let p(A, B) = sup,,d(x, B). Then the Hausdorff distance d (A, B) between A and
B is defined by dy (A, B) = max{p(A, B), p(B, A)}.

The following lemmas are useful to prove the main theorems in the next section.

Lemma 2.6 (see [9]). (1) A proper function f : R — RU {+oo} is convex or Ls.c. if and only if its
epigraph epi(f) is convex or closed in R x R.

(2) The upper envelope sup,,., fa(x) of proper convex (or Ls.c.) functions fu(x) : RF —
R U {+oo} (a € A) is also proper convex (or Ls.c.) when the dom(sup,.,fa) = {x € Rk -
sup . p fa(X) < +oo} is nonempty.

(3) The lower envelope infaepga(x) of proper concave (or u.s.c.) functions g,(x) : R — RU
{+o0} (a € A) is also proper concave (or u.s.c.) when the dom(infuepgs) = {x € RF @ infaepga(x) >
—oo} is nonempty.

Remark 2.7. Since epi(sup,,fa) = Naea €Pi(fa) thanks to Proposition 1.1.1 of [9], and a
function f defined on RF is concave (or u.s.c.) if and only if —f is convex (or Ls.c.), it is
easily to see that in Lemma 2.6, the proofs from (1) to (2) and (2) to (3) are simple.
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Lemma 2.8 (see [9]). Let X C R", Y be a compact subset of R™, and let f : X xY — R be
Ls.c. (or, ws.c.). Then h : X — R defined by h(x) = inf ey f(x,y) (or, k : X — R defined by
k(x) = supyeyf(x, y)) is also Ls.c. (or, u.s.c.).

Lemma 2.9 (see [8]). Let P C R™, X C R" be two convex compact subsets, and let ¢ : P x X — R
be a function such that for all x € X, p — @(p,x) is Ls.c. and convex on P, and for all p € P,
x = @(p, x) is u.s.c. and concave on X. Then infycpsup ¢ (p, x) = sup, yinfyep@(p, x) and there
exists (p, x) € P x X such that ¢(p,X) = sup,x¢(p, x) = infyepp(p, X).

Lemma 2.10 (see [8]). A proper function f defined on R¥ is convex and Ls.c. if and only if f = f**.

Lemma 2.11 (see [8]). Let f be a proper function defined on R¥, and py € R**. Then xo minimizes
x— f(x) = (po,x) on U if and only if xo € 0f*(po) and f(xo) = f**(xo).

Remark 2.12. If f is a finite function from X C R* to R, define fx by fx(x) = f(x) if x € X, or
= +oo if x € RF\ X, then we can use the preceding associated concepts and lemmas for f by
identifying f with fx.

3. Solvability Results to (1.1)
3.1. Auxiliary Functions

In the sequel, we assume that

(1) Assumptions 1-3 in Section 1 are satisfied, and A € R,, F € B,
(3.1)
(2) P C R?"\ {0} is a convex compact subset with R, P = R'".

Denote by (-,-) the duality paring on (R, R"), and for each A € R, and F € B, define two
auxiliary functions f) r(p, x) and gr(p, x) on P x X by

for(p,x) =sup(p,Tx —ASx—c) = sup Z pi(Tix — ASix — ci), (3.2)
ceF

(c1,€2,-,cm)€F i=1

(p.Tx-c) il pi(Tix — ci)
,X) =sup————— = su —_— 3.3
& (p ) CEIP <P, Sx> (Cl:CZru-/IC)m)EF Zizl Pisix 33)

Just as indicated by Definition 2.1, the minimax values and saddle point sets of ¢(p,x) =
fre(p, x) and @(p, x) = gr(p, x), if existed or nonempty, are denoted by v(fy r), v(gr), S(fur),
and S(gr), respectively.

By (3.1)-(3.3), (p,x) — (p,Sx), and (p, x) — (p, Tx) are strictly positive on P x X, and
the former is l.s.c. while the latter is u.s.c.. So we can see that

= 1 f = T
0< e pe})r/}ce)((p, Sx) < +oo, 0<e P:;EX(;O, X) < +00, (3.4)

and both f) r(p, x) and gr(p, x) are finite forall A € R,, (p,x) € Px X and F € B"".
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We also define the extensions x +— f Vr(p,x) to x — —fy r(p, x) (for each fixed p € P)
and p — fir(p,x) top — fir(p,x) (for each fixed x € X) by

_f)L,F(p/x)/ xEX/

+00, xER"\X,

fue(px) = {

(3.5)
fue(p,x), pePp,

+00, pER"\ P

fue(p.x) = {

According to Definition 2.3, the conjugate and biconjugate functions of x +— ]?)L,F (p,x) and
p — fir(p, x) are then denoted by

qr— ﬁ,F(PI q4), qeR", x+— A;}(p, x), x€R" (for each fixed p € P),

2 3.6
r— f;/F(r, x), reR", pr f;}(p, x), p€R™ (for each fixed x € X). (36)
By Definition 2.5, the Hausdorff distance in B} (see Assumption 3) is provided by
dy(F1, F) = max{supd(cl,Fz), supd(cz, Fl)} for F1, F, € B (3.7)
c1€F; c€FR

3.2. Main Theorems to (1.1)
With (3.1)—(3.7), we state the main solvability theorems to (1.1) as follows.

Theorem 3.1. (1) v(fyr) exists and S(f) r) is a nonempty convex compact subset of Px X. Further-
more, A — v(fyr) is continuous and strictly decreasing on R, with v(f.er)=limy 0 (fLF) =
—C0.

(2) v(gr) exists if and only if S(gr) # 0. Moreover, if v(fo,r) > 0, then v(gr) exists and S(gr)
is a nonempty compact subset of P x X.

Theorem 3.2. (1) A is a lower eigenvalue to (1.1) and x its eigenvector if and only if
infyep fo,r(p, x) > 0 if and only if inf,epgr(p, x) > A.
(2) \is a lower eigenvalue to (1.1) if and only if one of the following statements is true:
(a) v(far) 20,
(b) fur(p,x) 20 for (p,X) € S(fur),
(c) v(gr) exists with v(gr) > A,
(d) S(gr) #@and ge(p,x) 2 A for (p, X) € S(gr).
(3) The following statements are equivalent:

(a) System (1.1) has at least one lower eigenvalue,

(b) v(fo,r) >0,
(c) v(gr) exists with v(gr) > 0,
)

(d) S(gr) #0 and gr(p, x) > 0 for (p, X) € S(gr).
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Theorem 3.3. (1) A exists if and only if one of the following statements is true:
(@) v(for) >0,

(b) for(p,x) >0 for (p,x) € S(foF),

(© v(fip) =0,

(d) v(gr) exists with v(gr) =

(e) S(gr) #0 and gr(p,x) = )thV (p,x) € 5(gr)-

Where \ = X(F) (> 0) is the maximal lower eigenvalue to (1.1).
(2) If v(fo,r) > O, or equivalently, if v(gr) exists with v(gr) > 0, then one has the following.

(a) X is an optimal eigenvector if and only if there exists p € P with (p,X) € S(gr) if and only
if infrepgr(p, x) = A

(b) Ihere exist x € X, ¢ € Fand iy € {1,2,...,m} such that Tx > ASX + ¢ and T, X =
ASix+¢, .

(c) A = A(F) is the maximal lower eige;zvalue to (1.1) and (E’ x) € S(gr) ifandAonly zfx >0
and (p,x) € P x X satisfy x € an*,F(ﬁ’O) and p € an*IF(O,E). Where 6fiF(ﬁ,0) and
0 fX*F(O’ x) are the subdifferentials of fI*F(;_?, q) at q = 0and fX*F(r, x) at r = 0, respectively.

(d) The’set of all lower eigenvalues to (1.1), coincides with the intf,;rval 0,v(gr)]-

(3) Let C = {F € B : v(fo,r) > 0}, where B is defined as in Assumption 3. Then

(a) C™ #0, and for each F € C™, \ = A(F) exists with A(F) = v(gF),

b) for all F1, F, € C™, [A(F1) — M(F2)| < (sup,cpllpll/€0)dri (Fy, Fa), where e is defined by
(3.4).

Thus, F — X(P) is Lipschitz on C' with the Hausdorff distance dy (-, ).

Remark 3.4. 1f we take P = ™! = {p € R™ : 3", p; = 1}, then ="! satisfies (3.1)(2), hence
Theorems 3.1-3.3 are also true.

3.3. Proofs of the Main Theorems

In order to prove Theorems 3.1-3.3, we need the following eight lemmas.

Lemma 3.5. If A € R, is fixed, then one has the following.
(1) p for(p,x) (x € X) and p — sup, . f1,r(p, x) are Ls.c. and convex on P.
(2) x = fir(p,x) (p € P) and x — inf,cp fi r(p, X) are w.s.c. and concave on X.

3) v(f\r) exists and S(fyr) is a nonempty convex compact subset of P x X.

Proof. By (3.1)—(3.3), it is easily to see that

(@) VxeX, VceF, p+—(p,Tx-ASx—c) is convex Ls.c. on P,
(3.8)
(b)VpeP, (x,c)— (p,Tx-ASx—-c)isus.c. on X xF.
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Applying Lemma 2.6(2) (resp., Lemma 2.8) to the function of (3.8)(a) (resp., of (3.8)(b)), and
using the fact that F is compact, and any l.s.c. (or u.s.c.) function defined on a compact set
attains its minimum (or its maximum), we obtain that

VxeX, pr fir(p x)is convex Ls.c. on P and inIf) far(p, x) is finite,
pe

VpeP, x+— fie(p,x) is us.c. on X and sup fir(p, x) is finite. (39)
xeX

If x' € X (i = 1,2), then by (3.2), there exist ¢ = (¢}, c},...,c},) € F (i = 1,2) such that
fur(p, x') = (p,Tx' — ASx' - c'). Since T;, —AS; (i = 1,2,...,m) are concave, X, F are convex
and p € P is nonnegative, we have for each a € [0,1],

furE (p, ax! + (1- a)x2>

> <p,T[axl +(1- cx)x2] - )LS[axl +(1- a)xz] —act-(1- a)cz>
(3.10)
> a<p, Tx' — ASx! - c1> +(1-a) <p,Tx2 —ASx? - c2>

=af\r <p, x1> +(1-a)fyr (p, x2>, that is, x — f) r(p, x) is concave on X.

Combining (3.9) with (3.10), and using Lemmas 2.6(2)(3) and 2.9, it follows that both
statements (1) and (2) hold, v(f) r) exists and S(f) r) is nonempty. It remains to verify that
S(f\r) is convex and closed because P x X is convex and compact.

Ifa € [0,1] and (p', x*) € S(fir) (i =1,2), then sup, y f1,r(p', x) = infpep fir(p, x') for
i =1,2. By (1) and (2) (i.e., p = sup .y f1,r(p,x) is convex on P and x +— inf,cp fi r(p, x) is
concave on X), we have

sup fir <ap1 +(1- cx)pz,x>
xeX

<asup fir (pl,x> + (1 -a)sup far <p2,x>
xeX xeX (311)

e (po) - g ()

. 1 _ 2
<inf fur(p.ax' + (1~ @)2?).

This implies by Remark 2.2(2) that a(p?, x!) + (1 — a)(p?,x2) € S(f\r), and thus S(f\r) is
convex.

If (p*, x¥) € S(fo,r) with (p*, x*) — (p°,x°) € PxX (k — o0), thensup, y fir(p*, x) =
infpepfl,p(p,xk) for all k = 1,2,.... By taking k — oo, from (1) and (2) (that is, p —
sup, .y fL,r(p, x) isls.c. on P and x ~ inf,ep f) r(p, x) is u.s.c. on X), we obtain that

sup fir <p0,x> < lilgrlio?f ig? e (Pk/x> < limsup ;izrelzfaf” <p, xk> < rlJlglf’ e <p, x0>. (3.12)

xeX k— o0
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Hence by Remark 2.2(2), (p° x°) € S(fir) and S(fyr) is closed. Hence the first lemma
follows. O

Lemma 3.6. A\ — o(fyr) is continuous and strictly decreasing on R, with v(fier)=
limy . 10 (foF) = —0.

Proof. Since (A,p) — (p,Tx — ASx — ¢) is continuous on R, x P for each ¢ € F and x € X,
(A, x,¢) — (p,Tx—ASx—c)isu.s.c.on R, xX xF for each p € P, and F is compact, by Lemmas
2.6(2) and 2.8, we see that

R, xP — R: (A,p) — fur(p,x) =sup(p,Tx - ASx —c) is Ls.c.,,

ek . (3.13)
R, xX — R: (L x)— fir(p,x) =sup(p, Tx — ASx —¢) is us.c..
ceF

From Lemma 2.6(2)-(3), it follows that

RixP+—R: (4, p)+—>supf)tp(p,x) is Ls.c.,

R, xX+— R: (1, x)Hmff)Lp(p,x) is w.s.c.. (3.14)

First applying Lemma 2.8 to both functions of (3.14), and then using Lemma 3.5(3), we
further obtain that

R, — R: A+ infsup fr(p,x) is Ls.c,,
PeP yex

R.— R: A+ supinf f r(p,x) is us.c, (315)
xeX PEP

and thus A — v(f) r) is continuous on R,.

Suppose that A, > A; > 0, then by (3.2), fi,.r(p,x) = f1,r(p,x) + (A2 — A1) (p, Sx) for
all (p,x) € P x X. This implies by (3.4) that v(f),,r) > v(fi,,r) + (\2 — A1)eg, where ¢y =
infyepxex(p, Sx) € (0, +0). Hence A — v(f) ) is strictly decreasmg

By Lemma 3.5(3), Remark 2.2(3) and (3.2), it is easily to see that for each A € R, and
#%) € S(f1),

v =sup(p,Tx - ASx —c) < su ,Tx) -\ inf ,Sx) = g1 — Leo.
(fur) = sup(p ) pepxr;X(P )= A dnf (p,Sx)=e1-le (3.16)
Hence by (3.4), v(f+e,r) = —o0 and the second lemma is proved. O

Lemma 3.7. (1) A is a lower eigenvalue to (1.1) and x its eigenvector if and only if inf,ep f1 r(p, x) >
0.

(2) X is a lower eigenvalue to (1.1) if and only if v(f\,r) > 0 if and only if f\ r(p,Xx) > O for
(P, x) € S(fLF)-

Proof. (1) If A > 0 and (x,c) € X x F satisfy Tx > ASx + ¢, then for each p € P(C R”),
foe(p,x) > (p, Tx — ASx — c) > 0. Hence, inf,ep f1, r(p, x) > 0.

If A > 0and x € X satisfy inf,ep fir(p,x) > 0, but no ¢ € F can be found such that
Tx > ASx + ¢, then (Tx — ASx — F) N R”" = (. Since Tx — ASx — F is convex compact and R”’
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is closed convex, the Hahn-Banach separation theorem implies that there exists p* € R \ {0}
such that —co < sup_.(p*, Tx — ASx - c) < inf,crr(p*,y). Clearly, we have p* € RT" \ {0}
(or else, we obtain inf,cgr (p*,y) = —oo, which is impossible), inf,cgn(p*,y) = 0 and thus
sup p(p*, Tx — ASx — c) < 0. Since R,P = R, there existt > 0 and p € P with p = tp*. It
follows that inf,ep fo r(p, x) < for(p, x) =t sup, . (p*, Tx-ASx—c) < 0. This is a contradiction.
So we can select ¢ € F such that Tx > ASx + c.

(2) If A > Ois a lower eigenvalue to (1.1), then there exists an eigenvector x) € X, which
gives, by statement (1) and Lemma 3.5(3), v(fi,r) > infyep fo,r(p, x1) > 0. If v(f)F) > 0, then
Remark 2.2(3) and Lemma 3.5(3) imply that fy r(p,X) = v(f\r) > 0 for all (p,X) € S(for).
If (p,x) € S(for) with f) r(p,x) > 0, then infyepfi r(p,X) = fi,r(p,X) > 0, which gives, by
statement (1), that A is a lower eigenvalue to (1.1) and X its eigenvector. This completes the
proof. O

Lemma 3.8. (1) The following statements are equivalent.

(a) System (1.1) has at least one lower eigenvalue.
(b) v(for) > 0.
(©) for(p,x) >0 for (p,X) € S(foF).
(d) There is a unique X > 0 with u(fip) =0.
)

(e) The maximal lower eigenvalue A= X(P ) to (1.1) exists.

In particular, X = X if either v(fo,r) > 0 or one of the X and X exists.
(2) If v(fo,r) > 0, then the set of all lower eigenvalues to (1.1) equals to (0, X].

Proof. (1) If Ao(> 0) is a lower eigenvalue to (1.1), then by Lemmas 3.6 and 3.7(2), v(for) >
v(fa,r) 2 0. Inview of Lemma 3.5(3) and Remark 2.2, we also see that v(for) > 0 if and only
if for(p,x) > 0forany (p,x) € S(for). lf v(for) > 0, then also by Lemmas 3.6 and 3.7(2), there
exists a unique 1 > 0 such that o( fir) =0,and Lis precisely the maximal lower eigenvalue

. If the maximal lower eigenvalue X to (1.1) exists, then 1 is also a lower eigenvalue to (1.1).
Hence statement (1) follows.
(2) Statement (2) is obvious. Thus the lemma follows. O

Lemma 3.9. If F € B'", then one has the following.

(1) p— gr(p,x) (x € X) and p — sup, _gr(p, x) are continuous on P.
(2) x— gr(p,x) (p € P) and x — inf,cpgr(p, x) are u.s.c. on X.

(3) v(gr) exists if and only if S(gr) #0.

Proof. (1) Since for each x € X and c € F, p — (p,Tx — ¢)/(p, Sx) is continuous on P, by
(3.3), and Lemma 2.6(2), we see that p — gr(p, x) = sup_({p,Tx - c)/{p,Sx)) (x € X) and
p — sup,.y&r(p,x) are Ls.c. on P. On the other hand, by Assumptions 1-3, we can verify
that (p,x,c) — (p,Tx —c)/(p,Sx) is u.s.c. on P x X x F. It follows from Lemma 2.8 that both
functions (p, x) — gr(p,x) = sup ((p,Tx —c)/{p,Sx)) on P x X and p — sup, _ygr(p, x)
on P are u.s.c., so is p — gr(p, x). Hence (1) is true.

(2) As proved above, we know that for each p € P, x — gr(p,x) is u.s.c. on X, so is
x + inf,epgr (p, x) because of Lemma 2.6(3).

(3) By Remark 2.2(3), we only need to prove the necessary part. Assume v(gr) exists,
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that is, inf,epsup, . gr(p, x) = sup, yinf,cpgr(p, x), then both (1) and (2) imply that there
exist p € P and x € X with sup, _,gr(p, x) = inf,cpgr(p, x), which means that (p,x) € S(gr)
and S(gr) is nonempty. Hence the lemma is true. O

Lemma 3.10. (1) A is a lower eigenvalue to (1.1) and x its eigenvector if and only if inf,epgr (p, x) >
A
(2) \is a lower eigenvalue to (1.1) if and only if sup, .yinf,epgr(p, x) > A.

Proof. (1) Suppose A > 0 and x € X. Since for each p € P, gr(p,x) = sup.((p,Tx -
c)/{p,Sx)) > X equals to fir(p,x) = sup.p(p,Tx — ASx — c) > 0, which implies that
infyepgr(p, x) > A if and only if infyep ) r(p, x) > 0. Combining this with Lemma 3.7(1), we
know that (1) is true.

(2) By (1), it is enough to prove the sufficient part. If sup  yinf,epgr(p,x) >
A(> 0), then Lemma 3.9(2) shows that there exists x;, € X with infyepgr(p,x1) =
sup, .yinf,epgr(p, x) > L. Hence 1 is a lower eigenvalue to (1.1) and x, its eigenvector. This
completes the proof. O

Lemma 3.11. (1) v(for) > 0 if and only if v(gF) exists with v(gr) = A if and only if S(gr) #0 and
gr(p,x) = A for (p,x) € S(gr). Where A = A(F) > 0 is the maximal lower eigenvalue to (1.1).
(2) A is a lower eigenvalue to (1.1) if and only if v(gr) exists with v(gr) > A if and only if

S(gr) #0 and gr(p, X) > A for (p, X) € S(gF).
(3) System (1.1) has at least one lower eigenvalue if and only if v(gr) exist with v(gr) > 0 if

and only if S(gr) #0 and gr(p, X) > 0 for (p, X) € S(gr).

Proof. (1) We divide the proof of (1) into three steps.

Step 1. If v(for) > 0, then by Lemma 3.8(1), the maximal eigenvalue X(> 0) to (1.1) exists with
v(fer) = 0. We will prove that v(gr) exists with v(gr) = L Let), = sup, xinf,epgr(p, x), A* =
inf,epsup, .« gr(p, x), then A, < 1*, and the left is to show A* < 1<

By Lemma 3.5(2), there exists x € X such that infpepfy :(p,X) = v(f;r) = 0. This
shows that sup . (p, Tx — ASx —¢) = fir(p,x) 2 0forany p € P, that is, A< sup,.r((p, Tx -
c)/(p,Sx)) = gr(p,x) (p € P). Hence, A< inf,epgr(p,X) < M. On the other hand, since
for each p € P, \* < sup, ygr(p, x), by Lemma 3.9(2), there exists x, € X such that \* <

sup,..x8r(p, x) = gr(p, xp) = sup ({p,Txp, —c)/{p,Sxp)). It follows that sup__ f1 r(p, x) >
fur(p, xp) = sup . (p, Txp — A*Sx, — c) > 0 for any p € P. Hence by Lemma 3.5(3), v(fi- ) =
infpepsup, .y fa,r(p,x) > 0. From Lemma 3.7(2), this implies that 1* is a lower eigenvalue to

(1.1), and thus A* < X. Therefore, v(gr) exists with v(gr) = A.

Step 2. If v(gr) exists with v(gr) = X (> 0), then Lemma 3.9(3) and Remark 2.2(3) deduce
that S(gr) #0 and g (5, %) = v(gr) = 1 > 0 for (5, %) € S(ge).

Step 3. If S(gr) #0 and (p,x) € S(gr) with gr(p,X) = A (> 0), then infpepgr(p, X) = X (> 0).
This implies by Lemmas 3.10(1) and 3.8(1) that A is a lower eigenvalue to (1.1), and thus
v(for) > 0.

(2) If X > 0 is a lower eigenvalue to (1.1), then Lemmas 3.8(1), 3.10(2) and statement
(1) imply that v(for) > 0, v(gr) exists and v(gr) = sup,yinfyepgr(p, x) > L. If v(gF) exists
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with v(gr) > A, then from Lemma 3.9(3) and Remark 2.2(3), it follows that S(gr) #0 and
gr(p,x) =v(gr) > M or (p,x) € S(gr). If S(gr) #0 and gr(p, X) > A for (p, X) € S(gr), then by
Remark 2.2(3) and Lemma 3.10(1), we see that inf,cpgr(p, X) = gr(p,X) > A, and thus A is a
lower eigenvalue to (1.1) and X its eigenvector.

(3) Statement (3) follows immediately from (1) and (2). This completes the proof. [

Lemma 3.12. (1) If v(for) > 0, or equivalently, if v(gr) exists with v(gr) > 0, then S(gr) is a
nonempty compact subset of P x X.

(2) The first three statements of Theorem 3.3(2) are true.

(3) Theorem 3.3(3) is true.

Proof. (1) By Lemma 3.11(1), S(gr) is nonempty. Furthermore, with the same procedure as in
proving the last part of Lemma 3.5 and using Lemma 3.9(1)-(2), we can show that if (p*, x¥) €
S(gr) such that (p*,x*) — (p° x°) € Px X as k — oo, then

sup gr (p x> = hl{n infsup gr (p x) < lim sup inf £ gr <p, ) < rl]l;]{; qr <p, x0>, (3.17)

xeX —O xeX k—ow PEP

Hence, S(gr) is closed, and also compact.

(2) Now we prove the first three statements of Theorem 3.3(2).

By the condition of Theorem 3.3(2), Lemmas 3.8(1) and 3. 11(1) we know that the
maximal lower eigenvalue Xto (1.1) and o( gr) exist with v(gr) =

First we prove statement (a). If x € X is an optlmal eigenvector, then by
Lemma 3.10(1), we have inf,epgr (p, X) > L. On the other hand, by Lemma 3.9(1), there exists
p € Psuch that v(gr) = sup, . gr(p, x). So we obtain that sup, . gr(p, x) = A< infyepgr(p, X),
and thus (p,x) € S(gr). If p € P such that (p,x) € S(gr), then Remark 2.2(3) implies that
infpepgr(p, X) = v(gr) = A If infpepgr(p, X) = J_l, then Lemma 3.10(1) shows that x is an
optimal eigenvector. Hence, Theorem 3.3(2) (a) follows.

Next we prove statement (b). By Lemmas 3.5(2) and 3.8(1), there exists X € X with

0=0(f) = sup inf fr ¢ (p,x) = Inf fi ¢ (p, %) = inf it;rg(n Tz-1S%-c). (318

By applying Lemma 2.9 to ¢(p,c) = (p, TX — ASX — ¢) on P x F, this leads to

Scléll}:) ;r€1f<p, TX - ASX — c> = ;r;f sC1€1£)<p, TX - ASX - c> =0. (3.19)

Since ¢ — infyep(p, T)?—XSJ?—C) isus.c.conFandp — (p, T)?—XS?C—C) is continuous on P, from
(3.19), first there exists ¢ = (Ci1,Ca,...,Cm) € F and then there exists p = (p1,p2,...,Pm) € P
such that

= sup 1nf<p, TX - \Sx — c> = inf <p, Tx - ASx — c> <;3, TX - ASX — E>. (3.20)

ceF peP peP
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. . . ’l f_JA
As R,P = R}, for each i = 1,2,...,m, there exists t; > 0 with p' = (9,...,0,t1-,0,...,0) € P,

34

which implies by (3.20) that for eachi=1,2,...,m
t; (m ~1Six - a-) - <pi,T3? ~1Sx - a> >0, thatis, T% > AS% +C. (3.21)

On the other hand, we can see that I; = {i : pi > 0} is nonempty because p € P C
R\ {0}. This gives, by (3.20) and (3.21), that for each iy € I,

0<piy (T - 18, %~ ;) < (p, T~ 1Sx-C) =0, thatis, T, =18;X+&,.  (322)

Both (3.21) and (3.22) show that Theorem 3.3(2)(b) is true.

Then we prove statement (c). From (3.2), (3.3), and Lemmas 3.8(1) and 3.11(1), as well
as Remark 2. 2(2) we know that \ is the maximal lower elgenvalue to (1.1) and (p,x) € S(gr)
if and only if > 0 and (p,¥) € PxX satisfy gr(p, x) < gr(p, %) = A < gr(p, X) for (p, x) € PxX,
which amounts to say

fir(P %) < fip(P.X) =0< fip(p.X), (px)ePxX, (3.23)

because for each (p,x) € P x X,

_ (p,Tx-c) ~— | _ _ <
,x) =sup———— < A iff f+ ,X) =su ,Tx —\ASx—c) <0,
gr (p,x) = sup 7,5%) fir(Prx) = sup (p )
g (P z)zsupwzx iff f1(p, %) = sup(p, T¥ - 1S% -~ c) = 0 (3.24)
T wer (pSx) M e '

V

(p1x-c) iff f1,(p,x) = sup<p,ﬁ—15§—c> > 0.

,X) =su >
gr(p,x) P SE) , up

In view of (3.5), we know that (3.23) is also equivalent to

min [ ()] = min[~fi, (7. )] = 0= ~f1, (59 = Fr, 59,
(3.25)

mmf”(p,x) mmfAF(Prx) 0= f)LF(p'x) f”(P,x)

pER™
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Also by (3.5), we have epifo,F(;_o,‘) = {(x,a) € XxR: —f3:(p,x) < a} and epile(yi) =
{(p,a) e PxR: fyp(p,X) < a}. Combining this with Lemma 3.5(1)-(2) and using the fact that
X and P are convex compact, we can see that epi fX,F (p,-) (orepi fX,F (-,x)) is closed convex in
R" x R (or in R™ x R). Hence Lemmas 2.6(1) and 2.10 imply that both x — )%,F (p,x) (x € R")

and p — j}f (p,x) (p € R™) are proper convex and Ls.c. with
fie@x) = Fi(@x) (xeRY,  fie(pX) = (0% (peR™). (3.26)

Applying Lemma 2.11 to the functions x fo (p,x) — (qgo,x) on R" with go = O and p
fX,F (p,x) = (ro,p) on R™ with ry = 0, and using (3.25) and (3.26), we conclude that (3.23)
holds if and only if x € 0 fEF(ﬁ, 0)andp €0 fX*F(O’ x). Hence Theorem 3.3(2)(c) is also true.

(3) Finally we prové Theorem 3.3(3). '

(a) By (3.1), we know that for each xp € X, Txy € intR”". So there exists ¢y €
R such that ¢p < Txp (that is, coi < Tixp for i = 1,2,...,m). Take Fy, = {co}, then
Sup,x for, (P, x) = sup x(p,Tx — co) > (p,Txg —co) > 0 for any p € P. Hence, v(for, ) =
infpepsup, x for,, (p,x) > 0 because p — sup,yfor, (p,x) is Ls.c. on P. This shows that
Cr = {F € B : v(for) > 0} is nonempty. Moreover, Lemma 3.11(1) implies that X(F ) exists
with A(F) = v(gr) for any F € C". Hence statement (a) follows.

(b) Let F; € C7* (i = 1,2), then we have A(F;) = v(gr,)(i = 1,2). Suppose that (p,x) €
P x X. Since F; (i = 1,2) are compact, we can select ¢t € F; (i = 1,2) such that gr(p,x) =
sup ., ((p, Tx—=c)/(p,Sx)) = (p, Tx~c")/(p,Sx) and ||c' - ¢*|| = d(c', F,). This deduces that

(p,Tx—c*+ (c* - ch))

(p, Sx) du(F1, F), (3.27)

< 8F, (P' x) +

sup,plipll
. (pr3) - Zperl]

because (p,Tx — ¢*)/{p,Sx) < gr(p,x), |Ic' = c?| = d(c',F2) < du(Fi,F,) and & =
inf,epxex(p, Sx) is positive. By taking minimax values for both sides of (3.27), we have

v(gr,) < v(8F,) + (Sup,cpllpll/€0)du (F1, F2). Therefore, IM(F1) = M(F2)| = [o(gr,) - v(gr)| <
(suppepllpﬂ/so)dH(Fl,Fz) because dy (F1, F2) = dy(F,, F1), and the last lemma follows. O

Proofs of Theorems 3.1-3.3

Proof. (i) For Theorem 3.1. (1) follows from Lemmas 3.5(3) and 3.6, and (2) from Lemmas
3.9(3), 3.11(1), and 3.12(1).

(ii) For Theorem 3.2. (1) can be deduced from Lemmas 3.7(1) and 3.10(1), (2) from
Lemmas 3.7(2) and 3.11(2), while (3) from Lemmas 3.8(1) and 3.11(3).

(iii) For Theorem 3.3. By Lemmas 3.5(3), 3.8(1) and 3.11(1), (1) is true. From Lemmas
3.8(2) and 3.12(2), (2) is valid. Applying Lemma 3.12(3), we obtain the last statement. O
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4. Solvability Results to (1.2)

Let F={c} (ce RY),A e Ry, foir = foe §F = g, and X(P) = X(c) (if exists), then

, Tx —
V(p,x) ePxX, fic(p,x)=(p,Tx-ASx—-c), g(p,x)= %, (4.1)

and the functions f/\,c(p, x), f 1ve(p,x), fjc (P, 9, fjfc(p, x), fj/c(r, x) and fj*c (p,x) can be
obtained from (3.5) and (3.6) by replacing c for F, respectively. From Theorems 3.1-3.3, we
immediately obtain the solvability results to (1.2) as follows.

Theorem 4.1. (1) v(f)) exists and S(f),c) is a nonempty convex compact subset of P x X. Further-
more, A — v(f)c) is continuous and strictly decreasing on Ry with v(fec)=limy - 400 (f1c) = —00.

(2) v(ge) exists if and only if S(g.) # 0. Moreover, if v(fo,c) > 0, then v(g.) exists and S(gc)
is a nonempty compact subset of P x X.

Theorem 4.2. (1) A is a lower eigenvalue to (1.2) and x its eigenvector if and only if
infyep fac(p, x) > 0 if and only if inf,epge(p, x) > A.

(2) \is a lower eigenvalue to (1.2) if and only if one of the following statements is true.
(@) v(fae) 20,
(b) fic(p,X) 20 for (p,X) € S(fa.).
(c) v(ge) exists with v(g.) > A,
)

(d) S(ge) # P and g.(p, x) 2 A for (p, X) € S(g)-
(3) The following statements are equivalent.

(a) System (1.2) has at least one lower eigenvalue,

)

(b) v(foe) >0,

(c) v(ge) exists with v(g.) > 0,
)

(d) S(gc)#0and g.(p,x) > 0 for (p,X) € S(gc)-
Theorem 4.3. (1) A exists if and only if one of the following statements is true.

(a) v(foc) > 0.
(b) foc(p,x) >0 for (p, X) € S(fo,)-

(0 v(fyo) =0.

(d) v(gc) exists with v(g;) = A.

(€) S(ge) #0 and g.(p, ) = A for (p, %) € S(ge).

Where \ = X(c)(> 0) is the maximal lower eigenvalue to (1.2).
(2) If v(fo,c) > O, or equivalently, if v(g.) exists with v(g.) > 0, then

(a) X is an optimal eigenvector if and only if there exists p € P with (p,x) € S(g.) if and only
if infpepge(p, X) =
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(b) There exist X € X and ig € {1,2,...,m)} such that Tx > ASX + ¢ and T;, J?=XS- X+c,.

(c) A= )L(C) is the maximal lower agenvalue to (1.2) and (p, X) € S(g.) if and only lf)L >0
and (p,x) € P x X satisfy x € af (p,O) and p € bf (O x). Where af (p,O) and

0 ch(O’ x) are the subdifferentials of ch(P’ q) at g =0and fh(r, x)atr =0, respectwely.
(d) The set of all lower eigenvalues to (1.2) coincides with the interval (0,v(gc)].
(3) Let Cy={c € R : v(fo,) > 0}. Then one has the following.

(a) C4 #0, and for each c € C,, X = A(c) exists with A(c) = v(ge)-
(b) |X(cl) —X(cz)l < (suppepllpll/go)”cl —c|| (c1,¢2 € C.), where g is also defined by (3.4).

Hence, ¢ — A(c) is Lipschitz on C,.

5. Solvability Results to (1.4)-(1.6)

We now use Theorems 3.1-3.3 and 4.1-4.3 to study the solvability of (1.4)—(1.6). For
convenience sake, we only present some essential results.

5.1. Solvability to (1.4)

Since F € B™ (or ¢ € R") makes (a) (or (b)) of (1.4) solvable if and only if A = 11is a lower
elgenvalue to (1.1) (or (1.2)) if and only if the maximal lower eigenvalue A= .)L(F ) to (1.1) (or
X = () to (1.2)) exists with A(F) > 1 (or A(c) > 1), by applying Theorems 3.3 and 4.3, we
have the solvability results to (1.4) as follows.

Theorem 5.1. (1) Inequality (1.4)(a) is solvable to F € B if and only if one of the following
statements is true.

(a) There exists A > 1 with u(fip) =0.

(b) v(gr) exists with v(gr) > 1.

(c) S(gr) # 0 and gr(p,x) 2 1 for (p,X) € S(gF).

(2) Inequality (1.4)(b) is solvable to ¢ € R if and only if one of the following statements is
true.

(a) There exists A > 1 with o(fy.) =0.

(b) v(gc) exists with v(g.) > 1.

(c) S(gc) #0 and g.(p,x) > 1 for (p,x) € S(g)-

5.2. Solvability to (1.5)

By Theorem 4.1, for each A > 0, v(fy0) exists, S(f10) is nonempty, and if (p,x) € S(foo),
then v(foo) = (p,Tx) > 0. Hence v(gy) exists, S(go) is nonempty, and the maximal lower
eigenvalue X = 1(0) to (1.2) exists with v(go) = X = 2(p,x) for (p,x) € S(0). By Theorems
4.2 and 4.3 for ¢ = 0, we obtain the solvability results to (1.5) as follows.
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Theorem 5.2. (1) A is a growth factor to (1.5) and x its intensity vector if and only if A > Xy with
infpep f1,0(p, x) 2 0 if and only if inf,epgo(p, x) > L > Ao.

(2) \is a growth factor to (1.5) if and only if L > Xy with v(f10) > 0 if and only if v(go) >
A> A

(3) Growth fact problem (1.5) is efficient if and only if there exists A > Ay with v(fio) > 0 if
and only if v(go) > Ao.

(4) A is the optimal growth factor to (1.5) if and only if X > Ao with v( fi0) = 0 if and only if
v(go) = A > . ~ ~

(5) If v(go) = A > Ao, then there exist x € X and iy € {1,2,...,m} such that Tx > A\Sx and
T;,X = AS; X.

(6) \ is the optimal growth factor to (1.5) and (p,X) € S(go) if and only if A > Ao and
(,%) € Px X satisfy X € d fx*,o (7,0) and p € fx*,o (0,%).

5.3. Solvability to (1.6)

To present the solvability results to (1.6), we assume that

(a) X CintR" is convex compact,
(5.1)
(b) A,B € R” with (I - A)X C intR", BX C intR",

and define f)(p, x) = fio(p, x) and g(p,x) = go(p, x) on "1 x X by

(p, (I - A)x)

~——— =~ for (p,x) eI xX, (5.2)
(p, Bx) )

filp,x) = (p,(I- A)x - ABx), (p,x)=

where "1 is the (n — 1) simplex. Applying Theorems 4.1-43to S=B, T =1- A, c =0and
A = u—1, we obtain existence results to (1.6) as follows.

Theorem 5.3. If (5.1) holds and f,, g be defined by (5.1). Then one has the following.
(1) There exists X > 0 such that v(fy) =0and A= v(g).

(2) 11 = A + 1 is the optimal balanced growth factor to (1.6).

(3) Growth path problem (1.6) is efficient, and p is a balanced growth factor to (1.6) if and only
ifpe(1,1+4].

Remark 5.4. Assumption (5.1) is only an essential condition to get the conclusions of
Theorem 5.3. By applying Theorems 4.1-4.3 and using some analysis methods or matrix
techniques, one may obtain some more solvability results to the Leontief-type balanced and
optimal balanced growth path problem.

6. Conclusion

In this article, we have studied an optimal lower eigenvalue system (namely, (1.1)), and
proved three solvability theorems (i.e., Theorems 3.1-3.3) including a series of necessary
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and sufficient conditions concerning existence and a Lipschitz continuity result concerning
stability. With the theorems, we have also obtained some existence criteria (namely, Theorems
5.1-5.3) to the von-Neumann type input-output inequalities, growth and optimal growth
factors, as well as to the Leontief type balanced and optimal balanced growth path problems.

References

[1] E. W. Leontief, Input-Output Analysis, Pergamon Press, Oxford, UK, 1985.
2] R. E. Miller and P. D. Blair, Input-Output Analysis, Cambridge University Press, Cambridge, UK, 2nd
P P Y & y g
edition, 2009.
3] T. Fujimoto, “Nonlinear Leontief models in abstract spaces,” Journal of Mathematical Economics, vol.
] P
15, no. 2, pp. 151-156, 1986.
4] Y. E. Liu and X. H. Chen, “Some results on continuous e conditional input-output equation—fixed
typ p puteq
point and surjectivity methods,” Applied Mathematics and Mechanics, vol. 25, no. 3, pp. 323-330, 2004.
5] Y. E Liu and T. P. Chen, “A solvability theorem on a class of conditional input-output equation,”
Yy p P q
Chinese Annals of Mathematics, vol. 25, no. 6, pp. 791-798, 2004.
[6] Y.F Liuand Q. H. Zhang, “The Rogalski-Cornet theorem and a Leontief-type input-output inclusion,”
Nonlinear Analysis, vol. 69, no. 2, pp. 425-433, 2008.
[7] Y. E Liu and Q. H. Zhang, “A Leontief-type input-output inclusion,” Mathematical Problems in
Engineering, vol. 2010, Article ID 572451, 13 pages, 2010.
[8] J.-P. Aubin, Mathematical Methods of Game and Economic Theory, vol. 7 of Studies in Mathematics and its
Applications, North-Holland, Amsterdam, The Netherlands, 1979.
[9] J.-P. Aubin, Optima and Equilibria, vol. 140 of Graduate Texts in Mathematics, Springer, Berlin, Germany,
2nd edition, 1998.
[10] J.-P. Aubin and I. Ekeland, Applied Nonlinear Analysis, Pure and Applied Mathematics, John Wiley &
Sons, New York, NY, USA, 1984.
[11] Y. E Liu, “Some results on a class of generalized Leontief conditional input output inequalities,” Acta
] ; 1a g p P q
Mathematicae Applicatae Sinica, vol. 28, no. 3, pp. 506-516, 2005.
12] Y. FE. Liu and Q. F. Zhang, “Generalized input-output inequality systems,” Applied Mathematics and
& 1% P q y sy PP
Optimization, vol. 54, no. 2, pp. 189-204, 2006.
[13] Y. F. Liu, “A set-valued type inequality system,” Nonlinear Analysis, vol. 69, no. 11, pp. 41314142,
2008.
14] Y. F. Liu, “Solvability criteria for some set-valued inequality systems,” Journal of Inequalities and
ty q y sy q
Applications, vol. 2010, Article ID 543061, 17 pages, 2010.
[15] P. Medvegyev, “A general existence theorem for von Neumann economic growth models,”
Econometrica, vol. 52, no. 4, pp. 963-974, 1984.
[16] C. Bidard and E. Hosoda, “On consumption baskets in a generalized von Neumann model,”
p g
International Economic Review, vol. 28, no. 2, pp. 509-519, 1987.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



