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We construct an operator R whose restriction onto weighted pluriharmonic Bergman Space bi (B")
is an isometric isomorphism between bi(IB%") and I§. Furthermore, using the operator R we
prove that each Toeplitz operator T, with radial symbols is unitary to the multication operator
Yaul- Meanwhile, the Wick function of a Toeplitz operator with radial symbol gives complete
information about the operator, providing its spectral decomposition.

1. Introduction

Let B" be the open unit ball in the complex vector space C". For any z = (zi,...,2,) and
E=1(&,...,8,)InC", letz:¢ = Z;‘zl zjg_]-, where 5 is the complex conjugate of ¢; and |z| = Vz - Z.
For a multi-index a = (ay,...,a,) and z = (z4,...,z,) € C", we write z* = z’fl - zi" where
ar € Z, =NU {0}, and |a| = a1 + - - + a, is its length, a! = a;!--- a,,!.

The weighted pluriharmonic Bergman space bﬁ(IB%") is the subspace of the weighted
space Li (B™) consisting of all pluriharmonic functions on B”. A pluriharmonic function in the
unit ball is the sum of a holomorphic function and the conjugate of a holomorphic functions.
It is known that bfl (B") is a closed subspace of Li (B") and hence is a Hilbert space. Let an be
the Hilbert space orthogonal projection from L (B") onto by, (B"). For a function u € L3 (B"),
the Toeplitz operator T,, : by, (B") — by,(B") with symbol u is the linear operator defined by

T.f = Q4 (uf), f€by(B"). (1.1)

T, is densely defined and not bounded in general.
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The boundedness and compactness of Toeplitz operators on Bergman type spaces have
been studied intensively in recent years. The fact that the product of two harmonic functions
is no longer harmonic adds some mystery in the study of Toeplitz operators on harmonic
Bergman space. Many methods which work for the operator on analytic Bergman spaces
lost their effectiveness on harmonic Bergman space. Therefore new ideas and methods are
needed. We refer to [1-3] for references about the results of Toeplitz operator on harmonic
Bergman space. The paper [3] characterizes compact Toeplitz operators in the case of the unit
disk D. In [2], the authors consider Toeplitz operators acting on the pluriharmonic Bergman
space and study the problem of when the commutator or semicommutator of certain Toeplitz
operators is zero. Lee [1] proved that two Toplitz operators acting on the pluriharmonic
Bergman space with radial symbols and pluriharmonic symbol, respectively, commute only
in an obvious case.

The authors in [4] analyze the influence of the radial component of a symbol to
spectral, compactness and Fredholm properties of Toeplitz operators on Bergman space on
unit disk . In [5], they are devoted to study Toeplitz operators with radial symbols on the
weighted Bergman spaces on the unit ball in C".

In this paper, we will be concerned with the question of Toeplitz operators with radial
symbols on the weighted pluriharmonic Bergman space. Based on the techniques in [4-6],
we construct an operator R whose restriction onto weighted pluriharmonic Bergman space
b7, (B") is an isometric isomorphism between b7, (B") and I3, and

RR* =1:0; — 1,
Ho72 2 (1.2)
R'R=Q%, : L,(B") — b..(B");

where I} is the subspace of l,. Using the operator R we prove that each Toeplitz operator T,
with radial symbols is unitary to the multication operator y,,I acting on I;. Next, we use
the Berezin concept of Wick and anti-Wick symbols. It turns out that in our particular (radial
symbols) case the Wick symbols of a Toeplitz operator give complete information about the
operator, providing its spectral decomposition.

2. Pluriharmonic Bergman Space and Orthogonal Projection

We start this section with a decomposition of the space Li(B”). Consider a nonnegative
measurable function u(r), r € (0,1), such that mes{r € (0,1) : u(r) >0} =1, and

1
’[ u(|zl)do(z) = '52”_1 f y(r)r2"‘1dr < oo, (2.1)
B 0

where |S?"1| = 27" (/2T-1(n — (1/2)) is the surface area of unit sphere S>*~! and I'(z) is the
Gamma function.
Introduce the weighted space

L@ = {1 Wliyon = [, If@F RN < oo}, @2)
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where dv(z) is the usual Lebesgue volume measure and L, (S5**™!) is the space with the usual
Lebesgue surface measure.
The space L, (S**™1) is the direct sum of mutually orthogonal spaces <y, that is,

Lz(s%l) =é Hy, (2.3)
k=0

where H\ denotes the space of spherical harmonics of order k. Meanwhile, each space <#j
is the direct sum (under the identification C" = R?") of the mutually orthogonal spaces ), 4

(see, e.g., [7]):

#= P Hyy ke, (2.4)

p+a=k
PaEL+

where H, 4, for each p,q =0,1,..., is the space of harmonic polynomials (their restrictions to
the unit sphere) of complete order p in the variable z and complete order g in the conjugate
variable z = (z, ..., z,). Thus, we can get

L <52n_1> = @ Hpg- (2.5)

PgeLy

The Hardy space H?(B") in the unit ball B" is a closed subspace of L,(S>"!). Denote
by Psz1 the Szeg orthogonal projection of L,(S**~!) onto the Hardy space H?(B"). It is well

known that H2(B") = H, . The standard orthonormal base in H 2(B") has the form
p=0

(n—1+|a))!

a = dna a/ dnu = Torr 117 A~y 1
Ca(w) = dhn a0 “ =\ s - 1)l

for |a| =0,1,.... (2.6)

Fix an orthonormal basis {exs(w)}, 4 @, € ZL, in the space Ly (S**™!) so that ez o(w) = ea(w),

epa(w) =eqo(w) =ey(w), lal =0,1,....
Passing to the spherical coordinates in the unit ball we have

L2(B") = L2<(0,1), ‘u(r)rzn_ldr> ® L2<SZ”‘1>. (2.7)

For any function f(z) € Li(]B”) have the decomposition

f@= 3 capeplew), 1=zl w=2, (28)

lal+| B|=0
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with the coefficients ¢, 3(r) satisfying the condition

© 1
||f||ii(Bn) = Z f |c,x,p(r)|2y(r)r2"‘1dr < oo. (2.9)

lal+|p|]=0"0

According to the decomposition (2.7), (2.8) together with Parseval’s equality, we can define
the unitary operator

u : L2<(O, 1), ‘u(r)rzn’ldr) ® Lz(sm) — L2<(O, 1), y(r)rz'ﬂdr) ol

(2.10)
=1l (Lz ((O, 1),,u(r)r2"‘1dr>>,
by the rule U, : f(z) — {cap(r)}, and
2 2 S 2
”f”L,%(B") = ”Cﬂfﬁ(r)”lz(Lz((0,1),/4(r)r2"’1d1’)) :I IIZﬂI O”Ca,ﬂ(r)“Lz((O,l),y(r)an—ldr)' (2.11)
al+|p|=

Let f(z) be a pluriharmonic in the unit ball B" and write f = g +h, where the functions
g, h are holomorphic in B". Suppose

g(z) = icaz“, h(z) = icﬁzﬂ (2.12)

|ec|=0 1I=0

are their power series representations of g and h, respectively. We have

f(z) = ic“z“ + iﬁ = icu(r)eu(w) + icﬁ(r)eﬁ(w), (2.13)

|a|=0 1I=0 |ee|=0 1I=0

where ¢, (r) = Cad,;}ar‘“‘, cp(r) = de;lﬁrm‘, r=|z|,w=(z/r).

Let bﬁ (B") be the pluriharmonic Bergman space in B" from Li (B"). Denote by an
the pluriharmonic Bergman orthogonal projection of Lfl(IB%") onto the Bergman space bﬁ(IB%").

From the above it follows that to characterize a function f(z) € bi(B") and considering its
decomposition according to (2.13), one can restrict to the function having the representation

f(z) =g(z) +h(z) = Y cap(r)eao(w) + i cop(r)eos(w). (2.14)

|ar|=0 ||=0
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Now let us take an arbitrary f(z) from bf, (B") in the form (2.14). It will satisfy the Cauchy-
Riemann equations, that is,

B 1/8 .0 )
a—zkg(Z)=§<a—xk+la—yk>g(Z)—O, k—l,...,Tl,ZGB,

R 1/ @ 9 (219
a—Zkh(Z)E§<a—xk—la—yk>h(Z):O, k:1,...,n,ZEB.
Applying 8/0zx, 8/0z to g and h, respectively, we have
0 < Zk wa [ d a
6_Ek Z Cu,O(r)ea,O(w) = 2_1; Z (Eca,O(r) - yca,O(r)>ea,O (w),
|a|=0 |er|=0
5l (2.16)
0 < Zk~ [ d
Frn > cop(r)es(w) = 2_: > <5Co,ﬁ(f) - TCo,ﬂ(T)>€o,p(w),
|l=0 |l

where k =0, ..., n, and we come to the infinite system of ordinary linear differential equations

d a
EC“’O(T) - |—r|ca,o(r) =0, l|a|=0,1,...
(2.17)

d ||
Z,C0p(r) = —=cop(r) =0, [p]=0,1,....

Their general solution has the form ¢, = bar!® = A(n, |a|)caor'™, Cop = bpr‘ﬂ| = \(n, |[5|)co,ﬁr|ﬁ|,
with A(n, m) = (fg £2m+2n=1y, (1) dt) ™2 Hence, for any f(z) € bf, (B") we have

f(@) =Y capk(n,|al)r™eqo+ > coph(n, |B|)rPlegs. (2.18)
|a|=0 |8|=0
And, it is easy to verify ”f”iﬁ(JE") = Moo lcaol® + -0 lco,*. Thus the image bi#(B") =

u, (bﬁ (B™)) is characterized as the closed subspace of
L2<(0, 1), y(r)rzn‘ldr> oh=1I (L2 ((o, 1), ‘u(r)rZ”_ldr>> (2.19)
which consists of all sequences {c,4(r)} of the form

Mn, lal)eaor®, |B] =0
Cap(r) = 3 A(n,|B|)copr'f, |a|=0 (2.20)
0, la| #0, || #0.
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For each m € Z, introduce the function
p 1/2n
om(p) = A(n, m)"'" <f rz"‘*z"‘l‘u(r)dr) , pelo1]. (2.21)
0

Obviously, there exists the inverse function for the function ¢,,(p) on [0, 1], which we will
denote by ¢,,(r). Introduce the operator

Vo

By Proposition 2.1 in [5], the operator u, maps unitary L,((0,1),u(r)r**!) onto
L>((0,1), r*""'dr) in such a way that

um(M(n, m)r'™) =v2n, meZ,. (2.23)
Intoduce the unitary operator
Uy : b <L2<(0, 1), y(r)rz"_ldr» — b <L2<(O,1),r2"‘1dr>>, (2.24)
where
Us < {eap(r)} — { (#apppicap) () }- (225)

By (2.23), we can get the space biﬂ = llz(bf#) coincides with the space of all sequences {k,}
for which

mca,OI |ﬂ| =0
kap =4 V2ncop, |a|=0 (2.26)
0, || #£0, |B|#0.

Let Io(r) = v/2n. We have Iy(r) € Lo((0,1),r**"'dr) and ||lo||,(01),2-1) = 1. Denote
by Ly the one-dimensional subspace of L,((0,1),7*""dr) generated by Iy(r). The orthogonal
projection Py of L,((0,1), r?"~1dr) onto Ly has the form

1
(Pof)(r) = (f,1o)lo = V2n fo f(p)V2np*dp. (2.27)

Let dup = kap(v21)"". Denote by If the subspace of I, consisting of all sequences {d,z}. And
let p* be the orthogonal projections of I, onto If, then p* = y.(a,p)I, where y.(a,p) = 0, if
|d||ﬁ| >0and x+(0‘/ﬁ) =1,if |“||p| =0.
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Observe that bg’ =Lo® I3 and the orthogonal projection B, of
I (L2 ((o, 1), r2"-1dr)) =1, ((o, 1)r2"-1dr) ol (2.28)

onto bg, y has the form B, = Py ® p#. This leads to the following theorem.

Theorem 2.1. The unitary operator U = U U, gives an isometric isomorphism of the space Li (B™)
onto I,(L,((0,1), r*""1dr)) = L,((0, 1), ¥**'dr) ® I, such that
(1) the pluriharmonic Bergman space bi(IB%") is mapped onto Ly ® I3,

U:b,(B") — Ly, (2.29)

where Ly is the one-dimensional subspace of Ly((0,1),r*>""1dr), generated by the function ly(r) =
\V2n;

(2) the pluriharmonic Bergman projection Qb is unitary equivalent to
uQL.u'=rep (2.30)

where Py is the one-dimensional projection (2.27) of Ly((0,1),r*""'dr) onto L.

Introduce the operator
Ry: I} — L2<(0,1),r2"‘1dr> ® b (2.31)
by the rule
Ro : {dap} — lo(r){das)- (2.32)

The mapping Ry is an isometric embedding, and the image of Ry coincides with the space
b3 - The adjoint operator

R;: Lz((O, 1),r2"’1dr> ol — I (2.33)

is given by

1
R exgn) — {x-) [ casto) B ap |,

RiRo=1:15—1, (234)

RoR; = By : Lo((0,1), 7" 'dr) e, — b2,
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Meanwhile the operator R = RjU maps the space Li (B") onto I%, and its restriction

2 ) #
R|b,(B"):b,(B") —1;
is an isometric isomorphism. The adjoint operator
R* =U'Ry: I§ — b7,(B") C L;,(B")

is isometric isomorphism of lg onto the subspace bﬁ(IB%") of Lfl (BM).

Remark 2.2. We have

RR*=1:I; —15, R'R=Qp :L,(B") — b,(B").

Theorem 2.3. The isometric isomorphism R* = U* Ry : I — by, (B") is given by

R : {dap}— D Am lal)caoreqo(w) + > A(n,
|a|=0 |8|=1

Proof. Let {dap) € I5, we can get
R* = UjU3Ry : {dap} — UL ({V2nda,))
= UI({)L(n, |a|)c,,,,0r|”‘|} + {/\(n, |ﬂ|)co,ﬁr|ﬁ|}>

= > Mn, lal)caor@eo(w) + D, A(n, |B])coprenp(w).
|a|=0 |8|=1

Corollary 2.4. The inverse isomorphism R : bi(IB%") — I is given by

R:(2) — {dug} = {(V21) kap},

B|)coprPleqp(w).

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

where ¢y = ((p,EZ,()) = A(m, |al)dya [5. 9(2)Z2°dv(2), cop = ((p,E&) = An, |B)dnp [5. p(2)2F
do(z), |a|, |p| € Z., and {EZ,omzo v {Eg,ﬁ}f&:l is the standard basis for the pluriharmonic Bergman

space bﬁ(B") ~that is,

55/0 = dn,a.)t(n, |a|)zal Eg,ﬂ = dﬂ,ﬁ-)L(n/ |p|)zﬂ

(2.41)
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3. Toeplitz Operator with Radial Symbols on bﬁ(IB%”)

In this section we will study the Toeplitz operators T, = Qh,a: ¢ € bf, (B") — Qk.ayp € bi (B™)
with radial symbols a = a(r).

Theorem 3.1. Let a(r) be a measurable function on the segment [0,1]. Then the Toeplitz operator
T, acting on bﬁ(IB”) is unitary equivalent to the multication operator y, I acting on Iy. The sequence

Yau = {_X+(“/ ,B)Yu,‘uﬂal + |ﬁ|)} is given by
1
Yau(m) = Az(n,m)f a(r)yr*™?" 1 yu(rydr, me Z.. (3.1)
0

Proof. By means of Remark 2.2, the operator T, is unitary equivalent to the operator

RT,R* = RQ%,aQL,R* = R(R'R)a(R*R)R* = (RR*)RaR*RR* = RaR*
= RyUUqa(r)U;'U5' Ry = RyUsa(r)U5' Ry (3.2)
= Ro{x+ (a0 B) a(Praj+ipi (7)) } Ro-

Further, let {d, s} be a sequence from I5. By (2.21), we have

Ri{xx+ (@, B) aliaeip () } Ro{ dap }
= Ry{vV2ndupx. (@, B)a(Piaisp (1) |

= JO X+(“rﬂ)a(¢|a|+|ﬂ|(r))2"da,ﬂr2”1dr}
1 (3.3)
- r@pas [ awas, ]
P2t ) [ a0 |
- (o B)degris (el + 81}
L]

Corollary 3.2. (i) The Toeplitz operator T, with measurable radial symbol a(r) is bounded on bi (B™)
if and only if sup,,; |Yau(m)| < oo. Moreover,

(I Tall = sup |Ya,ﬂ(m)|- (3.4)

MEZL,
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(ii) The Toeplitz operator T, is compact if and only if lim,, . »Ya,(m) = 0. The spectrum of
the bounded operator T, is given by

spTa = {Yapu(m) :me Z,}, (3.5)

and its essential spectrum ess-spT, coincides with the set of all limits points of the sequence
{Ya,‘u(m) }m€Z+'

Let H be a Hilbert space and {¢g} .. a subset of elements of H parameterized by
elements g of some set G with measure dpu.
Then {¢g} ¢ is called a system of coherent states, if for all ¢ € H,

lell* = (¢ 9) = fG (¢, 00)|*dp, (3.6)
or equivalently, if for all ¢1,¢> € H,
(p1,92) = fc(%xpg) (2, 9g) dp. (3.7)

We define the isomorphic inclusion V : H — L,(G) by the rule
Vige H— f=f(g) = (9.95) € L2(G). (3.8)

By (3.7) we have (¢1,¢2) = (fi1, f2), where (-,-) and (:,-) are the scalar products on H and
L>(G), respectively, and f,(g) = fg(h). Let Ho(G) = V(H) C L2(G). A function f € L,(G)
is an element of H,(G) if and only if for all h € G, (f, fn) = f(h). The operator (Pf)(g) =
fG((pt, ¢g) f ()du(t) is the orthogonal projection of L,(G) onto H>(G).

The function a(g), § € G, is called the anti-Wick (or contravariant) symbol of an
operator T : H — H if

VTV~ | Hy(G) = Pa(g)P = Pa(g)I | Ha(G) : Ha(G) — H,(G), (3.9)

or, in other terminology, the operator VAV ™" | H,(G) is the Toeplitz operator

Tag) = Pa(g)I | H2(G) : H2(G) — Ha(G) (3.10)

with the symbols a(g).
Given an operator T : H — H, introduce the (Wick) function

Tpn,
ﬁ(g,h):M g,heG. (3.11)

(pnpg)
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If the operator T has an anti-Wick symbols, that is, VTV = a(g) for some function
a=a(g), then

<Tafhrfg>

k) = 5

g, heG. (3.12)

And the operator T, admits the following representation in terms of its Wick function:

(Tf)(8) = fc a(t)f (1) fi(8) dp(t) = jc a(t) fi(8)du(t) L- £ () fu(t)dpa(h)

=f F(h)dp(h) f a() £ () fu(Ddu(t)
G G

fu(g)
(fu fg)

- atgmrmfi(@)autn.

(3.13)

=f F()du(h) f a(t) fo () FaDdu(t)
G G

Interchanging the integrals above, we understand them in a weak sense.
The restriction of the function a(g, h) onto the diagonal

(T‘Pg/ ‘Pg)

, g€G, (3.14)
(‘Pgr‘l’g)

a(g)=a(g g) =

is called the Wick (or covariant or Berezin) symbols of the operator T : H — H.
The Wick and anti-Wick symbols of an operator T : H — H are connected by the
Berezin transform

(Tog, 9s)  (Tafsrfs) fca(t)lfg(t)lzdﬂ(t)‘

3(e) = Fg, ) = _ _ 3.15
a(g) = (g g) (pg 0¢) (fe: fs) le |fg(t)|2d/4(t) o

The pluriharmonic Bergman reproducing kernel in the space bﬁ (B") has the form

Re(w) = Ka(w) + Ko(@) - £,,02(n,0) = 3 & (@)2h(z) + 3 8 (2)8(w0) - d2o12(n,0),
|a|=0 |ae|=0
(3.16)

where a =0 = (0,...,0). For f € bi(IBS"), the reproducing property

£ = (Qhf) @) = | faRGop(ohdoe) (317)
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shows that the system of functions R;(w), w € B", forms a system of coherent states in the
space b7;(B"). In our context, we have G = B", du = u(|z])dxdy, H = Hy(G) = by(B"),
Ly(G) = L;(B"), pg = fg = Ry, where g = z € B".

Lemma 3.3. Let T, be the Toeplitz operator with a radial symbol a = a(r). Then the corresponding
Wick function (3.11) has the form

a(z,w) = R;}(Z)<Zeﬁ(w (2)Yau(lal) + Z (2)8x (W) Yap(lal) = dy 0 A% (n, O)Yay(0)>

|a|=0 |a|=0
(3.18)

Proof. By (3.11) and (3.16), we have

(TaRuw, Rz)
<R1,U/ Rz>

= R} (2) ({aKu, Kz) + (aKq, Kz ) = di oA (n,0)(a 1) )

a(z,w) = = Ry, (2){(aRu, R:)

:R;}(z)(i (w)ea(z)<aea, a> Zeg(z)e (w)<aea, ,,,> dio/\‘l(n 0)(a, 1>>
|a]=0

|a=0

Ry ( Z)<ZE ()& (2)Yapu(lal) + ZE (2)& (W) Yapu(lal) - di o1 (1, O)Yay(0)>

lal=0 |a|=0
(3.19)
O

Denote by L} the one-dimensional subspace of bi (B") generated by the base element

e4(2), |a| € Z,. Then the one-dimensional projection Py of bi (B") onto L, has obviously the
form

Pif = (£ =2 [ feodwp(uwdoto). (320)

In the similar method, L’l denote the one-dimensional subspace of b2 (B") generated by the

base element &, (z). Let P” be the projection from b? (B") onto L}, and the projection can be
rewritten as

PIf) = (e = 862 | fdhiwip(widoto). (321)
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Theorem 3.4. Let T, be a bounded Toeplitz operator having radial symbol a(r). Then one can get the
spectral decomposition of the operator T,:

T.= Z Ya,ﬂ(|“|)PaPcl + Z Ya,ﬂ(|a|)P5 - Ya,y(O)Pg- (3.22)
|x|=0 |a|=0

Proof. According to (3.13), (3.20), (3.21), and Lemma 3.3, we get

(Ta)@) = [ e, 0) fe) R Dp(lo)dote),

o]

= fB <Zéﬁ(w)é‘5(z>ya,ﬂ(|a|> + D' eh(z)eh(w)yau(|al)
"\ Jal=0 |a|=0

(3.23)
~d2 5 )*(1,0)Ya,,(0) >f(w)ﬂ(lwl)dv(w).
= S Yan(aDPhf () + S Yap(1a) P f(2) = Va0V PLf (2). .
|ex|=0 |a|=0

The value y,,(|a|) depends only on |a|. Collecting the terms with the same |a| and
using the formula

z-w)"= > ’:—,!z“w“ (3.24)

we obtain
a(z,w) = R} (2) [Zl(m,n)ya,ﬂ(m)((z ‘w)" + (w-z)") - dim)tz(n, O)Ya'#(O):I’ (3.25)
m=0

where (I(m,n) = (m +n —1)!/|S*"!|m!(n - 1)!)A*(n, m). The orthogonal projection of by, (B")
onto the subspace generated by all element &, with |a| = m, m € Z, can be written as

(Pl f) (=) = L) f f(w)(z - @)" p(lw])do(w); (3.26)
]BVI
similarly,

(Pl f) @) =10m,m) [ fa0) 02" n(odote) 627
BYI
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denotes the orthogonal projection from bi(B") onto the subspace generated by all elements

% with |a| = m. Therefore, (3.22) has the form

Ta = D Yau(m)P(y + D Yau(m) P, = Yau(0) P (3.28)
m=0 m=0

In view of (3.25), we can get the following useful corollary.

Corollary 3.5. Let T, be a bounded Toeplitz operator having radial symbol a(r). Then the Wick
symbol of the operator T, is radial as well and is given by the formula

i(z) = a(r) = R\ (2) <2il<m,n>ra,,l<m>r2m — & g 02(1,0) Y <0>>, (3.29)

m=0

where R,(z) =2 i I(m, n)r*™ — d :1*(n,0).

m=0

In terms of Wick function the composition formula for Toeplitz operators is quite
transparent.

Corollary 3.6. Let T,, Ty be the Toeplitz operators with the Wick function

8

i(z,w) = Ry (2) [Zl(m,nm,y (m)((z-@)" + (w-2)") - d,%,oﬁn,owa,ﬂ(m],
m=0
(3.30)

8

b(z,w) = R;\(z) [Zl(m, 1) Yo (m) ((z - @)™ + (w - 2)™) = d oA*(1,0)7,,,(0) |,
m=0
respectively. Then the Wick function ¢(z, w) of the composition T = T,Ty, is given by

&(z,w) = Ry (2) [Zl 1, 1) Y, (1) Yo (m) (2 - @)™ + (w0 - 2)") - d, )uz(n,O)Yb,ﬂ(O)Ya,ﬂ(O)]-
m=0
(3.31)
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Proof. According to Lemma 3.3 and (3.25), we have

~ _ <TaTbRw/Rz> _ p-
c(z,w) = TRo R R (z)(TyRuw, aR:)
=Ry (@) | (TsRu)@)R:()a(uhp(ul)do(w)
=R, (2) Bn<TbRw,Ru)Rz(u)a(|u|)y(|u|)dv(u)
=R, (=) D, ehw)eh(@)youllal)yaullal) + D &x(2)eh(@)ysu(lal)ya,lal)
|a]=0 [a]=0
—d;, 1> (1,0)Y,4(0)Ya, (0)
=R} (2) I:Zl(m,n)n,,ﬂ(m)ya,# (m)((z-w)" + (w-2z)") - d,quq))uz(n,O)Yb,ﬂ (O)Ya,ﬂ(O)].
m=0
(3.32)
O
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