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This paper gives sufficient and necessary conditions for the classification of Sturm-Liouville
differential equations with complex coefficients given by Brown et al. These conditions involve
weighted Sobolev subspaces and the asymptotic behavior of elements in the maximal domain. The
results of the present paper generalize the corresponding results for formally symmetric Sturm-

Liouville differential equations to non-self-adjoint cases.

1. Introduction

Consider the Sturm-Liouville differential expression

ry=w'[-(py) +ay| =dy onlab),

where p, g are both complex valued, w(x) is a positive weight function, —oo < a < b < +o0, and
A is the so-called spectral parameter. We call 7 a formally symmetric differential expression if
p, q are both real valued; otherwise 7 is called formally nonsymmetric. In all cases, we call T

a formally differential expression or operator.
Let L2, denote the Hilbert space

b
12 .= {y is measurable : [a,b) — C : f w(x)|y(x)|2dx < oo}
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with inner product (y, z) := ff Z(x)w(x)y(x)dx and the norm ||y||> = (y, y) for y,z € L. We
call a solution y of (1.1) an L% -solution or square integrable solution if y € L2,. Set

D(T) = {y eL?: y,py € ACio, Ty € Li)}, (1.3)

where ACjoc = ACjc([a,b),C) is the set of complex valued functions that are absolutely
continuous on each compact subinterval of [a,b). We call ®(7) the natural (or maximal)
domain associated with the formally differential operator 7.

The aim of the present paper is to study the asymptotic behavior of elements of
(7). This is closely related to the classification of (1.1) according to the number of square
integrable solutions of (1.1) in suitable weighted integrable spaces. The study of this problem
has a long history started with the pioneering work of Weyl in 1910 [1]. When p(x) and
q(x) are all real valued, Weyl classified (1.1) into the limit point and limit circle cases in the
geometric point of view by introducing the m(\)-functions, where we say that 7 or (1.1) is
in the limit point case at b if there exists exactly one L2 -solution (up to constant multiple)
for A € C with ImA#0 and is in the limit circle case if all solutions belong to L2, for A € C
with Im A #0. This work has been greatly developed and generalized to formally symmetric
higher-order differential equations and Hamiltonian differential systems. For this line, the
reader is referred to [2-10] and references therein.

The same problem was also studied by Sims in 1957 for the case where g(x) is complex
valued [11]. He considered the case where p(x) = w(x) = 1 and Im g(x) is semibounded
and classified (1.1) into three cases. Recently, this work has been extensively generalized by
Brown et al. [12] under mild assumptions on weighted function w(x) and the complex valued
coefficients p(x), g(x). They proved that there exist three distinct possible cases for (1.1).

For formally symmetric 7, it is well known (see [13, 14]) that (1.1) is in the limit point
case at b if and only if

P[0y, () - T Ya (0] — 0 asx —b (14)

for y1, y» € D(7). This kind of characterization (1.4) plays an important role in spectral theory
of differential operators since (1.4) gives a natural boundary condition of functions in ®(7)
at the end point b. In this case every self-adjoint extension associated with the differential
expression needs not a boundary condition at b. The analogues of the result (1.4) are also valid
for both formally symmetric higher-order differential equations and Hamiltonian differential
systems (see, e.g. [4, 5, 7, 8, 15, 16]). By using the asymptotic behavior of elements in B(7),
the further classification of the limit point case into the strong limit point case and the weak limit
point case for high-order scalar differential equations was given by Everitt et al. in [17-19] and
further studied in [14, 20]. It was generalized to Hamiltonian differential systems by Qi and
Chen [21] and well studied in [22]. For real valued functions p(x) and g(x), we say that (1.1)
is in the strong limit point case at the end point b if, for y1, 1y, € 9(7),

p(x)y1(x)y5(x) — 0 as x — b. (1.5)

In the present paper, we attempt to set up the analogues of the results (1.4) and
(1.5) for (1.1) with complex valued coefficients p and g. In the classification of Brown et
al. in [12], Cases II and IIl depend on the admissible rotation angles (see Theorem 2.1).
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The exact dependence is set up in Theorem 2.5. We find that the asymptotic behavior of
elements in D(7) also depends on the admissible rotation angles. So we first study the
properties of the admissible angle set E (defined in (2.10)) and prove that E either contains a
single point or is an interval. See Lemma 3.1. Then we introduce a pencil of Hamiltonian
differential expressions with a new spectral parameter corresponding to (1.1) and set up
the relationship between classifications of Hamiltonian differential expressions and (1.1).
See Lemma 4.3. Applying the results mentioned in (1.4) and (1.5), we obtain sufficient and
necessary conditions for Cases I and Il involving weighted Sobolev spaces and the asymptotic
behavior of elements in D(7). See Theorems 4.1 and 4.11. The main results of the present
paper cover the result (1.4) (see Remark 4.2) and indicate that (1.4) means (1.5) when E has
more than one point; see Corollary 4.9.

Following this section, Section 2 gives some preliminary knowledge for (1.1) with
complex valued coefficients, and Section 3 presents properties of the admissible rotation
angle set E. The main results are given in Section 4.

2. Preliminary Knowledge

Throughout this paper, we always assume that
(i) p(x) #0, w(x) > 0 a.e. on [a,b) and 1/p, q, w are all locally integrable on [a, b),

(ii) p and g are complex valued, and

Q- a{ Z]((’;)) Lrp(x) 7> 0,x € [a, b)} 4C, @2.1)

where co denotes the closed convex hull (i.e., the smallest closed convex set
containing the exhibited set). Then, for each point on the boundary 0Q, there exists
a line through this point such that every point of Q either lies in the same side of
this line or is on it. That is, there exists a supporting line through this point. Let K
be a point on 0Q. Denote by L an arbitrary supporting line touching € at K, which
may be the tangent to Q at K if it exists. We then perform a transformation of the
complex plane z — z — K and a rotation through an appropriate angle 0 so that the
image of L coincides with the imaginary axis now and the set Q is contained in the
new right nonnegative half-plane.

For this purpose we introduce the set S defined by
s={@OK) :K¢Q Refe?(u-K)} 20vpeal, (2.2)
where Q° is the interior of Q, and define the corresponding half-plane
Aox = {peC:Re{e®(u-K)} <0}. 2.3)
Then, Agx C C\ Q. From the definition of S, for all x € [a,b) and 0 < r < oo,

Re{eie % +rp(x) - K] } > 0. (2.4)
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The definition of S is different from the corresponding one given by Brown et al. [12],
but they are equivalent in describing square integrable solutions.
Besides, for (6,K) € S

Re{eie(y—K)} >0 cos(0+y) >0 where u— K = |pu—K|e". (2.5)

Using a nesting circle method based on that of both Weyl [1] and Sims, Brown et
al. [12] divided (1.1) into three cases with respect to the corresponding half-planes Ag x as
follows. The uniqueness referred to in the theorem and the following sections is only up to
constant multiple.

Theorem 2.1 (cf. [12, Theorem 2.1]). Given a (8,K) € S, the following three distinct cases are
possible.

Case I. For all A € Ag, equation (1.1) has unique solution y satisfying
! i0 2 i0 2 b 2
[Re{e p}|y| +Re{e (q—Kw)}|y| ] +| wly| <o (2.6)

and this is the only solution satisfying v € L2,.

Case II. For all A € Ag, all solutions of (1.1) belong to L%, and there exists unique solution
of (1.1) satisfying (2.6).

Case III. For all X € Agk, all solutions of (1.1) satisfy (2.6).

Since every Ag k is a half-plane, it holds that
Ao, k, ﬂ Ao, k, # 0 (2.7)

for (0;,K;) € S, j = 1,2, with 6 # 6, (mod o). Note that (2.4) implies that, for 0 < r < oo and
x € [a,b),

Re{eie<1i§—z)c) +p(x)—§>} > 0. (2.8)

Letting 7 — Oand r — oo in (2.4) and (2.8), respectively, we have the following.

Lemma 2.2. For every (0,K) € S and A € Ag k, there exists 6,(0) > 0 such that
Re{eig(q—Kw)} >0, Re{eie(q—)tw)} >6,(0)w, Re{eiep} >0 (2.9)

on [a,b).

Using variation of parameters method, we can verify that, if all solutions of (1.1)
belong to L2, for some \g € C, then it is true for all A € C. This also means the following.
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Lemma 2.3. If there exists a (6y, Ko) € S such that (1.1) is in Case I with respect to (with respect to
for short) Ag, k,, then (1.1) is in Case I with respect to Ag x for every (6,K) € S.

This indicates that Case I is independent of the choice of (8, K) € S. But Cases II and
III depend on the choice of (6, K) € S in general, that is, there may exist (61, K1), (62, K2) € S
such that (1.1) is in Case II with respect to Ag, k, and is in Case III with respect to Ag, k,. In
order to make clear the dependence, we introduce the admissible angle set E defined by

E={0:3K ¢ Q° (6,K)€eS). (2.10)

Remark 2.4. For given 6 € E, there exist many K such that (6, K) € S. In fact, if 8y € E with
(Bg, Kp) € S for some Ky ¢ Q°, then for all K € Ly, (69, K) € S

Lo = {AeC:Re{eiQO(J\—KO)} =o}. (2.11)

The exact dependence of Cases II and III on (6, K) can be given with the similar proof
in [23, Theorem 2.1].

Theorem 2.5 (cf. [23, Theorem 2.1]). If there exists a (69, Ko) € S such that (1.1) is in Case Il with
respect to Ag, k,, then (1.1) is in Case 1I with respect to Ag x for all (8, K) € S except for at most one
6, € E (mod o) such that (1.1) is in Case III with respect to Ag, k, .

Remark 2.6. Theorem 2.5 means that, if there exist 0; € E, j = 1,2, such that 0; # 0, (mod i)
and (1.1) is in Case III with respect to Ag, k; for j = 1,2, then (1.1) is in Case III with respect
to Agk forall (6,K) € S.

3. Properties of the Angel Set E

This section gives some properties of the set E, which will be used in the proof of our main
results in Section 4. In what follows, we say that E has more than one point if there exist
61,0, € E with 6; # 6, (mod ).

Lemma 3.1. Let E be defined as in (2.10).

(i) The set E is connected in the sense of mod 2.

(ii) If E has more than one point, then, for every A € C \ Q, there exist 61,0, € E with 61 < 6,
such that X € Agx for 6 € (61,0,) C E.

Proof. (i) Suppose that E has more than one point. Let 6;,6, € E with 8, # 6, (mod 7); then
0 <6, -6, <o (mod 2rr) or or < 6, — 01 < 2o (mod 2r).

If0<6,-6; <o (mod2r)and (0;,K;) €S, j =1,2, then we claim that [6;,6,] C E
(mod 2r). Let L; be the line similarly defined as Ly with Ko and 6 replaced by K; and 6;,
j=1,2. Thatis,

Li={1eC:Re{e®(A-K)} =0}, K¢, j=12 (3.1)
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L,

Figure 1: Figure of Lemma 3.1(ii).

Let K be the intersection point of L; and L,. Set
p-K=|u-K|e"wh  peqQ. (3.2)
It follows from (2.5) that
cos(y(u,K) +6;) >0, peQ, j=1,2. (3.3)

By 0 < 0, - 61 < (mod 2or) and (3.3), we can get cos(y(y, K) + 6) > 0 for 8 € [0, 6,]
(mod 2sr) on Q, which means (6,K) € Sand 6 € E.

According to the similar method, we can verify that, if r < 8, —6; < 2or (mod 2or) and
(0;,K;)€S,j=1,2,then [0,0:] U[62,2x] C E (mod 2r), that is, [02,6:] C E (mod 2).

(ii) For 1y € C\ Q, choose (01, K1) € S and 6y > 0 such that Ay € Ag, k, and

Re{eff’l (K - /\0)} = 60> 0. (3.4)

Since E has more than one point, we can choose 6, € E with 6, #6; (mod o). Without loss of
generality, we suppose that 0 < 6, — 6; <o (mod 2r). Let K be defined as in the proof of (i).
If Xy € Ag, x N Ap, k, then it follows from (2.3) that

cos(y+6;) <0, j=1,2, where lg— K =|\g— Kle". (3.5)

By 0 < 6, — 61 < or (mod 2sr) and (3.5), we can get cos(y + 6) < 0 for 8 € [0, 6] (mod 2ur),
which means Ay € Ag x for 6 € [61,0,].

Suppose that Ay € Ag, k. Let Ay € L; be the unique point such that 6y = dist(\o, L1) =
dist(A1, Ag). Let @ = arctan [Ag — A1|/2|K — Ay|; then a + 01 € (01,62) C Eby Ay € Ag, x, and
Ao € Agrg, x by the definition of « (see Figure 1).

So, we can get that 1y € Agx for 0 € [01,601 + a] by Ay € Ag, x N Ag,+a,x, and the lemma
is proved. O
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4. Asymptotic Behavior

In this section, we will give asymptotic behavior of elements in the natural domain of the
formally differential operator 7 defined on the interval [0, o0) with 0 being a regular end point
and +oo being implicitly a singular end point. All results in this section can be stated for any
singular end point, left or right on an arbitrary interval (a,b), where —o0 < a < b < +oo.
Recall that (1.1) on (a, b) is said to be regular at a if 1/p, g and w are integrable on (a, ¢) for
some (and hence any) ¢ € (a,b) and singular at a otherwise; the regularity and singularity at
b are defined similarly (cf. [24]). Note that the regularity (resp., singularity) of an end point
is solely determined by the integrability (resp., nonintegrability) of the coefficients in (1.1) at
the end point, not the finiteness (resp., infiniteness) of the end point, as already remarked by
Atkinson at the end of [13, Section 9.1]. See also [10, Theorem 2.3.1]. Recall the definition of
D(7) in (1.3). We also define

o7 = {ye Ll y,py € ACo, Ty € L3}, (4.1)
where
Ty =w'[-(py) +qy] on [0, ). (4.2)

The first result of this section is as follows.

Theorem 4.1. (i) 7 is in Case I if and only if for y1,y, € D(1) and 6 € E

Myz (x)yy(x) + eZiep(x)yl (X)y5(x) — 0 as x — oo. (4.3)

(ii) T is in Case I if and only if for y1 € D(T), y2 € D(T)
p(x) [yz ()Y (x) =11 (x)y’z(x)] —0 asx — oo. (4.4)

Remark 4.2. Clearly ®(T) = 9(7), by the definition of ®(T). It is easy to see that (4.4) is
equivalent to

p() [y2(2)y () = 1 (X)yy(x)] — 0 as x — oo (4.5)

for y1, y» € B(7).

We will use spectral theory of Hamiltonian differential systems to prove Theorem 4.1,
so that we first prepare some known results for the Hamiltonian differential system

u' = Au+ Bv + {Wyo,

on [0, 0), (4.6)
v'=Cu- A*v - ¢{Whu,
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where u,v are C" valued functions, u’ is the transpose of u, A, B,C,W;, and W, are locally
integrable, complex valued nxn matrices on [0, o0), B, C, W1, and W, are Hermit matrices and
Wi(t) > 0,Wa(t) > 0 on [0,00), and ¢ is the spectral parameter. Assume that the definiteness
condition (see, e.g., [13, Chapter 9, page 253]) holds:

f y*Wy >0 for each nontrivial solution y of (4.6), (4.7)
0

where W = diag(W;, W5). Let L, := L2, [0, o) denote the space of Lebesgue measurable 2n-
dimensional functions f satisfying [;° f*(s)W (s) f(s)ds < co. We say that (4.6) is in the limit
point case at infinity if there exists exactly n’s solutions of (4.6) belonging to L2, for ¢ € C
with Im ¢ #0.

Let @ be the maximal domain associated with (4.6), that is, (u7,27)" € @ if and only if
T, o1 € AC N L3, and there exists an element (f7, gNHle L3, such that

u' = Au+ Bvu + {Wyov + Whg,

o = Cu Ao tWru—Wof O [0, o). (4.8)

It is well known (cf. [5, 7]) that (4.6) is in the limit point case at infinity if and only if

0 -I,
Y (x)JY2(x) — 0 asx— oo, J = <I 0 > (4.9)

for Y1,Y, € @, and for every ¢ € C with Im ¢ #0 there exists a Green function G(¢, s, ¢) such
that, for F = (f7,¢")" e L2,

u
Y = < > =T;F€L?, satisfies (4.8), (4.10)
(%

where (T;F)(x) = fgo G(x,s,¢)W(s)F(s)ds.
Let (6, K) € S and choose Ay € Ag k. Then from (2.9), one sees that

Re{eie (q- )L()w)} > Sow > 0, Re{eie (q- Kow)} >0, Re{eiep} >0 (4.11)

for some 6y > 0. Set

r(x) = |g(x) - hw(x)|,  qx) - low(x) =r(x)e"™,  a(x) =60+a(x),

nx) =lp®],  px)=nEx)ef™,  pi(x) =0+ p(x).

(4.12)
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Consider the Hamiltonian differential system (4.6) withn =1, A(x) =0 and

C(x) =r1(x) sina; (x), Wi(x) = wi(x) = r1(x) cos a1 (x),
sin fi1 (x) cos f1(x) (4.13)
B(x) = ———, Wsr(x) :=wy(x) = ———
(=20 2(x) = () =
that is, the 2-dimensional Hamiltonian differential system
H(0) : u' = Bu + ¢w,v, v = Cu - ¢wqu. (4.14)
It follows from (4.11) that
. Re{ep(t
wy = Re{e’e(q - Aow)} > Sow > 0, wy = w >0, (4.15)
)

and it is easy to verify that the definiteness condition holds for the system (4.14). In fact, y is
a solution of (1.1) if and only if (u, v)" is a solution of (4.14) with

u=y, v =—-ie®py’. (4.16)

This fact immediately yields the following result which is frequently used in the proof of
Theorems 4.1 and 4.11.

Lemma 4.3. (i) 7 is in Case I or Case Il with respect to (6, K) € S if and only if H(0) is in the limit
point case at oo.

(ii) T is in Case III with respect to (0,K) € S if and only if H(0) is in the limit circle case
at oo.

Lemma 4.4. If E has more than one point, then Dg (1) = D, (7) on E°, the interior of E, where

Do(1) = {y €D(7) : J‘:o [Re{eiep}|y'|2 +Re{ei9q}|y|2] < oo},

B (4.17)
2.0) = {ye o [ [Iplly+ lallol] <o}
Proof. Let 01 € E° be fixed. There exist 6,,0; € E° such that
. 3
0 <6, <O, mod 2r), 0<6,-05< Tmod @)’ ,-QAG”K]' 0 (4.18)

by Lemma 3.1. Choose A € ﬂ]3~=1 Ag, k;. Letting f := B(x) be defined as in (4.12) and solving
cos(6; + p) from the equations

cos(0; + B) = cos(61 + p) cos(0; — 61) —sin(61 + ) sin(6; —61), j=2,3, (4.19)
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we have that cos(0;1 + ) = C1 cos(6, + p) + C, cos(03 + ) with

_ sin(91 - 93) >0 _ sin(92 - 91)

1_sinwz——93) , 2—m>0 (4.20)

by (4.18). Since [;° Re{ep}|y|* < oo for y € Dy, (T), we have that
Clj Re{eiezp}|y’|2+C2f Re{ei93p}|y’|2:j Re{eielp}|y’|2 < oo, (4.21)
0 0 0

and hence |;° Re{e®2p} |y’|2 < oo for y € Dy, (7). The same proof as the above with f replaced
by a also proves [;° Re{e™(q - Aow) }|y|* < oo for y € Dy, (T), where a := a(x) is defined as in
(4.12). Therefore, for y € Dy, (1),

JZO [Re{eiefp}|y'|2], J‘: Re{eief (q —Aow)}|y|2 <o, j=12 (4.22)

Set pp = e%p and gg = € (g — Aow). It follows from

sin2(92 -6y = 0820, + cos?0; — 2 cos 6, cos 64 cos(01 — 03) < (cos B, + cos 91)2 (4.23)

and (4.15) that

Re(po, +po,) > eo|p|, Re(go, + go,) > e0|qg - \w|, &y = sin(6: - 64). (4.24)

Then (4.24) and (4.22) yield that, for y € 9, (),

[C1wlly
0

Note that y € L. Then (4.25) gives y € D5(7), or D, (7) C D,(7). Clearly, Ds(7) C Dg, (7).
Thus 9y, (1) = Ds(7). O

?, f | - dow||y|* < co. (4.25)
0

Lemma 4.4 indicates the following.

Corollary 4.5. If T is in Case II with respect to some (6o, Ko) € S and E has more than one point,
then Case III only occurs at the end point of E.

Proof. If T is in Case III with respect to some (61, K1) € S with 61 € E°, then D(7) = Dy, (7) is
restricted in the solution space of (1.1) by the definition of Case III. Since Dy, (T) = D4(T) by
Lemma 4.4, we have that D(7) = 9D,(7) restricted in the solution space of (1.1). This means
that all solutions of (1.1) with A € Ag, k, satisfy

[ (plly? + lallyl?) <o (426)
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Using variation of parameters method we can prove that it is true for all A € C, and hence T
is in Case III with respect to (6o, Ko), a contradiction. O

Lemma 4.6. If T is in Case [ and y € D(T), then (y,v)T € D(0) with v = —ie®py’, where D(0) is
the maximal domain associated with (4.14).

Proof. Suppose that 7 is in Case I with respect to (6, K) € S. We claim that D(7) = Dg(7). Set
(7= do)yo = w™ [~ (pyp) + (4 - Low) o] = g0, (4.27)

for yp € D(7) and Ay € Apk.
Set uy = yo, vy = —ieiepy(’). Then (ug, vy) satisfies

u' = Bv + iwyv, v =Cu-iwu-wfi, fi= wﬂ <—iei9go>. (4.28)
1

Conversely, if (u,v) satisfies (4.28), then v = u solves (4.27). Note that gy € L2, or —ie'® gy €
L2, and wy > 6w implies f; € L2, .

Considering (4.28), we get from (4.10) that (4.28) has a solution (ul,vl)T such that
u € L2 vy € L2 and vy = —ie®®pu). Set y; = uy. Then v, satisfies (4.27), and hence (7 -
Xo)(yo — v1) = 0. Note that y; = uy € L2, and w; > 6w implies that y; € L2 . Thus, 1 — yo is
an L2 -solution of Ty = Aoy. Since 7 is in Case I with respect to (6o, Ko), it follows from (2.6)
that y1 — yo € L2, and v; — vy € L2, . This together with y; € L2, and v; € L2, gives yo € L%,
and vy € Lfaz. In fact, we have proved that, for y € 9(7),

J |g = Aow| cos a1 |y|* < oo, f Ip| cos || < oo, (4.29)
0 0
or

J:D [Re{eiep} ly/'| + Re{eie(q - Low) } |y|2] < oo, (4.30)

where a; and f3; are defined in (4.12) or (4.13). Since y € L?, (4.30) means that
* i "2 i 2
.[o [Re{eep}|y| +Re{e9q}|y| ] <o (4.31)
or y € Dg(7), and hence B(1) = Dy (7). Recall that f; € Lih . Then (4.30) and (4.28) imply that,
if y € D(7), then (y,v)" € D(O). O
Corollary 4.7. If 7 is in Case and y € D(T), then (y,v)" € D(0) with v = ie"¥py’.
Proof. For y € 9(7), ¥ € 9(r) by D(7) = (). So (¥,0)" € D(0) with v = —iepy by

Lemma 4.6. Clearly ®(6) = 9(0) since H () is symmetrical. Then we have that (y, v)T € D(0)
with v = ie ®py’. O
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Proof of Theorem 4.1. The proof of (i): suppose that 7 is in Case I. Since (4.14) is in the limit
point case at infinity by Lemma 4.3, we know that (4.9) holds for all Y1, Y, € 9(6). For y1, y» €
9;1(7), since (yj,vj)T € D(0) with v; = —ie"epy},j = 1,2, by Lemma 4.6, it follows from (4.9)
that

— — 0 -1 Y2 T iy f— 0, —
(yyvl)< >< >=le °(p9,y2 + e py1,) — 0 (4.32)

10 (%]

asx — oo.

Conversely, assume that (4.3) holds for all elements of ®(7). We claim that (1.1) must
be in Case I. Suppose on the contrary that (1.1) is not in Case I. Then all solutions of (1.1)
belong to L2, for A € C. Choose Ay € Ag k, and let yo be a nontrivial solution of (1.1) satisfying
y0(0) = 0. Then yo € D(7) by yo € L2,. Furthermore, it follows from (7 — \¢)yo = 0 that

~(pys) To+ (4= 200) [ol* =0, =(P¥0) vo + (7 - Aow) [yo|* = 0. (4.33)

Integrating (4.33) on [0, x] we have that

sl + [ [Plval” + (9= ) ] =,
' (4.34)
—(p_yg)]/0|g + fo [ﬁ|y6|2 + (ﬁ - xow> |y0|2] =0.

Multiplying e and e~ to the first and second equalities in (4.34), respectively, and adding
them together, we have that

- [eie (py)y, +e ™ (P_yZ))VO] (x) + J: [(PB +Po) |y6|2 + (g0 + o) |y0|2] =0 (4.35)
since 1/0(0) = 0, where pg = €p and gy = €' (g — Lyw). Note that
| (pyo) o + € (P¥o) o] (x) = & [PHowo + e pyFy | () — 0 (4.36)
as x — oo by assumption (4.3) and
Repg = Re{eiep} >0, Regp= Re{eie(q - )L()H))} > Syw (4.37)

by (4.15). Then letting x — oo in (4.35), we have a contradiction. This proves the first part of
this theorem.
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The proof of (ii): suppose that 7 is in Case L Set v; = —ie'py’, v, = ie"¥py), for y; €
D(7), y2 € D(T). Then, we can get (yl,vl)T € 9(8) by Lemma 4.6 and (yz,vz)T € D(0) by

Corollary 4.7. Hence

0 -1 .
(¥, 01) < > <y2> =ie™ (pY,y2 - Py, y2) — O (4.38)

1 0 (%]

as x — oo by (4.9), that is, p(x)[y2(x)y; (x) — y1(x)y5(x)] — Oasx — oo.
Conversely, if 7 is not in Case I, then all solutions of (1.1) belong to L2, for A € C. Let
yi, i = 1,2, be the solution of (7 — Ao)y = 0 such that

o)) ()= () -
11(0) 0 v2(0) 1

Since y; € L2, y; € D(7),i = 1,2. Then the Wronskian

PYy W1 , ,
;| =ry - i) =1, (4.40)
PY, Y2
which contradicts condition (4.5). See Remark 4.2. 0

Remark 4.8. If q(x) and p(x) are real valued, then Q C R and (6,K) = (+r/2,0) € S with
Re{ep(x)} = Re{e®(q(x) — Kw(x))} = 0. This means that Case I, Cases II and III reduce to
Weyl’s limit point, limit-circle cases, respectively. For this case, we know that (1.1) is in the
limit point case at oo if and only if

PO 120y, () - T ()ya(x)| — 0 asx — oo (4:41)

for y1, 2 € D(7), that is, (1.4). Clearly, if p is real valued and /2 € E, then (4.3) reduces to
(1.4). Therefore, (4.3) is a generalization of (1.4).

Corollary 4.9. If E has more than one point, then T is in Case I if and only if, for y1, y» € D(1),

p(xX)y1(X)y5(x) — 0 as x — oo. (4.42)

That is T is in the strong limit point case at co.

Proof. Suppose that E has more than one point and 7 is in Case I. Choose 0; € E, j = 1,2, with
01 # 0, (mod o). Then (4.3) holds for 6 = 6;, j = 1,2. This gives that for y1, y» € 9(7)

<ezi91 - ezi92>py1y'2 — 0 asx— oo, (4.43)

and hence (4.42) holds since 0 # 6, (mod o).
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Conversely, assume that (4.42) holds for all y; € 9(7), i = 1,2. Since (4.42) implies
(4.3), we conclude from (i) of Theorem 4.1 that 7 is in Case . O

Corollary 4.10. If T is symmetric and q(x) > gow(x) on [0, 00), then T is in the limit point case at
oo if and only if it is in the strong limit point case at oo.

Proof. Note that for, 0 € [-x/2,7/2], (6,90) € S. Then [-or/2,7/2] € E. Therefore, (4.3)
holds if and only if (4.42) holds by Corollary 4.9. O

Theorem 4.11. 7 is in Case II with respect to (69, Ko) € S if and only if D(T) # De, (T) #0 and (4.3)
holds for y1,y» € D, (T).

Proof. Suppose that 7 is in Case II with respect to some (8, K) € S. By the definition of Case
IT we know that Dy (7) is nonempty and B(7) # Dg(7). With a similar proof to that one in the
first part of (i) in Theorem 4.1, we can get that (4.3) holds for 11, y> € 9g,(7) by Lemma 4.3
and (4.32).

Conversely, suppose that (1) # Dg(7) for some (6,K) € S and (4.3) holds for y €
Do (7). By the proof of Lemma 4.6, we know that 7 is not in Case I with respect to (6, K). We
only need to prove that 7 is not in Case III with respect to this (6, K). If it is not true, then
all solutions of (1.1) with A € Ag k satisfy (2.6) and so belong to ®y(7). Let yy be a nontrivial
solution of (1.1) with y(0) = 0. Then yy € Dg(7), and hence the same proof as in (4.33)—(4.35)
yields a contradiction. O

Corollary 4.12. If E has more than one point, then T is in case II with respect to some (0, K) € S if
and only if D(T) # Ds(T) and (4.42) holds for y1,y> € Do(T) with O € E°.

Proof. If E has more than one point and 7 is in Case II with respect to some (8y, K¢) € S, then
there exists 8; € E° such that 7 is in Case II with respect to (61, K1) € S by Theorem 2.5. Since
Dg, (1) C D(7) by Theorem 4.11 and D(7) = D¢, (7) by Lemma 4.4, one sees that D(1) # D, (7).
Choose 6, € E° with 01 # 0, (mod o) such that 7 is in Case Il with respect to (6;, K;) €
S for j = 1,2 by Theorem 2.5. Then (4.3) holds for 6 = 60;, j = 1,2 by Theorem 4.11. Since
Dy, (T) = Ds(7), the same proof as in (4.43) gives that (4.42) holds for y1, y» € Ds(7).
Conversely, suppose that D(7) # Ds(7) and (4.42) holds for y € D,(7). Since Do(7) =
D, (1) on E° by Lemma 4.4, we conclude that ®g(7) # D(7) on E° and (4.42) holds for y €
Do(T). So (4.3) holds for y € Dy(7) by (4.42). Then, we have that 7 is in Case II with respect
to (0, K) € S with 6 € E° by Theorem 4.11. O
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