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Firstly, we propose a concept of uniformly almost periodic functions on almost periodic time scales
and investigate some basic properties of them. When time scale T = R or Z, our definition of the
uniformly almost periodic functions is equivalent to the classical definitions of uniformly almost
periodic functions and the uniformly almost periodic sequences, respectively. Then, based on
these, we study the existence and uniqueness of almost periodic solutions and derive some fun-
damental conditions of admitting an exponential dichotomy to linear dynamic equations. Finally,
as an application of our results, we study the existence of almost periodic solutions for an almost
periodic nonlinear dynamic equations on time scales.

1. Introduction

In recent years, researches in many fields on time scales have received much attention. The
theory of calculus on time scales (see [1, 2] and references cited therein) was initiated by
Hilger in his Ph.D. thesis in 1988 [3] in order to unify continuous and discrete analysis, and
it has a tremendous potential for applications and has recently received much attention since
his fundamental work. It has been created in order to unify the study of differential and
difference equations. Many papers have been published on the theory of dynamic equations
on time scales [4-10]. Also, the existence of almost periodic, asymptotically almost periodic,
and pseudo-almost periodic solutions is among the most attractive topics in qualitative the-
ory of differential equations and difference equations due to their applications, especially in
biology, economics and physics [11-29]. However, there are no concepts of almost periodic
functions on time scales so that it is impossible for us to study almost periodic solutions for
dynamic equations on time scales.
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Motivated by the above, our main purpose of this paper is firstly to propose a concept
of uniformly almost periodic functions on time scales and investigate some basic properties of
them. Then we study the existence and uniqueness of almost periodic solutions to linear
dynamic equations on almost time scales. Finally, as an application of our results, we study
the existence of almost periodic solutions for almost periodic nonlinear dynamic equations on
time scales.

The organization of this paper is as follows. In Section 2, we introduce some notations
and definitions and state some preliminary results needed in the later sections. In Section 3,
we propose the concept of uniformly almost periodic functions on almost periodic time scales
and investigate the basic properties of uniformly almost periodic functions on almost periodic
time scales. In Section 4, we study the existence and uniqueness of almost periodic solutions
and derive some fundamental conditions of admitting an exponential dichotomy to linear
dynamic equations on time scales. In Section 5, as an application of our results, we study the
existence of almost periodic solutions for almost periodic nonlinear dynamic equations on
time scales.

2. Preliminaries

In this section, we will first recall some basic definitions lemmas which are used in what fol-
lows.

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators 0,p : T — T and the graininess y: T — R* are defined, respectively, by

o(t) =inf{s e T:s>t}, p(t) =sup{seT:s<t}, u(t) =o(t) —t. (2.1)

A point t € T is called left-dense if t > inf T and p(t) = t, left-scattered if p(t) < t,
right-dense if t < sup T and o(t) = ¢, and right-scattered if o(t) > t. If T has a left-scattered
maximum m, then TX = T\ {m}; otherwise TX = T.If T has a right-scattered minimum m, then
Ty =T\ {m}; otherwise Ty = T.

A function f : T — R is right-dense continuous provided it is continuous at right-
dense point in T and its left-side limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be a continuous function on T.

Fory : T — Randt € T¥, we define the delta derivative of y(t), y(t), to be the
number (if it exists) with the property that, for a given € > 0, there exists a neighborhood U
of t such that

| [ye®) - ()] - y* B)lot) - s]| < elott) - (22)

forall s € U.
Let y be right-dense continuous; if Y2 (t) = y(t), then we define the delta integral by

J‘t y(s)As =Y (t) - Y(a). (2.3)
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A function p : T — R is called regressive provided 1 + pu(t)p(t) #0 for all t € T*. The
set of all regressive and rd-continuous functions p : T — R will be denoted by R = R(T) =
R(T,RR). We define the set R* = R*(T,R) = {p € R : 1 + u(t)p(t) >0, for all t € T}.

An n x n-matrix-valued function A on a time scale T is called regressive provided

I+ pu(t)A(t) is invertible Vte T, (2.4)

and the class of all such regressive and rd-continuous functions is denoted, similar to the
above scalar case, by R = R(T) = R(T, R™").
If r is a regressive function, then the generalized exponential function e, is defined by

er(t,s) = exp{f Su(r) (r(T))AT} (2.5)

for all s,t € T, with the cylinder transformation

Log(1+hz) .
—=——— if h#0,

én(z) = h ? (2.6)
z if h=0.

Definition 2.1 (see [1, 2]). Letp,q: T — R be two regressive functions; define

p
peq=pratups,  op=-r o, pO4=pe(c). (2.7)

Lemma 2.2 (see [1, 2]). Assume thatp,q: T — R are two regressive functions, then
(i) eo(t,s) =landey(t, t) = 1;
(i1) ep(0(t), 5) = (1 + u(Op(B)ep(t, 9);
(iii) ep(t,s) = 1/ep(s,t) = ecp(s,t);
(iv) ep(t, s)ep(s,7) = ep(t,7);
(v) (ecp(t, )" = (ep) (Deap(t, 5);
(vi) if a,b,c € T, then j};p(t)ep(c,o(t))At =ep(c,a) —epy(c,b).
Lemma 2.3 (see [1, 2]). Assume that { f,} .y is a function sequence on | such that

(1) {fn) ey is a uniformly bounded on J;

(i) {f2 } nen 18 a uniformly bounded on J.

Then, there is a subsequence of { fn}, . Which converges uniformly on J where | is an arbitrary com-
pact subset of T.
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3. Uniformly Almost Periodic Functions

Let T be a given time scale, and T is a complete metric space with the metric (distance) d de-
fined by

d(t, to) = |t— t0| for t,topeT. (31)

For a given 6 > 0, the 6-neighborhood U (¢, 6) of a given point t; € T is the set of all points
t € T such that d(t, ty) < 6.

Throughout this paper, E* denotes R" or C", D denotes an open set in E” or D = E”,
and S denotes an arbitrary compact subset of D.

Definition 3.1. f : X — E"is called continuous at ty € X C T if, and only if for any ¢ > 0, there
exists U (tp, 6) such that, for any s € U(ty, 6),

|f(s) - fto)| <. (3.2)

f is called continuous on X provided that it is continuous for every t € X.

Definition 3.2. f : X — E" is called uniformly continuous on X C T if, for any ¢ > 0, there
exists 6(¢) such that, for any t;,t, € X with [t; — f,| < 6(¢) it is implied that

|f(t) - f(B2)| <e. (3.3)

Similar to the finite covering theorem in functional analysis (see [30]), one can easily
show that the following.

Lemma 3.3. Let ([a,b] N'T) C T be a closed interval. If ([a,b] N'T) C U,er(Ga N'T), where I is an
index set, and for every a € I, G, is an open set in R, then there exist ay,ay,...,a, € I, such that
([a,b] NT) C Upo1 (G N'T).

Also, one can easily prove the following two lemmas.

Lemma 3.4. If {S,(x)} converges uniformly to S(x) on [a,b] NT and each S, (x) is continuous on
[a,b] N'T, then S(x) is continuous on [a,b] N'T, lim,, _, fab S.(x)Ax = j: S(x)Ax = ff lim,, , o
Sn(x)Ax, and {[ S, (t) At} converges uniformly to [ S(t) At.

Lemma 3.5. If a sequence {S,(x)} converges to S(x) on [a,b] N'T and, for each n € N, S, (x)
has continuous derivative S%(x) and {S5 (x)} converges uniformly to Q(x), then S®(x) = Q(x),
that is, lim,_ . S2(x) = (lim, .« S, (x))2, and {Su(x)} converges to S(x) uniformly on [a,b] N
T.

By using Lemma 3.3, one can easily show that the following.

Lemma 3.6. Let f € C([a,b] NT,E"), then f is uniformly continuous on [a,b] N'T.

Definition 3.7. A time scale T is called an almost periodic time scale if

[M:i={reR:t£TeT, VteT}#{0}. (3.4)
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Obviously, if 71, 7 €11, then 71 £ » € ITand if T is an almost periodic time scale, then
infT = —oo and sup T = +oo.

Example 3.8. f T = Upez[k(a +b),k(a+ b) +b], where a# — b, then

t ifte@[k(a+b),k(a+b)+b),
o(t) = k20

t+a ifteo{k(a+b)+b},
:zo (3.5)
0 ifte|J[k(a+b),k(a+b)+b),
p(t) = =)
a ifte|J{k(a+b)+b}.
k=0

a+b e IT#{0}. Hence, it is an almost periodic time scale. Obviously, if b = 0,a = 1, then
T=7Z.1Ifb=1,a=0,then T =R.

Definition 3.9. Let T be an almost periodic time scale. A function f € C(T,[E") is called an
almost periodic function if the e-translation set of f

Ele, f}={rell:|f(t+T)- f(t)| <& Vte T} (3.6)

is a relatively dense set in T for all € > 0; that is, for any given € > 0, there exists a constant
I(¢) > 0 such that each interval of length I(¢, S) contains a 7(¢) € E{¢, f} such that

lf(t+7) - f())| <e, VteT. (3.7)

7 is called the e-translation number of f and I(¢) is called the inclusion length of E{¢, f}.

Definition 3.10. Let T be an almost periodic time scale. A function f € C(T x D,E") is called
an almost periodic function in ¢ € T uniformly for x € D if the e-translation set of f

Ele, f,S}={rell:|f(t+7,x) - f(t,x)| <e V(t,x) € T x S} (3.8)

is a relatively dense set in T for all € > 0 and for each compact subset S of D; that is, for any
given € > 0 and each compact subset S of D, there exists a constant I(¢, S) > 0 such that each
interval of length I(g, S) contains a 7(¢, S) € E{e, f, S} such that

|f(t+7,x) - f(t,x)| <e, VteTxS. (3.9)

7 is called the e-translation number of f and I(¢, S) is called the inclusion length of E{¢, f, S}.

Obviously, an almost periodic function can be regarded as a special case of a uniformly
almost periodic function. So, in the following, we mainly discuss the basic properties of
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uniformly almost periodic functions. The basic properties of almost periodic functions can
be derived directly from the corresponding ones of uniformly almost periodic functions.

Remark 3.11. If T = R, then I'T = R in this case, Definitions 3.4 and 3.5 are equivalent to the
definitions of the almost periodic functions and the uniformly almost periodic functions in
[16], respectively. If T = Z, then I'T = Z, in this case, Definitions 3.4 and 3.5 are equivalent to
the definitions of the almost periodic functions and the uniformly almost periodic sequences
in [17, 18].

For convenience, we denote AP(T) = {f : f € C(T, E"), f is almost periodic} and in-
troduce some notations: let a = {a, } and p = {f,} be two sequences. Then,  C a means that
is a subsequence of &, a+p = {a, + B4}, —a = {-a,}, and a and p are common subsequences of
a’( Z;ld P, respectively, which means that a, = aj ,, and f, = f,, for some given function
n(k).

We will introduce the translation operator T,T,f(t,x) = g(t,x) which means that
g(t,x) = lim, .o f(t + ap, x) and is written only when the limit exists. The mode of con-
vergence, for example, pointwise, uniform, and so forth, will be specified at each use of the
symbol.

Similar to the proof of Theorem 1.13 in [16], one can show that.

Theorem 3.12. Let f € C(TxD, E") be almost periodic in t uniformly for x € D, then it is uniformly
continuous and bounded on T x S.

Theorem 3.13. Let f € C(TxD, E") be almost periodic in t uniformly for x € D, then, for any given
sequence a' C I, there exist a subsequence p C a' and g € C(T x D, E") such that Tgf (t, x) = g(t, x)
holds uniformly on T x S and g(t, x) is almost periodic in t uniformly for x € D.

Proof. Forany e >0and S C D, let] = I(¢/4, S) be an inclusion length of E{¢/4, f,S}. For any
given subsequence a’ = {a)} C Il, we denote ), = 7, +y,, where 7, € E{¢/4, f,S},y, € I, and
0<y,<Ln=12,... (Infact, for any interval with length of [, there exists 7, € E{¢/4, f, S},
thus, we can choose a proper interval with length of I such that 0 < a), — 7,, < [, from the
definition of IT, it is easy to see that y, = &}, — 7,, € I1.) Therefore, there exists a subsequence
Y ={ya} Cy' ={y;} suchthaty, — sasn — o00,0<s<1.

Also, it follows from Theorem 3.12 that f (¢, x) is uniformly continuous on T'xS. Hence,
there exists 6(g,S) > 0 so that |t — f2| < §, for x € S, implies

| f(t1, %) = f(t2, x)| < g (3.10)

Since y is a convergent sequence, there exists N = N(6) so that p,m > N implies

[Yp — Yml < 6. Now, one can take a C &, 7 C 7' = {7;,} such that a,7 common with y then; for
any integers p,m > N, we have

|f(t+7p = T, ) = f (&) S [f(E+ 7 = T, %) = f(E+ 7, )| + | F(E+ 7, %) = f ()]

<Ey
4

£
2/

H~| ™

(3.11)
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that is,
2
(ap = am) = (p = Yn) = Tp — T eE{E,f,S}. (3.12)

Hence, we can obtain

|[f(t+ap,x) = f(t+amx)| < sup |f(t+ay,x)—f(t+amx)|
(t, x)€TxS

< sup |f(t+ap—amx) - f(t,x)]
(t,x)€TxS

< sup |f(t+ay—amx) = f(E+Yp = Ym x)| (3.13)

(£, x)€TXS

+ sup |f(t+yp—ymx) - ft,x)]

(t, x)€TxS

Thus, we can take sequences ak) = {zx;k) }, k=1,2,...,and a®*) c a®) ¢ a such that, for any
integers m, p, and all (t,x) € T x S, the following holds:

£ (t+a?,x) = £+ ald,x)| < % k=12,.... (3.14)

1,2,..., we can take a sequence f = {f,}, pn = a,(f’) then, it is easy
{f(

t+ay,, x)} for any integers p, m withp <mand all (t,x) e Tx S

For all sequences a®, k =
to see that { f(t+ f,, x)} C
the following holds:

| f(t+Bp,x) = f(t+ P, x)| < }? (3.15)

Therefore, {f(t + pn, x)} converges uniformly on T x S that is, Tsf(t, x) = g(t, x) holds uni-
formly on T x S, where f = {$,} C a.

Next, we will prove that g(t, x) is continuous on TxD. If this is not true,then there must
exist (o, xo) € TxD such that g(t, x) is not continuous at this point. Then there exist £y > 0 and
sequences {6}, {tx}, and {x,,}, where 6,, > 0,6,, — Oasm — +oo, |ty — ty| + |X0 — Xpn| < O
and

|g(to, x0) = §(tm, Xm)| > €. (3.16)
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Let X = {x,,} U{x0}; obviously, X is a compact subset of D. Hence, there exists positive
integer N = N(go, X) so that n > N implies

tm+ s Xm) — (tm/xm) < @ VmEZ*,
g 3
(3.17)
| f (to + P, x0) = g(to, x0)| < ;—0-

According to the uniform continuity of f(¢,x) on T x X, for sufficiently large m, we have
| f (to + Bu, x0) = f(tm + P Xm) | < 53—0 (3.18)
From (3.17)—(3.18), we get
| g(to, x0) = §(tm, xm)| < €0, (3.19)

this contradicts (3.16). Therefore, g(t, x) is continuous on T x D.
Finally, for any compact set S C D and given ¢ > 0, one can take 7 € E{¢, f, S; then, for
all (t,x) € T x S, the following holds:

|[f(t+Bn+T,x) = f(t+Pnx)| <& (3.20)
Letn — +oo,forall (t,x) € T x S; we have

|g(t+7,x) - g(t,x)| <e, (3.21)

which implies that E{¢, g, S} is relatively dense. Therefore, g(t, x) is almost periodic in ¢ uni-
formly for x € D. This completes the proof. O

Theorem 3.14. Let f € C(T x D, E"); if, for any sequence ' C I1, there exists & C a' such that
T f (t, x) exists uniformly on T x S, then f(t, x) is almost periodic in t uniformly for x € D.

Proof. For contradiction, if this is not true, then there exist ¢y > 0 and S C D such that, for any
sufficiently large I > 0, we can find an interval with length of / and there is no gy-translation
numbers of f(t, x) in this interval; that is, every point in this interval is not in E{ey, f, S}.

One can take a number & € ITand find an interval (a1, b1) with by — a; > 2|« |, where
ai, by € I such that there is no go-translation numbers of f(t, x) in this interval. Next, taking
ay = (1/2)(a1 + by), obviously, a;, — & € (a1, b1), so ay — &} & E{e, f,S}; then, one can
find an interval (az, by) with by — a; > 2(|a}| + |a,|), where ay, by € IT such that there is no
go-translation numbers of f(t, x) in this interval. Next, taking a; = (1/2)(az + bz), obviously,
ay —a,, ay —a) & E{e, f,S}. One can repeat these processes, again and again one can find
ay, ag, ... such that a;—a} ¢ E{eo, f,S}, i>j.Hence, foranyi#j, i,j =1,2,..., without loss
of generality, leti > j, for x € S; we have

sup |f(t+a;,x)—f<t+zx},x>|: sup |f<t+a§—a},x>—f(t,x)'260. (3.22)

(t,x)€eTxS (t,x)eTxS
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Therefore, there is no uniformly convergent subsequence of { f (t+a,,, x)} for (t,x) € TxS; this
is a contradiction. Thus, f(t,x) is almost periodic in t uniformly for x € D. This completes
the proof. m

From Theorems 3.13 and 3.14, we can obtain the following equivalent definition of uni-
formly almost periodic functions.

Definition 3.15. Let f € C(T x D, E); if, for any given sequence a’ C I, there exists a sub-
sequence a C & such that T, f (¢, x) exists uniformly on T x S, then f(t, x) is called an almost
periodic function in ¢ uniformly for x € D.

Similar to the proof of Theorem 2.11 in [16], one can prove that the following.

Theorem 3.16. If f € C(TxD, E") is almost periodic in t uniformly for x € D and ¢(t) is almost pe-
riodic with {¢(t) : t € T} C S, then f(t, ¢(t)) is almost periodic.

Definition 3.17. Let f € C(T x D, E*); H(f) = {g : T x D — E" | there exits a« € Il such that
T.f(t,x) = g(t, x) exists uniformly on T x S} is called the hull of f.

Similar to the proofs of Theorems 1.6 and 1.8 in [19], one can prove the following two
theorems, respectively.

Theorem 3.18. H (f) is compact if and only if f is almost periodic in t uniformly for x € D.

Theorem 3.19. If f(t, x) is almost periodic in t uniformly for x € D, then for any g(t,x) € H(f),
H(f) = H(g).

From Definition 3.17 and Theorem 3.19, one can easily show that.

Theorem 3.20. If f(t,x) is almost periodic in t uniformly for x € D, then, for any g(t,x) € H(f),
g(t, x) is almost periodic in t uniformly for x € D.

Theorem 3.21. If f(t, x) is almost periodic in t uniformly for x € D, then, for any € > 0, there exists
a positive constant L = L(g, S) and for any a € R, there exist a constant 17 > 0 and a € R such that
([a,a+n]NII) C[a,a+ L] and ([a,a+n]NII) C E(¢, f,S).

Proof. Since f(t, x) is uniformly continuous on T x S, for any ¢ > 0, there exists 6(e1,S) > 0 so
that |t; — 2| < &(e1, S) implies

|f(t1, %) = f(t2, x)| <e1, Vx€S, (3.23)

where g1 = /2.

We take 171 = 6(¢/2,S) = 6(€1,S), and L = I(e1,S) + 1, where I(g1,S) is the inclusion
length of E(¢y, f, S).

For any a € R, consider an interval [a, a + L], take

n

TEE(f,El,S)ﬂ[a—z,a+g+l(£1,5)], (3.24)
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and we have

([T—g,T+g]ﬂH>C[a,a+L]. (3.25)

Hence, forall ¢ € [T—(7/2),T7+(7/2)]NI1, we have |¢—7| < 7. Therefore, for any (¢, x) € TxS,

|f(t+§/x) _f(trx)| < |f(t+§/x) —f(t+T,X)| + |f(t+fo) _f(t/x)l

<e.

(3.26)

So, we let a = 7 — (17/2), then ([a, « + 1] NIT) C E(g, f, S). This completes the proof. O

Theorem 3.22. If f, g are almost periodic in t uniformly for x € D, then, for any € > 0, E(f,£,S) N
E(g,¢,S) is a nonempty relatively dense set in T.

Proof. Since f, g are almost periodic in t uniformly for x € D, they are uniformly continuous
on T x S. For any given ¢ > 0, one can take 6; = 6;(¢/2,S) (i =1,2),and ) = 1(¢/2,5), L =
I,(¢/2,S) are inclusion lengths of E(f,£/2,5),E(g,€/2,S), respectively.

According to Theorem 3.18, we can take

1 =1(g, S) = min(61,62) €11, Li=li+n(i=12), L = max(Ly, Lp). (3.27)

Hence, we can find ¢/2-translation numbers of f(t,x) and g(t,x): 71 = mn and » = ny,
respectively, where 71, > € [a,a + L] NI1, m, n are integers, and |11 — | < L.
Let m — n = s, then s can only be taken from a finite number set {sy, s,,...,s,}. When

m-n = s;,j =1,2,...,p, denote the £/2-translation numbers of f(t) and g(t) by T{, Té

respectively, that is, le - Tg =sjn,j=1,2,...,p,and we take T = max;{ |T{|, |T§| }.
For any a € R, on the interval [a + T,a + T + L], we can take £/2-translation numbers
of f(t,x) and g(t, x): 71 and 7,, respectively; there must exist some integer s; such that

T —Ty=si =T - T2j. (3.28)

Set

T(¢,S) =T — T{ =T — Té, (3.29)

then 7(¢, S) € [a,a+ L +2T] NIl and, for any (t,x) € T x S, we have

[ft+m,) = ft,2)| < |f(t+mi—7]x) = f(t=rl,x)| | f(t -7l %) - ft. 0| <&,
|g(t+7,x) - g(t,x)| < |g<t+T2—T§,x> —g(t— J x>| + |g<t—‘r§,x> —g(t,x)‘ <e.
(3.30)

Therefore, there exists at least a 7 = 7(¢,S) on any interval [a,a + L + 2T] with the length
(L +2T) such that T € E(f,¢,5) N E(g,¢,S). The proof is complete. O
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According to Definition 3.10, one can easily prove the following.

Theorem 3.23. If f(t,x) is almost periodic in t uniformly for x € D, then, for any « € R,b € I1,
functions af (t,x), f(t + b, x) are almost periodic in t uniformly for x € D.

Theorem 3.24. If f, g are almost periodic in t uniformly for x € D, then f + g, f g are almost periodic
in t uniformly for x € D and if infyer|g(t, x)| > O, then f(t,x)/g(t, x) are almost periodic in t uni-
formly for x € D.

Proof. From Theorem 3.22, for any € > 0, E(f,¢/2,S) N E(g,€/2,S) is a nonempty relatively
dense set. It is easy to see thatif 7 € E(f,e/2,S)NE(g,€/2,S), thenT € E(f + g,¢,S). Hence,

(e(f, gs) nE(g, gs» CE(f+g,55). (3.31)

Therefore, E(f + g, ¢, S) is a relatively dense set, so f + g is almost periodic in t uniformly for
x € D.

On the other hand, denote sup(t,x)eTXs|f(t,x)| = M;y, sup(t’x)eszLg(t, x)| = M, take
TeE(f,e/2,S)E(g,€/2,S), then, forall (t,x) € T x S, we have

|f(t+7,x)g(t+7,x) - f(t,x)g(t x)|
<|gt+T,x)|f(t+7,x) = f(t,x)|+|f (£, x)||g(t + T, x) — g(t,x)| (3.32)
<My + Mj)e =e.

Therefore, T € E(fg,€1,5S),E(fg, €1,S) is a relatively dense set, so fg is almost periodic in ¢
uniformly for x € D.

Faunally, denote inf(; vyerxs|g(t, x)| = N and take 7 € E(g,¢,S), then, for all (¢,x) €
T x S we have

1 1 _ g(t+T,x)—g(t,x) £
g(t+7,x) 8(t,x)‘_ g(t+1,x)g(t, x) SN2 (3.33)

thatis, 7 € E(1/g,€2,S). Hence, 1/ g is almost periodic in t uniformly for x € D, so f/g is
almost periodic in t uniformly for x € D. The proof is complete. O

Theorem 3.25. If F € C(R x D, E") is almost periodic in t uniformly for x € D, then F(t, x) is also
continuous on T x D and almost periodic in t uniformly for x € D.

Proof. Let F(r,x) € C(RxD, E") be uniformly almost periodic, then, for any sequence a’ C T,
there exists a subsequence a C & such that T, F (t + a,, x) exists uniformly on R x S, where S is
any compact set in D. Consequently, T, f (t + a,, x) = T, F(t + a,,, x) exists uniformly on T x S.
In view of Theorem 3.14, this shows that f(t, x) is uniformly almost periodic. O

Corollary 3.26. If F € C(R, E") is an almost periodic function, then F(t) is an almost periodic fun-
ction on T.
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Theorem 3.27. If f, € C(TxD, E"),n =1,2,...arealmost periodic in t for x € D and the sequence

{ fu(t, x)} uniformly converges to f(t,x) on T x S, then f(t,x) is almost periodic in t uniformly for
xe€D.

Proof. For any ¢ > 0, there exists sufficiently large ny such that, for all (f,x) € T x S,
€
|F2) = fanlt, )] < 5. (3.34)
Take T € E{fy,,€/3,S}, then, for all (t,x) € T x S, we have

|ft+7,x) = f(t,x)| < |f(E+T,%) = fu (E+ T, %) | + | fo (+ T, %) = fuo (£, )|
+ | fu (8, %) = f(t,x)] <&,

(3.35)

thatis, 7 € E(f, ¢, S). Therefore, E(f, ¢, S) is also a relatively dense set; f(t,x) is almost peri-
odic in t uniformly for x € D. This completes the proof. O

Theorem 3.28. If f(t, x) is almost periodic in t uniformly for x € D, denote F(t, x) = fé f(s,x)As,
then F(t, x) is almost periodic in t uniformly for x € D if and only if F(t, x) is bounded on T x S.

Proof. If F(t,x) is almost periodic in t uniformly for x € D, then it is easy to see that F(t, x) is
bounded on T x S.

If F(t,x) is bounded, without loss of generality, then we can assume that F(f,x) is a
real-valued function. Denote

G:= sup F(t,x)>¢:= inf F(tx),
(t,x)eI’[[‘)xS( )>38 (t,x)esz( ) (3.36)

for any € > 0, there exist t; and t, such that
£ £
F(t;,x) < g+ o F(t),x) > G- 2% Vx €S. (3.37)

Let I = I(e1,S) be an inclusion length of E(f,€1,S), where 1 = €/6d,d = |t; — t,|. For any
a € T, take 7 € E(f,&1,S)N[a—t;,a —t; +1]. Denote s; = t; +7,(i = 1,2),L = 1 +d, so
S1,82 € [a,a+ L] N'T, forall x € s,

ty tr+T
F(S2,x)—F(s1,x)=F(t2,x)—F(t1,x)—f f(t,x)At+J f(t, x)At
ty th+1
ty
= F(ty, x) — F(t,x) +f [f(t+T,x) - f(t x)] At (3.38)
t
>G—g—§—51d:G—g—§,
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that is

(F(s1,x) - §) + (G = F(s3,%)) < g (3.39)

Since

F(s1,x)-g2>0, G- F(sp,x) >0, (3.40)
in any interval with length L, there exist s, s, such that
£ £
F(s1,x) < g+ 5 F(sy,x) > G- 5 (3.41)

Now, we denote ¢ = £/2L; in the following, we will prove that if T € E(f, €2, S), then
T € E(F,¢,S). Infact, for any (t,x) € T x S, one can take s1, s, € [t,t + L] N T such that

F(s1,x) < g+ g F(s2,x) > G - g (3.42)

so for T € E(f, &2, S), we have
S1+T

F(t+71,x)—F(t,x) = F(s1 +T,x) — F(s1,x) +I51f(t,x)At— f(t, x)At
t

t+1

>g-(g+ g) —f [F(t+7,%) - f(t,x)] At

>-f L= (3.43)
2
S So+T
F(t+T,x)—F(t,x):F(52+T,x)—F(sz,x)+I f(t, x)At - f(t, x)At
t

t+1

£
<-+e&lL==¢.
2

That is, for 7 € E(f,€,,5), we have T € E(F, ¢, S), so F(t,x) is almost periodic in t uniformly
for x € D. The proof is complete. O

Theorem 3.29. If f(t, x) is almost periodic in t uniformly for x € D and F(-) is uniformly continuous
on the value field of f(t,x), then F o f is almost periodic in t uniformly for x € D.

Proof. In fact, since F is uniformly continuous on the value field of f(t, x) and f (¢, x) is almost
periodic in ¢ uniformly for x € D, there exists a real sequence a = {a, } C ITsuch that

Tu(Fof)= nlirilmF(f(t+ Ay, X)) = F(nl_i)rgoof(t + an,x)> = F(T.f) (3.44)

holds uniformly on T x S. Hence, F o f is almost periodic in f uniformly for x € D. The proof
is complete. O
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Similar to the proof of Theorem 1.17 in [19], one can easily get the following.
Theorem 3.30. A function f(t,x) is almost periodic in t uniformly for x € D if and only if, for every
pair of sequences ', f' C I, there exist common subsequences a C &, C f' such that

Taspf(t, %) = T,T5f (¢, ). (3.45)

Definition 3.31. If every element of matrix function M(t, x) = (mj;(t, x)) ., where m;;(t, x) €
C(T,E)(1,2,...,n;j =1,2,...,m) is almost periodic in f uniformly for x € D, then M(t, x) is
called almost periodic in t uniformly for x € D.

If we use matrix norm: |[M(t, x)| = \/Zijm?j(t,x), then the definition above can be

rewritten as.
Definition 3.32. A matrix function M(t, x) is almost periodic in t uniformly for x € D if and
only if, for any ¢ > 0, the translation set

E(M,g,S)={Ttell:|M(t+7,x)- M(t,x)|<e V(t,x) €T xS} (3.46)

is a relatively dense set.
Theorem 3.33. Definition 3.31 is equivalent to Definition 3.32.

Proof. In fact, if M(t, x) is almost periodic in ¢ uniformly for x € D, by Definition 3.31, then
every element m;;(t, x) is almost periodic in t uniformly for x € D. Thus, for any £ > 0, there
exists nonempty relatively dense set 0 = ﬂi,]- E (m,-]-(t, x),e/+/mn,S). For any T € 0, we have

1/2

IM(t+7,x) = M(t,x)| = | X |mgj(t +7,%) - my(t,0) || <e. (3.47)
ij

On the other hand, if, for any € > 0, E(M, ¢, S) is a relatively dense set, then, for any
i=12,...,n,j=1,2,...,mand T € E(M, ¢, S), we have

|mij (t + 7, x) = myj(t, x)| < [M(t+T,x) - M(t,x)| <¢e, Y(t,x)eTxS5. (3.48)
Hence, every element m;;(t, x) is almost periodic in ¢ uniformly for x € D that is, M (¢, x) is
almost periodic in ¢ uniformly for x € D. The proof is complete. O

Definition 3.34. A continuous matrix function M(t, x) is called normal if, for any sequence
a' CIT, thenthere exists subsequence a C a' such that T, M(t, x) exists uniformly on T x S.

Theorem 3.35. A continuous matrix function M(t, x) is normal if and only if M(t, x) is almost pe-
riodic in t uniformly for x € D.



Abstract and Applied Analysis 15

Proof. If M(t, x) is normal, then every element m;;(t, x) satisfies Definition 3.15, so M(t) is
almost periodic.

On the other hand, if M(t,x) is almost periodic in ¢ uniformly for x € D, by
Definition 3.31, for any sequence a’ C II, thenthere exists subsequence a; C a’ such that
T, m11(t, x) exists uniformly on T x S. Hence, there exists a, C ay, such that Tn,m15(t, x) exists
uniformly on T x S; we can repeat this step mn times, then we can get a series of subsequences
satisfying

a={ar} =ty CApp1C...Cax Cay C o' (3.49)
such that

Tom;j(t,x), i=1,2,...,n, j=1,2,...,m (3.50)

exist uniformly on T x S. Therefore, there exists subsequence a C a' such that T, M(t, x) exists
uniformly on T x S; that is, M (¢, x) is normal. The proof is complete. O

4. Almost Periodic Dynamic Equations on Almost Periodic Time Scales

Consider the following nonlinear dynamic equation
xh = f(t,x), (4.1)

where f € C(T x E", E"); let Q = {x(t) : x(t) is a bounded solution to (4.1)}.

Definition 4.1. If Q# ¢, then A = inf,co|x|| exists A is called the least-value of solutions to (4.1).
If there exists ¢(t) € Q such that [|¢|| = A, then ¢(t) is called a minimum norm solution to (4.1),
where || - || = sup, | - |.

Similar to the proof of Theorem 5.1 in [19], one can easily get the following.

Lemma4.2. If f(t,x) € C(TxS, E") is bounded on T x S and (4.1) has a bounded solution ¢(t) such
that {¢(t), t € T} C Sand 0 € S, then (4.1) must have a minimum norm solution.

Lemma 4.3. If f(t, x) is almost periodic in t uniformly for x € E", S = {¢(t) : t > to} and (4.1) has
a bounded solution ¢(t) on [ty, 00) N'T, then (4.1) has a bounded solution ¢(t) on T and {g(t), t €
T} cS.

Proof. In fact, we may take &' = {a } C ITsuch thatlim, ., &} = +co and Ty f (¢, x) = f(t,x)
holds uniformly on Tx S. For any fixed a, consider the interval (a, c0)NT and ¢ (t) = ¢(t+a)).
It is easy to see that, for k sufficiently large, {¢x} is defined on (a, c0) N T and is a solution to
xB = f(t+ a,x) and {¢k(t)} is uniformly bounded and equicontinuous on (a, o) N T. Then
let & be a sequence which goes to —oo, according to Lemma 2.3, there must exist a C a’ such
that T,p(t) = ¢(t) holds uniformly on any compact subset of T and, for all t € T, we have
@ (t) € S.Since T, f (t, x) = f(t,x), by Lemma 3.5, ¢s(¢) is a solution to (4.1). This completes the
proof. O
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Lemma 4.4. Let f(t,x) € C(T x E", E") be almost periodic in t uniformly for x € E". If (4.1) has a
minimum norm solution, then, for any g(t, x) € H(f), the following equation:

xh = g(t, x) (4.2)

has the same least-value of solutions as that to (4.1).

Proof. Let ¢(t) be the minimum norm solution to (4.1) and \ is the least-value. Since g(t, x) €
H(f), there exists a sequence a’ € IT such that T, f(t,x) = g(t, x) holds uniformly on T x S.
From Lemma 2.3, there exists & C &' such that T,¢(t) = ¢(t) holds uniformly on any compact
subset of T. By Lemma 3.5, ¢s(t) is a solution to (4.2). For |¢(f)| < A, we have |¢(f)| < A; thus,
X =|lgp@)] < A Since p(t) = T_op(t) and |¢(t)| < X', we have |p(t)| < X; thus, L = [[p(t)]] < ).
Therefore, A = \'. The proof is complete. O

From the process of the proof of Lemma 4.4, one can easily get the following.

Lemma 4.5. If ¢(t) is a minimum norm solution to (4.1) and there exists a sequence ' C Il such that
Ty f(t,x) = g(t, x) exists uniformly on T x S, furthermore, if there exists a subsequence & C &' such
that T,(t) = ¢ (t) holds uniformly on any compact set of T, then ¢ (t) is a minimum norm solution to
(4.2).

Lemma 4.6. Let f(t,x) € C(T x E", E") be almost periodic in t uniformly for x € E" and, for every
g(t,x) € H(f), (4.2) has a unique minimum norm solution; then theses minimum norm solutions are
almost periodic on T.

Proof. For a fixed g(t,x) € H(f), (4.2) has the unique minimum norm solution ¢ (¢). Since
g(t, x) is almost periodic in t uniformly for x € E”, we have that for any sequences a’, g’ C I1,
there exist common subsequences a C a', f C f' such that T,,5g(t,x) = T,Tpg(t,x) holds
uniformly on T x S and T, Ty (t), Taspy(t) hold uniformly on T. It follows from Lemmas 4.4
and 4.5 that T, Tp (t) and T, p¢s(t) are minimum norm solutions to the following equation:

x® = Toupg(t, ). (4.3)

Since the minimum norm solution is unique, we have T, T (t) = Ty, p¢(t). Therefore, gs(t) is
almost periodic. The proof is complete. O

We will now discuss the linear almost periodic dynamic equation on an almost peri-
odic time scale T:

x% = Ax + f(t) (4.4)
and its associated homogeneous equation
x® = A(b)x, (4.5)

where A(t) is an almost periodic matrix function and f(¢) is an almost periodic vector fun-
ction.
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Definition 4.7. If B € H(A), thenwe say that
y* =B(ty (4.6)

is a homogeneous equation in the hull of (4.4).

Definition 4.8. If B € H(A) and g € H(f), then we say that
y® =By +g(t) (4.7)

is an equation in the hull of (4.4).

Definition 4.9 (see [31]). Let A(t) be n x n rd-continuous matrix function on T; the linear
system

x2(t) = A()x(t) (4.8)

is said to admit an exponential dichotomy on T if there exist positive constants K, a, projection
P, and the fundamental solution matrix X(t) of (4.8), satisfying

|X(t)PX’1(s)| < Kegy(t,s), s,teT, t>s,
(4.9)
|X(t)(I - P)X‘l(s)i < Keea(s,t), s,teT, t<s.

Similar to the proof of Theorem 5.7 (Favard’s Theorem) in [19], one can obtain that the
following.

Lemma 4.10. If A(t) is an almost periodic matrix function and x(t) is an almost periodic solution of
the homogeneous linear almost periodic dynamic equation x® = A(t)x, then infiep|x(t)] > 0 or
x(t) =0.

Similar to the proof of Theorems 6.3 and 5.8 in [19], one can easily get.

Lemma 4.11. Suppose that (4.5) has an almost periodic solution x(t) and infier|x(t)| > 0. If (4.4)
has bounded solution on [ty, o0) N'T, then (4.4) has an almost periodic solution.

Lemma 4.12. If every bounded solution of a homogeneous equation in the hull of (4.4) is almost perio-
dic, then all bounded solutions of (4.4) are almost periodic.

Proof. According to Lemma 4.10, we know that every nontrivial bounded solution of equa-
tions in the hull of (4.4) satisfies infier|x(¢)| > 0. From Lemma 4.11, it follows that if (4.4) has
bounded solutions on T, then (4.4) must have an almost periodic solution ¢ (t). If ¢(t) is
an arbitrary bounded solution of (4.4), then #(t) = ¢(t) — ¢(t) is a bounded solution of its
associated homogeneous equation (4.5) and it is almost periodic. Thus, ¢(t) is almost pe-
riodic. This completes the proof. O

Lemma 4.13. If a homogeneous equation in the hull of (4.4) has the unique bounded solution x(t) =
0, then (4.4) has a unique almost periodic solution.
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Proof. Let ¢s(t),and ¢(t) be two bounded solutions to (4.4), then x(t) = ¢(t) —¢(t) is a solution
of a homogeneous equation in the hull of (4.4), since x(t) = 0, we have that ¢(t) = ¢(t). Thus,
by Lemma 4.12, (4.4) has a unique almost periodic solution. This completes the proof. O

Similar to the proof of Lemma 7.4 in [16], one can easily prove that the following.

Lemma 4.14. Let P be a projection and X a differentiable invertible matrix such that XPX™! is
bounded on T. Then, there exists a differentiable matrix S such that XPX~' = SPS™! forall t € T and
S, S71 are bounded on T. In fact, there is an S of the form S = XQ™', where Q commutes with P.

Similar to the proof of Lemma 7.5, in [19], one can easily get.

Lemma 4.15. If (4.5) has an exponential dichotomy and X (t) is the fundamental solution matrix of
(4.5), C non-singular, then X (t)C has an exponential dichotomy with the same projection P if and
only if CP = PC.

Similar to the proof of Theorem 7.6 in [19], we can easily obtain.

Lemma 4.16. Suppose that A(t) is an almost periodic matrix function and (4.5) has an exponential
dichotomy, then for every B(t) € H(A), (4.6) has an exponential dichotomy with the same projection
P and the same constants K, a.

Lemma 4.17. If the homogeneous equation (4.5) has an exponential dichotomy, then (4.5) has only
one bounded solution x(t) = 0.

Proof. Let X (t) be the fundamental solution matrix to (4.5). For any sequence a C I1, denote
Ay = At + ay), Xu(t) = X(t + ay,). Since the homogeneous equation (4.5) has an exponential
dichotomy, it is easy to see that there exists a constant M such that || X,,(#)|| < M and || X2 (t)|| =
| A, (5) X, (8)]| < AM, where A = sup,.rllA(t)]|. Therefore, by Lemma 2.3, there exists {a,, } =
a' C asuch that {X,, } converges uniformly on any compact subset of T and lim,, _, o, X (f +a;,)
exists uniformly on T. So, X () is almost periodic. Since the homogeneous equation (4.5) has
an exponential dichotomy, infierx(t) = 0, from Lemma 4.10, x(t) = 0. This completes the
proof. O

Lemma 4.18. If the homogeneous equation (4.5) has an exponential dichotomy, then all equations in
the hull of (4.5) have only one bounded solution x(t) = 0.

Proof. By Lemma 4.16, all equations in the hull of (4.5) have an exponential dichotomy; ac-
cording to Lemma 4.17, all equations in the hull of (4.5) have only one bounded solution
x(t) = 0. This completes the proof. O

Similar to the proof of Theorem 7.7 in [19], we have the following.

Theorem 4.19. Let A(t) be an almost periodic matrix function and f(t) be an almost periodic vector
function. If (4.5) admits an exponential dichotomy, then (4.4) has a unique almost periodic solution:

x(t) = ft X(HPX " (0(s)) f(s)As — f - X()(I - P)X " (a(s)) f(s)As, (4.10)

t

where X (t) is the fundamental solution matrix of (4.5).
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Example 4.20. Consider the following dynamic equation on an almost periodic time scale T

xB(t) = Ax(t) + f(t), (4.11)

where
e -6 0 - sin /3t ; 1 i1o
_<0 _6>’ f()_<COS\/§t>, Il()#g ( )

Obviously, I +u(t) A is invertible for all T, so A € R. We claim that the homogeneous equation
of (4.11) admits an exponential dichotomy. In fact, the eigenvalues of the coefficient matrix in
(4.11) are Ay = A, = -6, according to Theorem 5.35 (Putzer Algorithm) in [1], the P-matrices

are given by
Py=1 Lo Pr=(A-MI)Py=A+6l 00 (4.13)
= = , = — = + = . .
0 01 1 1) 00

We want to choose

TlA = —61"1, T (to) = 1, T'ZA =1r - 61‘2, r2(t0) =0. (414)

Solving the first IVP for 11, we get that 1 (t) = e_¢(t, tp). Solving the second IVP, that is,

ry = —6ry + e_g(t, o), T2(to) =0, (4.15)
we obtain
r=esty) [ —25 (4.16)
2 = et fo W T-6u(s) .
Using Theorem 5.35 (Putzer Algorithm) in [1], we get
10
ea(t, to) = r(H)Po + ra(H) P1 = e6(t, o) 01) (4.17)
Thus,
10 10
X(t)POX_l(S)| = |le-s(t, to) 01 es-6(s, to) 01 < V2ess(t,s). (4.18)

Then, we can take K = v2, a = 3 such that the homogeneous equation of (4.11) admits
an exponential dichotomy. Finally, according to Theorem 4.19, we can get the unique almost
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periodic solution of (4.11):

t +00
x(t) = [ XORX o) f@)as- [ XOU- X @) ($)as

t
_J‘f (t o ))<1 0> <sin\f35>A
- _we_6 PN 0 1/ \cosv2s >

5. Almost Periodic Solutions to a Nonlinear Dynamic Equation on
Time Scales

(4.19)

As an application of our results obtained in the previous sections, in this section, we consider
the following dynamic equation with delays on almost periodic time scale T

xB(t) = A®)x(t) + 3 f(t,x(t - Ti(1))). (5.1)

i=1

Theorem 5.1. Suppose that the following hold:

(Hy) A(t) is an almost periodic matrix function on T, for everyi =1,2,...,n,7;(t) is almost pe-
riodicon T, t —7;(t) € T, fort € T, and f € C(T x R", R") is almost periodic uniformly
int for x € R";

(Hy) x2(t) = A(t)x(t) admits an exponential dichotomy on T with positive constants K and a.;

(Hy) There exists M < a/(2 + pa) Kn such that |f(t,x) — f(t,y)| < M|x—y|fort e T,x,y €
R™,

Then system (5.1) has a unique almost periodic solution.

Proof. For any ¢ € AP(T), consider the following equation:
X2 () = A®)x(t) + 3 f (L (t - 7i(1))- (5.2)
i=1
According to Theorem 4.19, (5.2) has a unique solution Ty € AP(T) and

t n
Tp®) = [ XOPX (@) X (5,95 - (o) s
-0 i1
(5.3)

B f "X - P)X " (0(5)) S £ (5,9(s - 7:(5))) bs.
i1

t
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Define a mapping T : AP(T) — AP(T) by setting (T¢)(t) = x,(t), for all x € AP(T). From
(Hyp), we have

[X(HPX(5)| < Keealt,s), steT, tzs,

(5.4)
|X(t)(I - P)X-l(s)| < Keea(s,t), steT, t<s.
For any ¢, ¢¢ € AP(T), we have
t n
Ty - Ty < j X(t)PX‘l(o(s))Z|f(s,(p(s -17;(s))) = f(s,¢(s - 7:(s))) | As
~o0 i=1
_ L XA -P)Xa(s) D |f (s, (s —7i(5)) = f (s, ¢5(s —7(s))) | As
i-1
t +o0 n
< [I Kea(t,0(s))As + f Keu(cr(s),t)As:I ZM”(p -yl
w t i-1
5
< = Exnmlp -]
(5.5)

where p = sup, p(t). Since (H>), T is a contractive operator. Therefore, (5.1) has a unique
almost periodic solution. O
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