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We investigate the extent to which the study of quasimultipliers can be made beyond Banach
algebras. We will focus mainly on the class of F-algebras, in particular on complete k-normed
algebras, 0 < k < 1, not necessarily locally convex. We include a few counterexamples to
demonstrate that some of our results do not carry over to general F-algebras. The bilinearity and
joint continuity of quasimultipliers on an F-algebra A are obtained under the assumption of strong
factorability. Further, we establish several properties of the strict and quasistrict topologies on the
algebra QM (A) of quasimultipliers of a complete k-normed algebra A having a minimal ultra-
approximate identity.

1. Introduction

A quasimultiplier is a generalization of the notion of a left (right, double) multiplier and
was first introduced by Akemann and Pedersen in [1, Section 4]. The first systematic account
of the general theory of quasimultipliers on a Banach algebra with a bounded approximate
identity was given in a paper by McKennon [2] in 1977. Further developments have been
made, among others, by Vasudevan and Goel [3], Kassem and Rowlands [4], Lin [5, 6],
Dearden [7], Argiin and Rowlands [8], Grosser [9], Yilmaz and Rowlands [10], and Kaneda
[11,12].

In this paper, we consider the notion of quasimultipliers on certain topological
algebras and give an account, how far one can get beyond Banach algebras, using
combination of standard methods. In particular, we are able to establish some results of the
above authors in the framework of F-algebras or complete k-normed algebras.
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2. Preliminaries

Definition 2.1. Let E be a vector space over the field K (= R or C).

(1) A function g : E — R is called an F-seminorm on E if it satisfies

(F1) g(x) >0forall x € E,

(F2) g(x) =0if x =0,

(F3) g(ax) < q(x) forall x € E and « € K with |a| < 1,
(Fs) g(x+y) < q(x) +q(y) forall x,y € E,

(Fs) if ay, — 0in K, then g(a,x) — Oforall x € E.

(2) An F-seminorm q on E is called an F-norm if, for any x € E, g(x) = 0 implies that
x =0.

(3) An F-seminorm (or F-norm) g on E is called k-homogeneous ([13, page 160]; [14,
pages 90, 95]), where 0 < k < 1, if it also satisfies

(F3) g(ax) = |cx|kq(x) forall x € Eand a € K.

(4) A k-homogeneous F-seminorm (resp., F-norm) on E is called, in short, a k-seminorm
(resp., k-norm).

Definition 2.2. (1) A vector space with an F-norm g is called an F-normed space and is denoted
by (E, q); if it is also complete, it is called an F-space. Clearly, any F-normed space (E, g) is a
metrizable TVS with metric given by d(x,y) = q(x -y), x,y € E.

(2) An F-seminorm (or F-norm) g on an algebra A is called submultiplicative if

q(xy) <q(x)q(y), Vx,y€ A (2.1)

An algebra with a submultiplicative F-norm q is called an F-normed algebra; if it is also
complete, it is called an F-algebra. An algebra with a submultiplicative k-norm g is called
an k-normed algebra. A complete k-normed algebra is also called a k-Banach algebra in the
literature.

Theorem 2.3. (a) If (E, 7) is TVS, then its topology T can be defined by a family of F-seminorms (see
[15, pages 48-51]; [16, pages 2-3]).
(b) If (E, T) is a metrizable TV'S, then T may be defined by a single F-norm (see [13, 15, 17]).
(c) If (E, ) is a Hausdorff locally bounded TVS, then T may be a single k-norm for some k,
0< k<1 (seel13,14]).

Note that if (E, q) is an F-normed space, then, for any € > 0, the set {x € E : g(x) < €}
is a neighbourhood of 0 in E, but it need not be a bounded set. In case, if {x € E : g(x) < €}
is bounded for some ¢ > 0, then (E, ) becomes a Hausdorff locally bounded TVS and hence,
by Theorem 2.3(c), a k-normed space for some k, 0 < k < 1.

Definition 2.4. Let A be an algebra over K (R or C) and 7 a topology on A such that (A, 7)
is a TVS. Then the pair (A, 7) is called a topological algebra if it has a separately continuous
multiplication. A topological algebra A is said to be locally bounded if it has a bounded
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neighbourhood of 0 (see [18, page 39]). If (A, T) is a complete Hausdorff locally bounded
topological algebra, then its topology can be defined by a submultiplicative k-norm g,
0 < k <1[18, page 41].

By a famous result of Arens (see [18, page 24]), every Baire metrizable topological
algebra has jointly continuous multiplication; in particular, every F-algebra has jointly
continuous multiplication.

For the general theory and undefined terms, the reader is referred to [13, 15-17, 19] for
topological vector spaces, to [13, 14, 20] for F-normed and k-normed spaces, and to [18, 21, 22,
pages 32-35] for various classes of topological algebras.

If E and F are topological vector spaces over the field K (= R or C), then the set of all
continuous linear mappings T : E — F is denoted by CL(E, F). Clearly, CL(E, F) is a vector
space over K with the usual pointwise operations. Further, if F = E, CL(E) = CL(E,E) is an
algebra under composition (i.e., (ST)(x) = S(T(x)), x € E) and has the identity I : E — E
given by I(x) = x (x € E).

We now state the following three versions of the uniform boundedness principle for
reference purpose.

Theorem 2.5 (see [23, page 142, principle 33.1]). Let X be a complete metric space and H =
{fa : a € ]} afamily of continuous real-valued functions on X. If H is pointwise bounded from above,
then on a certain closed ball B C X it is uniformly bounded above, that is, there exists a constant C > 0
such that

fa(x) <C, Vae], xeB. (2.2)

Theorem 2.6 (see [14, page 39]; [19, page 465]). Let E be an F-space and F any topological
vector space. Let H C CL(E, F) be a collection such that H is pointwise bounded on E. Then H#
is equicontinuous; hence, for any bounded set D in E, U{T(D) : T € H#} is a bounded set in F.

The following version is for bilinear mappings.

Theorem 2.7. Let E and F be F-spaces and G any TVS.

(a) A collection H of bilinear mappings from E x F into G is equicontinuous if and only if each
f € H is separately continuous and H is pointwise bounded on E x F. In particular, every
separately continuous bilinear map f : E x F — G is jointly continuous (see [13, page
172]; 19, page 489]).

(b) Let f, : E x F — G be a sequence of separately continuous bilinear mappings such that
lim, o fu(x,v) = f(x,y) exists for each (x,y) € E x F. Then {f,} is equicontinuous
and f is bilinear and jointly continuous (see [19, page 490]; [24, page 328]).

Definition 2.8. (1) Anet {e, : A € I} in a topological algebra A is called an approximate identity
if

liin e\a=a-= liin aey, VaeA. (2.3)

(2) An approximate identity {e) : A € I} in an F-normed algebra (A4, g) is said to be
minimal if g(ey) < 1forall A € I.
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(3) An algebra A is said to be left (resp., right) faithful if, for any a € A, aA = {0} (resp.,
Aa = {0}) implies that a = 0; A is called faithful if it is both left and right faithful.
One mentions that A is faithful in each of the following cases:

(i) A is a topological algebra with an approximate identity (e.g., A is a locally
C*-algebra);
(ii) A is a topological algebra with an orthogonal basis [25].

Definition 2.9. A topological algebra A is called
(1) factorable if, for each a € A, there exist b, c € A such that a = bc,

(2) strongly factorable if, for any sequence {a,} in A with a, — 0, there exist a € A and
a sequence {b,} (resp., {c,}) in A with b, — 0 (resp., ¢, — 0) such that a, = ab,
(resp., ay = cya) foralln > 1.

Clearly, every strongly factorable algebra is factorable. Factorization in Banach and
topological algebras plays an important role in the study of multipliers and quasimultipliers.
There are several versions of the famous Hewitt-Cohen’s factorization theorem in the
literature (see, e.g., the book [26] and its references). Using the terminology of [27], we state
the following version in the nonlocally convex case.

Theorem 2.10 (see [27]). Let A be a fundamental F-algebra with a uniformly bounded left
approximate identity. Then A is strongly factorable.

Definition 2.11. Let (A, q) be an F-normed space (in particular, an F-normed algebra). For any
T € CL(A), let

T
T, =sup{q(q(s;)) :xeA,x;éO}. (%)

It is easy to see that if g is a k-norm, 0 < k < 1, (resp., a seminorm) on A, then || - ||, is a k-norm
(resp., a seminorm) on CL(A); further, in these cases, we have alternate formulas for ||T||, as

ITll, = sup{q(T(x)) : x € A, q(x) =1}

=sup{q(T(x)) : x € A, q(x) < 1},

(2.4)

for each T € CL(A) (see [14, pages 101-102]; [28, pages 3-5]; [19, page 87]).

Remark 2.12. In an earlier version of this paper, the authors had erroneously made the blank
assumption that, for g an F-norm on A, ||T||, given by () always exists for each T € CL(A).
We are grateful to referee for pointing out that this assumption cannot be justified in view of
the following counterexamples.

(1) First, ||T||; need not be finite for a general F-norm. For example, let A = R?,
q(x1,x2) = |x1|+|x2|"2, T(x1, x2) = (x2,x1). Then g is an F-norm on A, but || T||; = oo:
foranyn € N,

q[T(nn*)] g n) n’+n'?

T||, > - -
Il q(n,n?) q(n,n?) 2n

oo (2.5)
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(2) Even when considering the subspace of those T for which ||T||; < oo, then || - [|4
need not always be an F-norm, since (Fs) need not hold. For example, for a fixed
sequence (p,) with 0 < p, < 1, p, — 0, consider the F-algebra A of sequences
(xn) € R with |[x,[P» — 0 and g((xn)) = sup,|xs/P". Then [[T||; < oo for all
multipliers of A, but || - ||; is not an F-norm, that is, it makes the space CL(A) into
an additive topological group but not into a topological vector space (as it would
lack the continuity of scalar multiplication in the absence of (Fs) (cf. [14, Example
1.2.3, page 8]).

In view of the above remark, we will need to assume that (4, g) is a k-normed space
(or a k-normed algebra) whenever [T, is considered for T € CL(A) or CL(A x A, A).

Some useful properties of (CL(A), || - [|;) are summarized as follows.

Theorem 2.13 (see [14, pages 101-102]). Let (A, q) be a k-normed space (in particular, a k-normed
algebra) with 0 < k < 1. Then:

(a) a linear mapping T : A — A'is continuous & ||T||4 < oo;

(b) || - ||q is a k-norm on CL(A);

(c) g(T(x)) < ||T||q ~q(x) forall x € A;

(d) forany S,T € CL(A), [IST||, < ISl ITlly; hence (CL(A), || - |l;) is a k-normed algebra;
(e) if A is complete, then (CL(A), || - |l4) is a complete k-normed algebra.

Remark 2.14. The referee has enquired if the present theory can be considered for the class
of locally convex F-algebras. It is well known (e.g., [22, page 33]; [21, page 9]) that, for this
class of topological algebras, the topology can be generated by an increasing countable family
of seminorms {g,}, which need not be submultiplicative but satisfy the weaker condition
Gn(xy) < gns1(x)gn+1(y); however, for locally m-convex F-algebras, the seminorms can be
chosen to be submultiplicative. In view of this, we believe that a study of quasimultipliers
can possibly be made on locally m-convex algebra F-algebras parallel to the one given by
Phillips (see [29, pages 177-180]) for multipliers.

3. Multipliers on F-Normed Algebras

In this section, we recall definitions and results on various notions of multipliers on an algebra
A (as given in [30-33]) which we shall require later in the study of quasimultipliers (see also
[25, 29, 34-40]). In fact, we shall see that the proofs of most of the results on quasimultipliers
are based on the properties of left, right, and double multipliers.

Definition 3.1 (see [31]). Let A be an algebra over the field K (R or C).
(1) AmappingT: A — Aiscalled a

(i) multiplier on A if aT(b) = T(a)b forall a,b € A,
(ii) left multpilier on A if T(ab) = T(a)b forall a,b € A,
(iii) right multiplier on A if T (ab) = aT(b) forall a,b € A.

(2) A pair (S, T) of mappings S,T : A — A is called a double multiplier on A if aS(b) =
T(a)b for alla,b € A.
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Some authors use the term centralizer instead of multiplier (see, e.g., 30, 31]).

Let M(A) (resp., M¢(A), M,(A)) denote the set of all multipliers (resp., left
multipliers, right multipliers) on A and M;(A) the set of all double multipliers on an algebra
A.Foranya€ A,letL;, R;: A — Abe given by

Lao(x) =ax, Ra(x)=xa, x€A. (3.1)

Clearly, L, € M¢(A), Ra € M,(A), and (L4, R;) € My(A).
For convenience, we summarize some basic properties of multipliers in the following
theorems for later references.

Theorem 3.2 (see [31]). Let A be an algebra. Then,
(a) M¢(A) N M, (A) € M(A),
(b) if A is faithful, then M(A) C M¢(A) N M, (A) and hence M(A) = M¢(A) N M, (A);
(c) if A is commutative and faithful, then M,(A) = M,(A) = M(A);

(d) M¢(A) and M,(A) are algebras with composition as multiplication (ie., (T1T2)(x) =
T1(T>(x))) and have the identity I : A — A, I(x) =x (x € A);

(e) M(A) is a vector space; if, in addition, A is faithful, then M(A) is a commutative algebra
(without A being commutative) with identity I.

Theorem 3.3 (see [31]). Let A be a faithful algebra. Then,

(@) if (5, T) € M4(A), then (i) S and T are linear and (ii) S € M¢(A) and T € M,(A). In
particular, every T € M(A) is linear;

(b) M4(A) is an algebra with identity (I,1) under the operations
(51, Tl) + (Sz,Tz) = (51 + Sz,Tl + Tz), J\(Sl, Tl) = (J\Sl, .)LT1) (.)L € K),

(3.2)
(51, T1)(S2, T2) = (5152, To Th);

(C) let (Sl,Tl), (52, Tz) € Md(A) If51 =5, then T, =Ty, Zf T, =T, then S1=5y;

(d) if A is commutative, then My(A) is commutative and My(A) = M(A); in fact, if
(5,T) e My(A), then S =T.

Definition 3.4. One defines mappings p¢ : A — M¢(A), pur : A — M,(A),and pg : A —
Ma(A) by

I/lZ(a) =L, ﬂr(a) =Ry, /’ld(a) = (LasyRa), a€A. (3.3)
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Theorem 3.5 (see [31]). Let A be an algebra, and let g, p,, and pg be the mappings as defined
above. Then,

(@) pe, pr, and pg are linear;

(b) pe and pg are algebra homomorphisms, while y, is an algebra antihomomorphism;

(c) pe (vesp., py) is 1-1 & Ais left (resp., right) faithful; pg is 1-1 & A is faithful;

(d) pe (resp., py) is onto & A has left (resp., right) identity; p, is onto & A has an identity.

Theorem 3.6 (see [31]). Let A be an algebra.

(a) Foranya € Aand T € My(A), TL,
My(A).

(b) Foranya € Aand T € M,(A), TRs = Rrw) € pr(A); hence u,(A) is a left ideal in
M, (A).

(c) Suppose that A is faithful. Then, for any a € Aand (S,T) € Ma(A),

Lty € pe(A); hence py(A) is a left ideal in

(Lo, Ra)(S, T) = (Lr(a), Rr(a)) € pa(A), (5 T)(La, Ra) = (Ls(ay, Rs(a)) € pa(A);  (3:4)

hence pq(A) is a two-sided ideal in My(A).
Regarding the continuity of multipliers, we state the following.

Theorem 3.7. (a) Suppose that A is a strongly factorable F-normed algebra. If T € My(A) (resp.,
M, (A)), then T is linear and continuous (see [32, 33]).

(b) Suppose that A is a faithful F-algebra. If (S,T) € My(A), then S and T are linear and
continuous; in particular each T € M(A) is linear and continuous (see [31, 33]).

Convention 1. In the remaining part of this paper, unless stated otherwise, A is a topological
algebra and M(A) (resp., M¢(A), M,(A)) denotes the set of all continuous linear multipliers
(resp., left multipliers, right multipliers) on A and M;(A) denotes the set of all double
multipliers (S, T) on A with both S and T continuous and linear.

Definition 3.8 (see [31, 33]). Let A be a topological algebra. The uniform operator topology u
(resp., the strong operator topology s) on M4(A) is defined as the linear topology which has a
base of neighborhoods of 0 consisting of all the sets of the form

N(D,W) = {(S,T) € Ma(A) : S(D) CW, T(D) C W}, (3.5)

where D is a bounded (resp., finite) subset of A and W is a neighborhood of 0 in A. Clearly,
s < u. Note that the u and s topologies can also be defined on the multiplier algebras
M(A), M¢(A) and M,(A) in an analogous way. (The topology s is also called the strict
topology in the literature and denoted by f.) There is an extensive literature on the s and u
topologies (see, e.g., [30, 33-35, 37-39, 41-45]).
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Theorem 3.9 (see [33]). Let A be a faithful F-algebra, and let M;(A) denote any one of the algebras
My(A), M, (A), M(A), and My(A). Then,

(a) (M¢(A),u) and (M;(A), s) are topological algebras with separately continuous multipli-
cation;

(b) (M;(A), u) and (M;(A), s) are complete;

(¢) s and u have the same bounded sets;

(d) if (M¢(A), s) is metrizable, then s = u on M;(A);

(e) if A has a two-sided approximate identity, then A is s-dense in M;(A).

Remark 3.10. Let (A, q) be an F-normed algebra.
(1) If (A, q) is a k-normed algebra, the u-topology on M,(A), M,(A), and M(A) is
given by the k-norm

T
||T||q =sup{q(q((;;)) tx €A, x;éO}; (3.6)

the u-topology on M,(A) is given by the k-norm

18, Dll, = max{lISll,, ITll,},  (S,T) € Ma(A). (3.7)

(2) The s-topology on M¢(A), M,(A), and M(A) is given by the family of {p, : a € A}
of F-seminorms, where

pa(T) = q(T(a), T € Me(A), M,(A) or M(A); (38)
the s-topology on M4(A) is given by the family {r, : a € A} of F-seminorms, where

ra(S,T) = max{q(S(a)),q(T(a))}, (S,T) € Ma(A). (3.9)

Theorem 3.11. Let (A, q) be a k-normed algebra having a minimal approximate identity {ey : A € I}.
Then,

(a) for any a € A, ||Lall; = |Rall; = q(a); so each of the maps pp : A — (Me(A),u),
et A — (M (A),u), pa : A — (Ma(A),u) is an isometry and hence continuous;

(b) forany (S, T) € Ma(A), ISl =Tl
(c) if (A, q) is complete, then Aisa u-closed two-sided ideal in My(A), under the identifica-
tion pg 1 a — (Lq, Ra).

Proof. (a) Let a € A. Then

I Lall, = supq(La(b)) = supq(ab) <su 9(a) -q(b) =g(a). (3.10)

b0 4B) a0 dab) T qd)
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On the other hand,
ILall, = i‘;lgqq(gf)) 2 q;(cg)) >q(aey), VAeL (3.11)
SO
Ll > limg(aes) = g(lim aer ) = g(a). (3.12)

Hence [[ue(a)ll, = ILall, = q(a). Similarly, [l4: (@)l = | Rall, = 4(a). Thus

liat@]l, = max{ILall, IRall,} = 9(a). (3.13)

(b) Let (S5, T) € M4(A). Using (a), we have

4(S(a)) IRsll, 1 q[Rs@(®)]
S|l = = = .
R T R ST R 0 ST O T
= sup sup albS@] - _ sup sup glT(b)a] (3.14)

a#0 b#0 g(a) - q(b) - a#0 b#0 g(a) - gq(b)

g (b)) -q(@) __ q(T(®)
SRR @ ) e awm)

= 1Tl

Similarly,

L1l q[T(a)b]
T||, =su 1 = sup sup ———
1Tl afg g(a) a#lg b#Ig q(a) - q(b)
(3.15)
gla-5(b)]
=supsup ——— < ||5]|,-
RS @ qm) = 1%l
Thus, |ISll, = IIT]l,-
(c) In view of Theorem 3.6(c), we only need to show that p;(A) is u-closed in M4(A).
Let (S, T) € M4(A) with (5,T) € u-cl(pua(A)). Choose {a, : a € J} C A such that {L,,, R, } 5
(S, T). By part (a), uq is an isometry. Hence {a, : « € J} is a Cauchy net in A. Then

(S,T) = u—1im pa(aa) € pa(A). (3.16)

Thus pg(A) is u-closed in M4(A). O
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4. Quasimultipliers on F-Algebras and k-Normed Algebras

In this section, we consider the notion of quasimultipliers on F-algebras and complete k-
normed algebra and extend several basic results of McKennon [2], Kassem and Rowlands
[4], Argiin and Rowlands [8], and Yilmaz and Rowlands [10] from Banach algebras to these
classes of topological algebras.

Definition 4.1 (see [2, 4]). Let A be an algebra. A mapping m : A x A — A is said to be a
quasimultiplier on A if

m(ab,c) = am(b,c), m(a,bc) = m(a,b)c, (4.1)

foralla,b,ce A.
The following Lemma shows in particular that every left multiplier, right multiplier,
multiplier, and double multiplier on an algebra A can be viewed as quasimultiplier on A.

Lemma 4.2. Let A be a faithful algebra.

(a) Foranyc € A, defnem=m.: Ax A — Aby

me(a,b) = acb, VY(a,b) € Ax A. (4.2)

(b) For any T € M, (A), define an associated map m = mgr : Ax A — Aby

mr(a,b) = aT(b), Y(a,b) € AxA. (4.3)

(c) Forany T € M, (A), define an associated map m =mr : Ax A — Aby

mr(a,b) = T(a)b, Y(a,b) € AxA. (4.4)

(d) Forany T € M(A), define an associated map m = mr : Ax A — Aby

mr(a,b) = aT(b), Y(a,b) € AxA. (4.5)

(e) Forany (S,T) € Ma(A), define an associated map m = ms) : Ax A — Aby

msr)(a,b) =aS(®), V(ab) e AxA. (4.6)

Then each of the maps m : A x A — A defined above is a quasimultiplier on A.
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Proof. We only prove (e). Let (S5,T) € M4(A), forany a,b,c,d € A,

m(ab, c) = ms)(ab,c) = (ab)S(c) = a[bS(c)]
(4.7)
= a[mr)(b,c)] = am(b,c).

In a similar way, m(a, bc) = m(a, b)c. O

Theorem 4.3. Suppose that (A, T) is a strongly factorable F-algebra. Then,
(a) Amapm : Ax A — Aisaquasimultiplier on A if and only if

m(ab,cd) = am(b,c)d, Va,b,c,de A; (4.8)

(b) every quasimultiplier m on A is bilinear;

(c) every quasimultiplier m on A is jointly continuous.

Proof. (a) If m is a quasimultiplier on A, then clearly, for any a,b,c,d € A,
m(ab,cd) = am(a,cd) = am(b, c)d. (4.9)

Conversely, let a, b, c € A. Since A is a strongly factorable and a, = {b,¢,0,0,...} — 0,
there exist y, z, w € A such that b = wy, ¢ = wz. Then, using (4.8),

m(ab, c) = m(awy, wz) = (aw) [m(y,w)]z = am(wy, wz) = am(b, c). (4.10)

Similarly, we obtain m(a, bc) = m(a, b)c.
(b) Let a,b,c € A and a € K. Choose, as above, x,y,w € A such that a = wx, b = wy.

Then,
m(a+b,c) =m(wx+wy,c) = (x+y)m(w,c) = xm(w,c) + ym(w,c) @i
= m(wx, c) + m(wy,c) = m(a,c) + m(b,c).
Similarly, m(c, a + b) = m(c, a) + m(c, b). Next,
m(aa,c) = m(awx, c) = (aw)m(x,be) = am(wx, c) = am(a, ). (4.12)

First, we show that m is separately continuous. Let a € A and {x,} C A with limit x. Then
{x, — x} converges to 0. By strong factorability, there exist a sequence {z,} and an element z
of A such thatz, — 0, x,, — x = zz,,. Thus,

m(a, x,) — m(a,x) = m(a,x, — x) =m(a, zz,) = m(a,z)z, — 0. (4.13)

Now, the joint continuity of m follows directly from Theorem 2.7(a). O
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Theorem 4.4. Let A be a commutative algebra. Then,

(a) am(b, c) = m(b, a)c for any quasimultiplier on A and a,b,c € A;

(b) if A is also faithful, then a bilinear map m : A x A — A is a quasimultiplier on A if and

only if

m(az, b> =am(a,b), m(a, b2> =m(a,b)b Va,be A.
Proof. (a) By hypothesis,
am(b,c) = m(b,c)a = m(b,ca) = m(b, ac) = m(b, a)c.

(b) (=) This is obvious.

(&) Foralla,b,c € A, using (4.14),

m((a +b), c) = (a+b)ym(a+b,c)

=am(a,c) + am(b,c) + bm(a,c) + bm(b,c).

On the other hand, we have

m((a+b)% c)=m(a®+b*+2ab,c
(@b c) = m )
= m(az, c> + m(bz, c) +2m(ab, c)

=am(a,c) + bm(b,c) +2m(ab, c).
Comparing (4.16) and (4.17), we obtain
2m(ab,c) = am(b,c) + bm(a,c).
Now, forall a,b,c,d € A, using (4.18) twice,

2m(abd, c) = abm(d, c) + dm(ab, c)

abm(d, c) + %d[2m(ab, )]

=abm(d,c) + %dam(b, c) + %dbm(a, ).

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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By commutativity of A and using (4.18) twice as above,
2m(abd, c) = 2m(adb, c) = adm(b, c) + bm(ad, c)

=adm(b,c) + %[bam(d, ¢) +bdm(a,c)] (4.20)
1 1
=adm(b,c) + Eabm(d, c) + Edbm(a, ).

Comparing (4.19) and (4.20), abm(d, c) = adm(b, c). Since this holds for all a € A and A is
faithful, bm(d, c) = dm(b,c). Hence, for all d € A,

dm(ab, c) = abm(d, c) = a[bm(d,c)] = adm(b,c) = dam(b, ). (4.21)

Since this holds for all d € A and A is faithful, m(ab, ¢) = am(b, c).

A similar computation shows that m(a, bc) = m(a, b)c. Hence m is a quasimultiplier.
O

Definition 4.5. Let QM (A) denote the set of all bilinear jointly continuous quasimultipliers
on a topological algebra A. Clearly, QM(A) is a vector space under the usual pointwise
operations. Further, QM (A) becomes an A-bimodule as follows. For any m € QM (A) and
a € A, we can define the products a o m and m o a as mappings from A x A into A given by

(aom)(x,y) =m(xa,y), (moa)(x,y)=m(x,ay), xy€EA. (4.22)

Thenaom, moae QM(A), so that QM (A) is an A-bimodule.

Definition 4.6. Let (A, g) be an F-normed algebra. Following [2, 4, 8], we can define mappings

¢a: A— QM(A), e Mo(A) — QM(A),

(4.23)
¢r: M, (A) — QM(A), ¢Pa: Ma(A) — QM(A),
by
(pa(a))(x,y) =xay, acA,
(¢e(1))(x,y) =xT(y), T € Me(A),
(4.24)

(@r(D)(x,y) =T(x)y, TeM(A),

(¢a(S,1))(x,y) =xS(y), (S, T) € Ma(A),

for all (x,y) € A x A. By Lemma 4.2, these mappings are well defined.
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Definition 4.7. (1) A bounded approximate identity {e) : A € I} in a topological algebra A is
said to be ultra-approximate if, for all m € QM(A) and a € A, the nets {m(a,e)) : A € I} and
{m(ey, a) : L € I} are Cauchy in A (see [2]).

(2) A topological algebra A is called m-symmetric if, for each S € My(A)UM,(A), there
isaT € My(A)U M, (A) such that either (S,T) € M4(A) or (T,S) € My(A)(see [4]).

Theorem 4.8. Let (A, q) be an F-algebra with a bounded approximate identity {e, : A € I}. Consider
the following conditions.

(a) {ex : A € I} is ultra-approximate.

(b) Foranyae A,S € My(A),and T € M, (A), the nets {aS(ey)} and {T (ey)a} are Cauchy
in A.

(c) A is m-symmetric.
Then (a) = (b) & (c). If A is factorable, then (c) = (a); hence (a), (b), and (c) are equivalent.

Proof. (a)= (b) Suppose that {ey : A € I} in A is ultra-approximate. Let S € M¢(A) and
T € M,(A). Put mi = ¢¢(S) and my = ¢,(T). Then my,my € QM(A) and, for any a €
A, {mi(a,ey)} = {aS(ey)} and {mi(ey, a)} = {T(er)a} which are Cauchy in A by hypothesis.

(b) = (c) Suppose that (b) holds, let S € M¢(A)UM,(A), and suppose that S € M,(A).
Since A is complete, the map T : A — A given by

T(a) = liin aS(ey), a€A, (4.25)
is well-defined. Since S is continuous, for any a,b € A,
aS(b) = aliin S(e\b) = aliin S(ey)b = [liﬁn aS(e)L)] b=T(a)b. (4.26)

Since A is a faithful F-algebra, by Theorem 3.7(b), (S5,T) € M4(A). Hence A is m-symmetric.
(c) = (b) Suppose that (c) holds. Let S € M¢(A) and T € M, (A). By (c), there exist
T: € M,(A), S1 € M¢(A) such that (S5,T1),(S51,T) € My(A). Then, for any a € A,

aS(er) = Th(a)ex — Ti(a),
(4.27)
T(er)a = erSi(a) — Si(a).

Thus, both {aS(ey)} and {T(ey)a}, being convergent, are Cauchy in A.
Suppose that A is factorable. Then (c) = (a), as follows. Let m € QM(A) and a € A.
By factorability, a = bc for some b, c € A. Define the mappings S,T: A — Aby

S(x) =m(c,x), T(x)=m(x,b), x€A. (4.28)
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Then, for any x,y € A,

S(xy) =m(c,xy) =m(c,x)y = S(x)y,

T(xy) =m(xy,b) =xm(y,b) = xT(y),

(4.29)

and so S € My(A) and T € M,(A). By (c), there exist T; € M,(A), S1 € M¢(A) such that
(S/ Tl)/ (Sll T) € Md(A) Then

m(a,ey) = m(bc,ey) =bm(c,ey) =bS(ey) = Ti(b)ey — T1(b),
(4.30)
m(ey, a) = m(ex, be) = m(er, b)c = T(er)c = erSi(c) — Si(c).

Hence {m(a,ey) : A € I} and {m(ey, a) : A € I} are Cauchy in A. So {e) : A € I} is ultra-
approximate. O
Theorem 4.9. Let (A, q) be an F-algebra having an ultra-approximate identity {ey : A € I}. Then,

(a) each of the maps ¢ A, e, Pr, and ¢g is a bijection;

(b) ¢a | M(A) = e | M(A) = ¢, | M(A);

(©) ¢a | pa(A) = pa.

Proof. (a) We give the proof only for ¢g : My(A) — QM(A). To show that ¢4 is onto, let
m € QM(A). Since {e, } is ultra-approximate, for each x € A, the nets {m(x,e) : A € I} and
{m(ey, x) : A € I} are convergent. For each x € A, define S,T: A — Aby

S(x) = li)anm(e)L, x), T(x)= li)anm(x, ey). (4.31)
Then (S,T) € M4(A) since, for any x,y € A,

xS(y) = xliinm(el,y) = liinm(xel,y) =m(x,y)

(4.32)
= liFm(x, e\y) = liin m(x,e))y =T (x)y.
Further, we have for any (a,b) € A x A,
[9a4(S,T)] (a,b) = aS(b) = alimm(e, b) = limm(aey, b) = m(a,b); (4.33)

thatis, ¢4(S,T) = m.
To show that, ¢4 is one to one, let (S1,T1),(S2,T2) € My(A) with ¢4(51,Th) =
¢4(S2,T2). Then, for any a,b € A,

¢a(S1,Th)(a,b) = $a(S2,T2)(a,b), or aSi(b) = aS,(b). (4.34)



16 Abstract and Applied Analysis
Since A is faithful, S1(b) = S»2(b), b € A. So S1 = S,. Consequently, by Theorem 3.3(c), also

T1 = Tz. Thus (51, Tl) = (Sz, Tz)
(b) Let T € M(A) and x,y € A. Then, since T € M¢(A) N M,(A) and (T, T) € Ma(A),

¢a(T) (x,y) = ¢a(T, 1) (x,y) = xT(y) = T(xy)- (4.35)

Also

¢e(T)(x,y) =xT(y) =T(xy);  ¢(D)(xy) =T(x)y =T(xy). (4.36)
(c) Foranya € Aand (x,y) € Ax A,
¢a(pa(a)) (x,y) = a(La, Ra) (x,y) = xLa(y) = xay = pa(a)(x, y). (4.37)

Thus ¢g | pa(A) = pa. O
We obtain the following lemma for later use.

Lemma 4.10. (a) If (A, q) is a factorable F-normed algebra having an approximate identity {ey : A €
I}, then

li}hn g(eraey—a) =0, VaeA. (4.38)

(b) If (A, q) is an F-algebra having a minimal ultra-approximate identity {ey : A € I}, then,
forany m € QM(A),

liin eym(ey, x) = liin m(ey, x) (exists), Vx € A. (4.39)

Compare with [10, page 124].

Proof. (a) Let a € A. Since A is factorable, there exist x, y € A such that a = xy. Then

111;1 g(eraey —a) = 11)1}1 g[(exxyer — exxy) + (exxy — xy)]

s 1%;1 glerx) - q(yey —y)+ 11/1\}1 g(erxy - xy) (4.40)

=4q(x) - q(0) +4(0) = 0.

Since A is complete and {e,} is ultra-approximate, for any x € A, limy m(ey,x) = y (say)
exists. Since g(ey) < 1,

qly —exm(en, x)] <q(y - exy) +qlexy —exm(ey, x)]
<q(y -ewy) +4q(en)q(y - m(ey, x)) (4.41)

<q(y -ewy) +4q(y - mley, x)) — 0. -
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Definition 4.11. Let (A, q) be a k-normed algebra. For any m € QM(A), we define

|mmq=am{i@5fiﬂax4/eA,ny¢o} (4.42)
q(x)q(y)
Clearly,

qlm(x,y)] <lmll,q(x)q(y), Vx,y e A. (4.43)

Theorem 4.12. Let (A, q) be a k-normed algebra. Then,
@) Il - lly is a k-norm on QM(A);
(b) if (A, q) is complete, then so is (QM(A), || - ||q).

Proof. (a) For any m € QM(A),

||m||q:0(=> sup —q[m(x,y)] =0

x2020 4)a(y)
& q[m(x,y)] =0, Vx,y€A, x#0, y#0 (4.44)
= q[m(x,y)] =0, Vx,yeA

— m=0.

Also, for any a € K, g(ax) = |a|¥q(x) and so it follows that l|aml]|, = |a|k||m||q.
Next, let m,u € QM(A), and let € > 0. Choose x,y € A such that

l[m + ul|, < lim + 0 (x,y)] —&. (4.45)

q(x)q(y)

Then,

qlm(x,y) +u(x,y)]

m+ ul, < -e

q(x)q(y)

camxy)] aluoy)] (4.46)
T q)q(y)  9(x)q(y)

< lmlly + lluelly =

Since € > 0 is arbitrary, ||m + ul|, < ||ml|, + [|ull,- Thus || - ||, is a k-norm on QM(A).
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(b) Let {m; :ie N} bea | - ||q—CauChy sequence in QM (A). Then, for any x,y € A,

lim q[ms(x, ) = m; (x, )] = lim q[oms = my) (6, )]
(4.47)

< lim [lm; = my|| - 4(x)q(y) = 0.

Therefore, for any x,y in A, {m;(x,y)} is a Cauchy sequence in A. Since A is complete, the
mapm: Ax A — Agiven by

m(xy) =limmi(xy), ©yeA (@.48)

is welldefined. Clearly, m is bilinear and, by Theorem 2.7(b), m is jointly continuous. Further,
forany a,b,x,y € A,

m(ax, yb) = limm;(ax, yb) = lim [am;(x,y)b] = a [lir_n m; (x,y)] b=am(x,y)b. (449)

Hence, m € QM(A). Next, |[m; — m||; — 0 as follows. Let £ > 0. Since {m;} is || - [|,-Cauchy,
there exists an integer N > 1 such that

|| mi —m,-||q < %’ VY pairs i,j > N, (4.50)
that is,
Q[(m(;(—x;’;;()y(;cr}/)] < g, Vpairsi,j >N, x,y € A, x,y#0. (4.51)

Letx,y € A, x,y #0. Fixany i, > N in (4.51); since m;(x,y) — m(x,y) in A, letting j — oo
in (4.51),

q[mi, (x,y) —m(x,y)] _

< £ 452
q(x)q(y) 2 (452
Then, for any i > N, using (4.51) and (4.52),
qlmi(xy) —m(xy)] _ qlmiCoy) —mi, (v y)] | glmi,(vy) -mxy)]
q(x)q(v) q(x)q(y) q(x)q(v) (4.53)
£ £
<zty=e

[I-1
Thus m; —> m. O
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Theorem 4.13. Let (A, q) be a factorable k-normed algebra having a minimal approximate identity
{er: A el}. Then

(a) each of the maps ¢ a, e, r, and ¢ defined above is a linear isometry;

(b) forany a,b € Aand m € QM(A), ||laomo by = q(m(a,b)).

Proof. (a) We give the proof only for ¢4 : Ms(A) — QM(A). Clearly, ¢, is linear. Let (S5,T) €
M4(A). Then

q[pa(S,T)(x,y)] q[xS(y)]
s, = - A
Igats D, x:(l)g)#o q(x)q(y) X#(l):ly#OQ(x)Q(y>

(4.54)
q(x)q(S(y)) q(S(y))
< = = S .
coes0 4a(y) s 4) 151,

To prove the reverse inequality, let ¢ > 0. There exists (y#0) € A such that ||S[|; <
q(S5(y))/q(y) + €. For any A € I, since 0 < g(yey) < q(y)g(ex) < q(y),

q[9a(S,T)(er ye)] | qlesS(yen)] | glerSwen

ST > > > ; 4.55
946Dl qg(en)q(yer) qa(yer) a(y) (459

hence, in view of factorability, using Lemma 4.10(a),

qlesSw)er] _9(S®))
a(y) q(y)

||¢d(S,T)|| > lim > ||S||q — €. (4.56)
q A

Since € > 0 is arbitrary, we obtain [|¢4(S, T)llg = [ISll = |(S,T)||4, and so ¢g is an isometry.
(b) By (a), ¢4 is an isometry and so

ql(aomob)(x,y)] q[m(xa,by)]
omob| = =
laom o bl xféﬁo q(x)q(y) HEy#O a(x)q(y)
g[xm(a,b)y| B q[pa(m(a,b))(x,y)] (4.57)

sup sup
x20y70 40)9(Y)  xz0yz0 q(x)q(y)

1f40m(a,b)||, = qim(a,b).

We next consider multiplication in QM (A) in various equivalent ways.

Definition 4.14 (see [2,4]). Let A be an F-algebra with an ultra-approximate identity {e) : A €
I} and my, my; € QM(A). Since ¢4 is onto, there exist (S1,T1), (S2, T2) € M4(A) such that

¢a(S1,T1) = my, Pa(S2, To) = my. (4.58)
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By the definitions of ¢, and ¢,
$e(S1) =mi = ¢ (T1),  Pe(S2) = ma = ¢ (T2).

Therefore, the product of m;, m, can be defined in any of the following ways:
(i) miog,ma = pa(S1,T1)0p,Pa(S2,T2) = pa[(S1,T1)(S2, T2)] = Pa(S152, T Th),
(i) myiog,mz = Po(S1)0g,9e(S2) = Pe(5152),
(iii) myog,my = ¢r(T1)og, ¢r(T2) = ¢, (T2 T1).
Note that, for any (x,y) € Ax A,

[$a(51S2, ToT1)] (x,y) = x(S152) (y) = [pe(S5152)] (%, ¥),
also
x(5152)(y) = (1) (x)y = [¢-(ToT1)] (x, ).

Hence, mlod,dmz = m10¢zﬂ12 = mlod,rmz.

Remark 4.15. (1) If m = ¢¢(T) with T € M,(A) and a € A, then, by Theorem 3.6(a),
mog,pa(a) = ¢e(T)op, Pe(La) = pe(TLa) = dpo(Lr(a)) = a(T(a)) € pa(A).
(2) If m = ¢,(T) with T € M,(A) and a € A, then, by Theorem 3.6(b),
pa(a)og,m = ¢r(Ra)og, ¢ (T) = r(TRa) = ¢r(Rr(a)) = pa(T(a)) € Ppa(A).
(3) If m = $4(S,T) and a € A, then, by Theorem 3.6(c),

mog,pa(a) = ¢a[(S,T)(La, Ra)] = pa(SLa, RoT)
= ¢a(Lsa), Rsa)) = pa(S(a)) € pa(A).

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

In the sequel, we denote the product on QM (A) arising from (i), (ii), or (iii) by ©. Some

properties of this product are given as follows.

Theorem 4.16. Let A be a factorable complete k-normed algebra with a minimal ultra-approximate

identity {ey : A € I}. Then,
(a) for any m1, my € QM(A),

(M omy)(x,y) =m (x,li)anmz(e)L,y)> ((x,y) e Ax A),

(4.65)

defines a product ® on QM(A) so that (QM(A),|| - |l4) is a complete k-normed algebra

with identity mo = ¢pa(1,I);
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(b) for any m € QM (A) and a € A,
pa(a)om=aom, moga(a) =moa; (4.66)

(c) pa(A) is a two-sided ideal in QM (A);

(d) If A is factorable, then both Mg(A) and Mg(A) are isometrically algebraically isomorphic
to QM(A), while M, (A) is isometrically algebraically anti-isomorphic to QM (A);

Proof. (a) Let my,my € QM(A) and (x,y) € A x A. Choose (S1,T1), (S2,T2) € Ma(A) such
that

$a(SL,T1) =mi,  a(Ss,Ta) =my, (4.67)
that is,
xSi(y) =mi(xy),  xS:(y) =m(x,y). (4.68)
Then,
(m1 ©m2) (x,) = [$a($152, TaT))] (x, ) = x(5152) ()

= x[5:(S:()] = x[1 (tmes:(v) )| 469)
=m <x, li}Ln e\Ss (y)) =m (x, liin mz(el,y)).

It is easy to verify that ||m; © my|l; < |lmal|4llm2lly, so that (QM(A), || - ||;) is an F-normed
algebra. Further, by Theorem 4.12, (QM(A), || - ||;) is also complete.
(b) Let m € QM (A) and a € A. Using (a), for any (x,y) € A x A,

[ pa@] (e.y) = m((x im ga(@) (o1 y) ) = (i limmeray ) (4.70)

=m(x,ay) = (moa)(x,y).

Similarly, [¢pa(a) © m](x,y) = (aom)(x,y).

(c) To show that ¢4(A) is a two-sided ideal, let m € QM(A) and a € A. By
Theorem 4.9(a), there exists (S,T) € My(A) such that ¢4(S,T) = m. Using (b), for any
(x,y) € Ax A,

[moda(a)](x,y) = (moa)(x,y) = m(x, ay) = a(S,T)(x, ay)

(4.71)
= xS(ay) = xS(a)y = pa(5(a)) (x,y).

Hence, m© ¢pa(a) = ¢pa(S(a)) € pa(A). Similarly, pa(a) om = ¢pa(T(a)) € pa(A).
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(d) Suppose that A is factorable. Then, by Theorem 4.13(a), each of the maps ¢a, ¢¢,
¢,, and ¢4 is a linear isometry. If (S1,T1), (S2, T2) € M4(A), then by definition

$a(S1,Th) o, Pa(S2, T2) = Pa[(S1,T1)(S2, T2)]. (4.72)

If S1, S, € My (A), then by definition
Pe(S1) 09, pe(S2) = Pe(5152). (4.73)

If Ty, T, € M,(A), then by definition
¢r(T1) oy, pr(T2) = ¢, (T2Th). (4.74)

Hence, ¢q : Ma(A) — QM(A) and ¢, : M¢(A) — QM(A) are algebraic isomorphisms and
¢ : M, (A) — QM(A) is algebraic anti-isomorphism. O

Remark 4.17. If A has an identity e, then A may be identified with QM (A) as follows. Let
m e QM(A). Thenm(e,e) € Aand, forany x,y € A,

Ppa(mie, e))(x,y) = xm(e, e)y = m(xe, ey) = m(x,y). (4.75)

5. Quasistrict and Strict Topologies on QM (A)

In this section, we consider the quasistrict and strict topologies on QM (A) and extend several
results from [2, 4, 8]. Throughout we will assume, unless stated otherwise, that (A4, q) is a
factorable complete k-normed algebra having a minimal ultra-approximate identity {e) : A €
I}.

Definition 5.1. For any m € QM(A) and a,b € A, we define mappings aom,moa,aomob:
AxA — A by

(aom)(x,y) =m(xa,y), (moa)(x,y) =m(x,ay), 51)
(aomob)(x,y) =m(xa,by), (xy)eAxA. '

Lemma 5.2. Let m € QM(A) and a,b € A. Then

(@) llaomlly <limllgq(a), moally < |mllgq(a),

(b) [la o m oblly = g(m(a,b)) < |lmllsq(a)g(b).
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Proof. (a) By definition,

qlacm(xy)] _ - qlx-m(ay)]

laoml, = sup WML,
T xroyzo 4(0)q(y) xr0yz0  4(x)q(y)

q(x)q(m(a,y)) q(m(a,y))

< = 5.2
crogr0 A4() yzo 4(y) 62

llml|,q(a)

s DI e,
yzo 4(Y)
Similarly, [|m o al|, < [|m||4q(a).
(b) By Theorem 4.13(b), g(m(a, b)) = ||a o m o b||,. Further, using (a),

laomob|, <llaom|,q(b) <l|m|,q(a)q(b). (5.3)
O

Definition 5.3. (1) The quasistrict topology y on QM (A) is determined by the family {¢,,(m) :
a,b e A} of k-seminorms, where

Sap(m) = [[aomobl, =q(m(a,b)), meQM(A). (54)

Compare with [2, page 109]; [4, page 558].
(2) The strict topology p on QM (A) is determined by the family {#,(m) : a € A} of
k-seminorms, where

1a(m) =max{||aom||q, ||moa||q}, me QM(A). (5.5)

Compare with [8, page 227].
Let 7 denote the topology on QM (A) generated by the k-norm | - ||,.

Lemma 5.4. y C fC 7 on QM(A).

Proof. To show thaty C f, let a,b € A. Then

tan(m) = laomobl, < [laoml,q®) <n.(mqb), meQM(A), (5.6)
also

tap(m) = llao mobll, < [[mo bll,q(a) < np(m)q(a), m € QM(A). (5.7)
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Hence,

¢ap(m) < max{nq(m), 1np(m)}q(a)q(b), m e QM(A). (5.8)

Let {m, : @ € J} be a net in QM (A) with m, LA m € QM(A). Then, for any a,b € A,
Na(my —m) — 0and 1, (m, —m) — 0. Hence,

éap (M —m) < max{n.(ma —m), ny(my —m)}q(a)q(b) — 0. (5.9)

Thus m, - m, and so y CpB.
To show that f C 7, Let a € A. Note that, for any x,y € A,

(aom)(x,y) =m(xa,y) =x-m(a,y), meQM(A),

(5.10)

(moa)(x,y) = m(x,ay) = m(x,a)y, meQM(A).

By Lemma 5.2(a), ||a o m||4 < ||m||;q(a) and ||m o a||; < [|m]|4q(a); hence,
na(m) = max{llacm|,, moal,} <lml,q(a), meQM(A). (5.11)

Consequently, if {m,} is a net in QM (A) with m, 5 m e QM(A), then ||mq — m|; — 0,and
so, forany a,b € A,

Na(Ma —m) < ||my - m”ﬂ(a) — 0. (5.12)
Thus m, i m; thatis, p C 7. O

Theorem 5.5. ¢p4(A) is p-dense in QM (A) and hence y-dense in QM (A).

Proof. Let m € QM(A). Clearly {m(ey, er)} e € A. We claim that ¢pa(m(ey,ey)) 5, m. Let
a € A. We need to show that

Na[pa(m(er, er)) —m] — 0. (5.13)
For any x, y € A, by joint continuity of m,

glao {pa(m(er er)) —m}(x,y)]
= ql{¢alm(er, 1)) - m}(xa,y)] = q[xam(ey, er)y —m(xa,y)] (5.14)

= q[m(xaey, ery) - m(xa,y)| — q[m(xa,y) -m(xa,y)] = 0.
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Hence [|a o {¢pa(m(ey, er)) —m}|l; — 0.Similarly, |[{¢a(m(er, er)) —m} oall; — 0. Thus,

fa[pa(m(er, er)) —m] — 0; (5.15)

that is, ¢4 (A) is p-dense in QM (A). Since y C f, it follows that ¢ 4(A) is y-dense in QM (A).

O

Theorem 5.6. (a) (QM(A),y) and (QM(A), p) are sequentially complete.

(b) If, in addition, (A,q) is strongly factorable, then (QM(A),y) and (QM(A),p) are
complete.

Proof. (a) Let {m; : i € N} be a y-Cauchy sequence in QM(A). For any x,y € A, using
Theorem 4.13(b),

q[mi(x,y) —m;(x,y)] = q[(mi —m;) (x, )]

(5.16)
=[x o (mi = m;) oy ||, = &xy (mi —m;),

which implies that {m;(x, y)} is a Cauchy sequence in A. Definem : AxA — Abym(x,y) =
lim; m;(x, y). Clearly, m is bilinear and, by Theorem 2.7(b), m is jointly continuous. Further,
forany a,b,x,y € A,

m(ax,yb) =limm;(ax,yb) = a[lir_n m;(x, y)] b =am(x,y)b, (5.17)

and so m € QM(A). Further, for any a,b € A,

ap(mi—m) =|laomiob-aomobl|, = ql(m; —m)(a,b)] — 0. (5.18)

Hence m; L m. So (QM(A),y) is sequentially complete.

Next we show that (QM(A), f) is sequentially complete. We first note that, if m €
QM(A), then, for each ¢ € A, the mappings S., T, : A — A given by

Sc(x) =m(c,x), Tq(x)=m(x,c), x€A, (5.19)
define elements in M,(A) and M, (A), respectively, and it is easy to see that

$e(Sc) =com, ¢r(Tc) =moc. (5.20)

Let {m; : i € N} be a p-Cauchy sequence in QM(A), and let ¢ € A. It follows
from the definition of the p-topology that the sequences {¢.(S.);} and {$.(T¢);}, where
(S¢)i(x) = mi(c,x) and (T.);(x) = mi(x,c), are T-Cauchy in QM(A). Since ¢, and ¢, are
topological embeddings, the sequences {(S.);} and {(T.);} are || - ||;-Cauchy in M,(A) and
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M, (A), respectively. Both M,(A) and M, (A) are complete (Theorem 3.9) and so there exist
S© in My(A) and T in M, (A) such that

|(Se)i =5

0, || (T.), - T®

0. (5.21)

q q

Since y C B, the sequence {m;} is y-Cauchy. As proved above, the space QM (A) is
y-complete and so there exists an element 1, in QM (A) such that

lignmi(x, y) = mo(x/ y), Vx,y € A. (522)
Forany a,b € A,

|#e(5)](a ) = lim |#¢(5€) |(a,b) = lim am;(c,b) = (¢ o mo) (a,b), (5.23)

i

which implies that ¢¢(S©) = ¢ o m,. Similarly, we can prove that ¢,(T®)) = m, o c. Thus, by
(5.21),

—0
q

7

llcom;—comyl, = ||¢e<5(c))i - ¢e<S‘C>>||q = ||<S(C>>i -5©

0 (1), -0 (1) ),

(5.24)

—0
q

7

Imioc-mooc|, =

which implies that m, is the p-limit of the sequence {m;} that is, QM (A) is p-complete.

(b) Suppose that A is strongly factorable. Let {m, : & € J} be a y-Cauchy net in
QM(A). Replacing the sequence {m; : i € N} by the net {m, : a € J} in part (a), we obtain
amapm: Ax A — A given by m(x,y) = lim,m,(x, y). Then m is bilinear; further, for any
abx,yeA,

m(ax,yb) =limm,(ax,yb) = a [lim mg(x, y)] b =am(x,y)b. (5.25)

Hence, using strong factorability as in Theorem 4.3(c), it follows that m is jointly continuous

and so m € QM(A). Again, as in part (a), it follows that m, L m and consequently
(QM(A),y) is complete. That QM (A) is p-complete also follows by the argument similar
to the above one. O

Remark 5.7. The authors do not know whether part (b) of the above theorem can be proved
without the assumption of the strong factorability of A.
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Theorem 5.8. (QM(A),y), (QM(A), B), and (QM(A), T) have the same bounded sets.

Proof. (a) Since y C 7, every T-bounded set is y-bounded. Let H be any y-bounded set in
QM(A). Then, for each a, b € A, there exists a constant = r(a, b) > 0 such that

laocmob|,<r, VmeH,

or g[m(a,b)]<r, VYmeH (using Theorem 4.13(b)). 2
Foreacha € Aand m € H, define M, : A — Aby
M,(x) =m(a,x), x€A. (5.27)
Then, = {M, :me H} C CL(A). By (5.26), forany x € A
q[Ma(x)] = g[m(a,x)] <r(a,x), Vme H; (5.28)

hence ¥ is pointwise bounded. Then, by the uniform boundedness principle (Theorem 2.6),
there exists ¢ = c¢(a) > 0 such that

IMall,<c, VmeH. (5.29)

Consider now the family P = {p,, : m € H} of k-seminorms on A defined by

_ _ o dMa ()] glm(a,b)]
Pm(a) = ”Mqu = ililg—q(b) i;l}g—q(b) , acA. (5.30)

For each m € H, p,, is continuous on A since, if {a,} € A with a, — a,in A, then

_q[Ma,—,(b)]
|pm(an) _Pm(ao)l < pm(an - ao) = ?;IST

__q[m(an-a,,b)] lmll,g(an — ao)q(b) (5.31)
B ST R e ST (5

= [lmllyg(an = ao) — 0.

Then, by (5.29), the family P is pointwise bounded. Applying Theorem 2.5, there exists a ball
B =B(x,,1) ={x € A:q(x-x,) <r} and a constant C > 0 such that

pm(x) <C, Vme H, x € B(x,,1). (5.32)
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For any fixed a € A, we claim that

pula) < 210 (5.33)

If a = 0, this is obvious. Suppose that a #0. For simplification, put ¢t = (r/ q(a))l/ k. Then, qis
k-homogeneous, and we have ta + x,, x, € B(x,,7), as follows:

q(ta+x, - xo) = q(ta) = * - g(a) < ﬁq(a) =1,

(5.34)
q(xo—x,) =q(0) =0<r.
So, by (5.32),
pm(ta+x,) <C, Pm(x,) < C. (5.35)
Now, using (5.35) and the properties of k-norm again,
1 1\* a
Pm(a) = pm <;ta) = (;) pm(ta) < @Pm[ta + Xo = Xo]
< %ﬂ) [Pm (ta+xo) + Pm (xo)] (5.36)
2C-
<10 )20 0@
r
This proves our claim. Hence, using (5.33), for any m € H,
”m” — Sup q[m(a/ b)] Sup 1 Sup [m(a’ b)]
1 abz0 9(a)q(b) az09(a) pz0  q(b)
(5.37)
1 2C- q(a) 2C
<=
=@ s supr = < 2
Consequently, H is 7-bounded.
(b) This follows from (a) since y C f C T. O
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