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We consider the following real two-dimensional nonlinear analytic quasi-periodic Hamiltonian
system % = JV.H, where H(x,t,&) = (1/2)p(x3 + x3) + F(x,t,¢) with f#0,0,F(0,t,¢) = O(¢) and
0xxF(0,t,€) = O(¢) as ¢ — 0. Without any nondegeneracy condition with respect to &, we prove
that for most of the sufficiently small ¢, by a quasi-periodic symplectic transformation, it can be
reduced to a quasi-periodic Hamiltonian system with an equilibrium.

1. Introduction

We first give some definitions and notations for our problem. A function f(¢) is called a quasi-
periodic function with frequencies w = (w1, wy, ..., w;) if f(t) = F(wit, wat, ..., wit) with 6;
wit, where F(01,6,,...,0) is 2o periodic in all the arguments 0;, j = 1,2,...,L. If F(9) (0 =
(61,6,...,61)) is analyticon D, = {6 € C'/2xZ" | |Im6;| < p, i = 1,2,...,1}, we call f(t)
analytic quasi-periodic on D,. If all g;;(t) (i,j = 1,2...,n) are analytic quasi-periodic on D,,
then the matrix function Q(t) = (g;;(t))1;, j<n is called analytic quasi-periodic on D,.

If f(t) is analytic quasi-periodic on D,, we can write it as Fourier series:

ft) = 3 e, (1.1)

kez!

Define a norm of f by ||fll, = ez |fxle. It follows that [fi| < |fll,e ™. If the matrix
function Q(t) is analytic quasi-periodic on D,, we define the norm of Q by [|Q|, = n x
maxig; j<nl|Gijllp- It is easy to verify [[Q1Qa|l, < |Q1llpl1Q2ll,- The average of Q(t) is denoted
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by [Q] = ([4ij])1<i j<n Where
.1 (T
) = Jim 57 [ ay (o (12)

For the existence of the above limit, see [1].
Denote

1

C
D(r,p, &) = {(x,e,a €C" x <2ﬂzz> xC|lx| <7, 0€D,, |¢l SEO}, (1.3)

where x = (x1,%2,...,%x,) and |x| = |x1] + |x2] + - -+ + |2,].
Let f(x,t,€) be analytic quasi-periodic of ¢ and analytic in x and € on D(r, p, o). Then
f(x,t,€) can be expanded as

[ee]

fx,te) = Z mek(x)sm ikt (1.4)
m=0 keZ!
Define a norm by
”f“D(r,p,gg) = Z |fmk|r‘€6n eplkl’ (15)
m=0 keZ!

where | fiklr = Sup|x‘9~|fmk (x)|- Note that

”fl ’ fz”D(r,p,EU) < ”f1 ”D(r,p,eo) ’ ||f2||D(r,p,£g)' (16)

Problems

The reducibility on the linear differential system has been studied for a long time. The well-
known Floquet theorem tells us that if A(t) is a T-periodic matrix, then the linear system
x = A(t)x is always reducible to the constant coefficient one by a T-periodic change of
variables. However, this cannot be generalized to the quasi-periodic system. In [2], Johnson
and Sell considered the quasi-periodic system x = A(t)x, where A(t) is a quasi-periodic
matrix. Under some “full spectrum” conditions, they proved that x = A(t)x is reducible.
That is, there exists a quasi-periodic nonsingular transformation x = ¢(t)y, where ¢(¢) and
$(t)™" are quasi-periodic and bounded, such that x = A(t)x is transformed to i7 = By, where
B is a constant matrix.
In [3], Jorba and Sim6 considered the reducibility of the following linear system:

x=(A+eQ())x, x€R" (1.7)
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where A is an n x n constant matrix with n different eigenvalues Ay, Ay,..., A, and Q(f) is

analytic quasi-periodic with respect to t with frequencies w = (wq,wy,...,w;). Here ¢ is a
small perturbation parameter. Suppose that the following nonresonance conditions hold:

(k,w)yV=T+1; - \| > ﬁ (1.8)

for all k € Z'\ {0}, where a > 0 is a small constant and 7 > [ — 1. Assume that )L?(e) (j =
1,2,...,n) are eigenvalues of A + £[Q)]. If the following non-degeneracy conditions hold:

4 (W -3©)

#0, Vi#j, (1.9)

e=0

then authors proved that for sufficiently small &y > 0, there exists a nonempty Cantor subset
E c (0,¢&p), such that for ¢ € E, the system (1.7) is reducible. Moreover, meas((0,&y) \ E) =

o(gg).

Some related problems were considered by Eliasson in [4, 5]. In the paper [4], to study
one-dimensional linear Schrodinger equation

d*q
¥ + Q(wt)g = Eq, (1.10)

Eliasson considered the following equivalent two-dimensional quasi-periodic Hamiltonian
system:

p=(E-Qwt))gq, q=p, (1.11)

where Q is an analytic quasi-periodic function and E is an energy parameter. The result in [4]
implies that for almost every sufficiently large E, the quasi-periodic system (1.11) is reducible.
Later, in [5] the author considered the almost reducibility of linear quasi-periodic systems.
Recently, the similar problem was considered by Her and You [6]. Let C* (A, gl(m, C)) be the
set of m xm matrices A(\) depending analytically on a parameter A in a closed interval A C R.
In [6], Her and You considered one-parameter families of quasi-periodic linear equations

x=(AW) + g(wit, ..., wit, 1))x, (1.12)

where A € C¥(A, gl(m, C)), and g is analytic and sufficiently small. They proved that under
some nonresonance conditions and some non-degeneracy conditions, there exists an open
and dense set &/ in C*(A, gl(m, C)), such that for each A € &4, the system (1.12) is reducible
for almost all A € A.

In 1996, Jorba and Sim6 extended the conclusion of the linear system to the nonlinear
case. In [7], Jorba and Sim6 considered the quasi-periodic system

x=(A+eQ(t)x+eg(t)+h(x,t), x€eR", (1.13)
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where A has n different nonzero eigenvalues .\;. They proved that under some nonresonance
conditions and some non-degeneracy conditions, there exists a nonempty Cantor subset E C
(0, £0), such that the system (1.13) is reducible for € € E.

In [8], the authors found that the non-degeneracy condition is not necessary for the
two-dimensional quasi-periodic system. They considered the two-dimensional nonlinear
quasi-periodic system:

x=Ax+ f(x,te), xe€ R?, (1.14)
where A has a pair of pure imaginary eigenvalues +v-1lwy with wy#0 satisfying the
nonresonance conditions

[24 a

(kw) > =2, [(k,w) 20| > (1.15)
K I

forall k € Z'\ {0}, where a > 0 is a small constant and 7 > [ — 1. Assume that f(0,t,¢) = O(¢)
and 0, f(0,t,€) = O(¢e) as € — 0. They proved that either of the following two results holds:

(1) for Ve € (0, &), the system (1.14) is reducible to y = By + O(y) asy — 0;

(2) there exists a nonempty Cantor subset E C (0, &), such that for £ € E the system
pty y
(1.14) is reducible to y = By + O(y?) asy — 0.

Note that the result (1) happens when the eigenvalue of the perturbed matrix of A in
KAM steps has nonzero real part. But the authors were interested in the equilibrium of the
transformed system and obtained a small quasi-periodic solution for the original system.

Motivated by [8], in this paper we consider the Hamiltonian system and we have a
better result.

2. Main Results

Theorem 2.1. Consider the following real two-dimensional Hamiltonian system

x=JV.H, x€R? (2.1)

where H(x,t,€) = (1/2)p(x? + x3) + F(x,t,€) with p#0, F(x,t,€) is analytic quasi-periodic with
respect to t with frequencies w = (w1, ws,...,w;) and real analytic with respect to x and € on

D(r,p, €0), and
J = ! 2.2
<_1 0>' 22
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Here € € (0, &) is a small parameter. Suppose that 0,F(0,t,€) = O(e) and 0,xF(0,t,€) = O(¢) as
e — 0. Moreover, assume that p and w satisfy

@

[(k,w)| > ===,
Ik

(2.3)

o
kayaszF (2.4)

forall k € Z'\ {0}, where ag > 0 is a small constant and T > 1 - 1.

Then there exist a sufficiently small €, € (0,€0] and a nonempty Cantor subset E, C (0,¢.),
such that for € € E,, there exists an analytic quasi-periodic symplectic transformation x = ¢.(t)y +
@ (t) on D,/ with the frequencies w, which changes (2.1) into the Hamiltonian system y = JV, H,,
where H,(y,t,€) =1/2p, (e)(yf + yg) + F.(y,t,€), where F.(y,t,€) = O(y®) as y — 0. Moreover,
meas((0,&x) \ Ex) = 0o(es) as e« — 0. Furthermore, p.(e) = p+ O(e) and ||ps — Id||p/2 + gl p/2 =
O(g), where 1d is the 2-order unit matrix.

3. The Lemmas

The proof of Theorem 2.1 is based on KAM-iteration. The idea is the same as [7, 8]. When
the non-degeneracy conditions do not happen, the small parameter ¢ is not involved in the
nonresonance conditions. So without deleting any parameter, the KAM step will be valid.
Once the non-degeneracy conditions occur at some step, they will be kept for ever and we
can apply the results with the non-degeneracy conditions. Thus, after infinite KAM steps, the
transformed system is convergent to a desired form.

We first give some lemmas. Let R = (rij),; j<» be a Hamiltonian matrix. Then we have
711 + 1 = 0. Define a matrix Ry = (1/2)d] with d = 5 — r21. Let

B = ! ! ! 3.1
_7§<F —ﬁ)‘ G

It is easy to verify
=l 1.
B mm:im@QAMﬁV4@,

1 0 o —v-1«'
BY(R-Ry)B == ,
2\ o' +v/=1x' 0

(3.2)

where ¢’ = 2r11 and k¥’ = 121 + 112.
In the same way as in [7, 8], in KAM steps we need to solve linear homological
equations. For this purpose we need the following lemma.

Lemma 3.1. Consider the following equation of the matrix:

P=AP-PA+R(t), (3.3)
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where A = P(e)] with |p(e)| > p, u > 0 is a constant, and R(t) = (rij(t))1gi,jgz is a real analytic
quasi-periodic Hamiltonian matrix on D, with frequencies w. Suppose f(e) and R are smooth with
respect to € and |eff (€)| < cp for € € E C (0,¢€.), where ¢y is a constant. Note that here and below
the dependence of € is usually implied and one does not write it explicitly for simplicity. Assume
[R] 4 = 0, where [R] is the average of R. Suppose that for € € E, the small divisors conditions (2.3)
and the following small divisors conditions hold:

k,w) - 2p(e)| > -,
ko) 210 > 15

(3.4)
where 7' > 27 +1. Let 0 < s < p and p1 = p —s. Then there exists a unique real analytic quasi-periodic
Hamiltonian matrix P(t) with frequencies w, which solves the homological linear equation (3.3) and
satisfies

C
1Pl <

c
IR, 11edePll,, < —— (IRl + lledcRl, ), (35)

wherev=7"+1, v =27 + 1 and ¢ > 0 is a constant.

Remark 3.2. The subset E of (0, ¢.) is usually a Cantor set and so the derivative with respect
to € should be understood in the sense of Whitney [9].

Proof. Let P = B~1PB, where B is defined by (3.1). Similarly, define Z, E, EA. Then (3.3)
becomes

P-AP-PA+R(®), (3.6)
where
A = diag(vV=1p,~v~1B). (3.7)

Moreover, R4 and R — R4 have the same forms as (3.2) and (3.2), respectively
Noting that [R], = 0, we have [R], = 0. Write P = (Eij)i,j and R = (7;); ;. Obviously,
we have 711 = —?22 with [Fii] =0.

Insert the Fourier series of P and R into (3.6). Then it follows that ;_9?1 =0, ;_aﬁ -
7%/ ((k, w)~/=1) for k#0, and

=k

Tij ..
\ﬁl((k,w):l:Zﬁ) for i #j. (3.8)

—k
pij =
Since R is analytic on D,, we have IRk| < |IR]| Pe"""’ . So it follows

[P

< 3 |Pele 9 < R 3.9
P-s‘keZzJ e|e 9 < IRl (3.9)
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Note that here and below we always use c to indicate constants, which are independent of
KAM steps.

Since A and R(t) are real matrices, it is easy to obtain that P(t) is also a real matrix.
Obviously, it follows that p,; = —p,, and the trace of the matrix P is zero. So is the trace of P.

Thus, P is a Hamiltonian matrix.

Now we estimate [|[e0P/0¢||,,. We only consider p,, and p,, since p;, and p,, are easy.

For i# j we have

dpj; (e) ) 2 (e)75; — ((k, w) £2p)7%5 (e)

5 (3.10)
de —V=1((k,w) +2p)
Then, in the same way as above we obtain the estimate for ||e(0P/0¢)||,,. O
The following lemma will be used for the zero order term in KAM steps.
Lemma 3.3. Consider the equation
X =Ax+g(t), (3.11)

where A is the same as in Lemma 3.1, and g is real analytic quasi-periodic in t on D, with frequencies
w and smooth with respect to €. Suppose that the small divisors conditions (3.4) hold. Then there exists
a unique real analytic quasi-periodic solution x(t) with frequencies w, which satisfies

o8 > (3.12)
P

“oe

2
o€

C
< (sl

c
Il < ==l

where s,p1,v, v’ are defined in Lemma 3.1.

Proof. Similarly, let x = Bx,A=B'ABand g(t) = B7'g(t). Then (3.11) becomes
X=Ax+3(t), (3.13)

where A = diag(v/~18, —v/~1p). Expanding X = (¥1,%,) and g = (g,,3,) into Fourier series
and using (3.13), we have

—k
Tk = & __ (3.14)
VAI((k,w) + (-1)'p)
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Using 2k in place of k in (3.4), we have

24

|(k,w) - p(e)| > 2K

(3.15)

Thus, in the same way as the proof of Lemma 3.1, we can estimate [|x||,, and [l€0.x||,,. We
omit the details. O

The following lemma is used in the estimate of Lebesgue measure for the parameter ¢
in the case of non-degeneracy.

Lemma 3.4. Let ¢s(e) = 0e™ + &N f(e), where N is a positive integer and f satisfies that f(e) — 0
ase — 0and |f'(e)| < cfore € (0,¢). Let ¢p(e) = (k,w) — 2 — ¢(e). Let

0= {se(O,s*) | |pe)| zﬁ kaeo}, (3.16)

where T' > 2T + 1, a < (1/2)ap,0 #0. Suppose that the small condition (2.4) holds. Then when &, is
sufficiently small, one has

meas(0, &) \ O < c%si\“l, (3.17)
a
0

where ¢ is a constant independent of ay, a, €,

Proof. Let

Oy = {g € (0,e) | |pe)] < |k"|‘r, } (3.18)

By assumption, if &, is sufficient small, we have that |g(¢)| < 20eN and |¢'(¢)| > (0/2)eN!
fore € (0,&.). If €N < ap/ (40]k|7), by (2.4) we have

a
k™

|p(e)| = [(k,w) = 2p| - |¢(e)| > (3.19)

Thus, we only consider the case that N > &N > (ag/(40lk|")). We have |k| >
(a/ (40eN )™ = K. Since

|¢,(5)|:|‘l"(5)|2%€1\]_1> 24

> SkFe (3.20)
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we have meas(Ox) < ((2a)/|k|™) x ((8|k|"e.) /a0) = (16as.)/ (|k|” " ay). So

meas((0,&) \ 0) < Z meas(Oy) < 16—“5* Z L

k=K ao ik kT
(3.21)
< %E*KI—T'+T < %g*NH,
ao ag
where c is a constant independent of ap, &, and &,. O
Below we give a lemma with the non-degeneracy conditions.
Lemma 3.5. Consider the real nonlinear Hamiltonian system % = |V H, where
H -l ed) +F th 22
(x,t,€) = §ﬂ<x1 + x2> +F(x,t,e) with p#0. (3.22)

Suppose that F(x,t, €) is analytic quasi-periodic with respect to t with frequencies w and real analytic
with respect to x and € on D(r, p, o). Let f(x,t,€) = [V F(x,t,¢). Assume that f(0,t,€) = O(g¥™)
and 0 f(0,t,€) = O(e™) as € — 0, where my is a positive integer. Let Q(t,e) = 0xf(0,t,€) =
Skom, Qi (B)e. Suppose there exists mo < k < 2mg — 1 such that [Qk] o #0 and the nonresonance
conditions (2.3) and (2.4) hold. Then, for sufficiently small €, > O, there exists a nonempty Cantor
subset E, C (0,¢,), such that for € € E,, there exists a quasi-periodic symplectic transformation
X = ¢u(t)y + @.(t) with the frequencies w, which changes the Hamiltonian system to y = JV,H,,
where

H.(y,t,e) = 2p.0) (42 + 42) + F.(w e), (3.23)

where F,(y,t,e) = O(y) as y — 0. Moreover, meas((0,,) \ E.) = O™ as e, — 0.
Furthermore, B.(g) = p+ O(e™) and ||p. — Id||p/2 + [lggallp/2 = O(e™).

Proof

KAM Step

The proof is based on a modified KAM iteration. In spirit, it is very similar to [7, 8]. The

important thing is to make symplectic transformations so that the Hamiltonian structure can

be preserved. Note that [Qx] 4 #0 for some my < k < 2my — 1 is a non-degeneracy condition.
Consider the following Hamiltonian system

x=Ax+ f(x,t,¢), (3.24)

where A = f(¢)] and f is analytic quasi-periodic with respect to t with frequencies w and
real analytic with respect to x and € on D = D(r, p, &).
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Let || fllp < ar€ and ||e0, f||p < are. Let Q(t, ) = 0xf(0,t,¢),g(t, €) = f(0,t,¢) and

h(x,t,e) = f(x,t,e) —g(t,e) —Q(t, )x. (3.25)

Then h is the higher-order term of f. Moreover, the matrix Q(t, ¢) is Hamiltonian. Let [Q] 4 =
pe)].

The system (3.24) is written as

x=(As+R(te)x+g(te)+h(x,te), (3.26)

where A, = A+ [Q]4 =p+(¢)] and R = Q - [Q] 4. By assumption we have

||g||p < aré, ||Q||p < ag, Il < 3are. (3.27)

Moreover, we have

||£6£g||p < arg, €0:Qll, < ag, lledeh|lp < 3aré. (3.28)

Now we want to construct the symplectic change of variables x = T'y = e’y to (3.26),
where P is a Hamiltonian matrix to be defined later. Then we have

v :(e‘P(A+ +R-DP)e” +e‘P<PeP - %e””))y

(3.29)
+ e*Pg(t,g) + e*Ph<ePy, t, s).
Let W = ef —1—Pand W = e — I — P. Then the system (3.29) becomes
v = (A +R-P+AP-PA)y+Qy+e gt e) +eh(ey,Le), (3.30)
where
Q' =-P(R-P) + (R-P)P-P(A, + R~ P)P
-P(A;+R-P)W + (A, +R-P)W (331)

+W(A, +R-P)e’ +e‘P<PeP - %ep).

We would like to have

P-A,P+PA, =R, (3.32)
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where R = Q — [Q] 4. Suppose the small divisors conditions (2.3) hold. Let E, C (0,&,) be a
subset such that for ¢ € E, the small divisors conditions hold:

[(k,w)-2B.(e)| > —, VkeZ'\ ({0}, (3.33)

a
ISl

where 7' > 27 + . By Lemma 3.1, we have a quasi-periodic Hamiltonian matrix P(t) with
frequencies w to solve the above equation with the following estimates:

cllQll, ¢z
1Pl € 2 <55,
(3.34)
opP c 00 cg
ga_ < 2 ||Q||p+ E— < —
€ |lp-s  ais? O€ o a,s
wherev =7'+1, v' =27 + 1 and ¢ > 0 is a constant. Then the system (3.30) becomes
y=Ay+f(yte), (3.35)

where f' = Q'y +ePg(t,e) + e Ph(ely,t,¢).

By Lemma 3.3, let us denote by x the solution of x = A,x + g'(t,€) on D, 55, where
¢ =eTg(te). Then, by Lemma 3.3 we have

cligl. _ erz

”xnp—ZsS a,s¥ T s° 4
i (3.36)
S R T -
0¢ || pos ~ as? 8llp-s 0¢ [lpos ) ~ ars”’

Under the symplectic change of variables y = T"x, = x + x,, the Hamiltonian system
(3.35) is changed to

Xy = Auxs + fo(xi,t€), (3.37)

where A, =, ] and

fo=Q -T'+ePhoT oT". (3.38)
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Let the symplectic transformation T = T' o T". Then x = Tx, = ¢(t)x, + ¢(t), where
P(t) = e’ and ¢ (t) = e"Wx(t). It is easy to obtain that if || P||,—os < 1/2, then

cg cg
lo=Tlpoes o Mlededll, oo < 0)
cré cré '
lollpzs <o Netewllns < =

Under the symplectic change of variables x = Tx,, the Hamiltonian system (3.24) becomes
(3.37).

Below we give the estimates for A, and f.. Obviously, it follows that A.(¢) - A =
[Q]4 = p(e)] and

B.(2)-Be)| = |Be)| <cat,  |e(Bile) - )] = | ()| <cas.  (340)
By (3.38) we have
folxot,e) = Q (1) (x, +x(8)) + e"P(t)h<eP(t) (x, +x(), 1, g). (3.41)

Let p; = p—2s,and r, = nr with < 1/8.1f c&/a, sV < 1, it follows that [|x||,-2s < (1/8)r. Let
D, = D(r., 5+, ). Note that Q" and h only consist of high-order terms of P and x, respectively.
Itis easy to see |e”® (x, +x(t))| < 4nr < r. By all the estimates (3.27), (3.28), (3.34), and (3.36),
and using usual technique of KAM estimate, we have

£+ e r+carfp < (= +can ) 1,8
+ D+—52011 S 520 n)7+€,

. ~ (3.42)

|ledef+ || p. < L,nr + carén? < < . can>r+§.
+ a+SU+U asvﬂ)
Leta, =a/2and 1 = cE/(azs””’). Then we have
||f+||D+ ScariME = a, €y,  Ey = CIE. (3.43)

Similarly, we have

||565f+||D+ <A 1L Es. (3.44)

Note that KAM steps only make sense for the small parameter ¢ satisfying small
divisors conditions. However, by Whitney’s extension theorem, for convenience all the
functions are supposed to be defined for € on [0, &,].
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KAM Iteration
Now we can give the iteration procedure in the same way as in [7] and prove its convergence.

At the initial step, let fo = f. Let f(x,t,e) = f(0,t,€) + Oxf(0,t,€)x + h(x,t,€). By
assumption, if ¢, is sufficiently small, we have that for all € € [0, &,]

|£(0,t )] <ce™™, |0:f(0,t,€)| < ce™,

(3.45)
|€de£(0,t,€)| < ce™, |€0:0xf (0,t,€)| < ce™.
Moreover,
|h(x,t,€)| <clx]?, |ed:h(x,te)| <clx|?, Vx| <e™, Veel0,e]. (3.46)
Letry=¢€™, po=p, so=po/8, Do = D(ry,po, &), and & = ce™ /ay. Then we have
| fol p, < @oroéo, |€0: fo| p, < @oroéo. (3.47)
Forn > 1, let
a, = I 5, = >n-l = -2s
n 7 ’ n > ’ Pn = Pn-1 n-1s
_ (3.48)
CEn-1 ~ ~
Nn-1 = 5 o0’ Tn = NMn-1"n-1, En = Clp-1€n-1-
n-1"n-1

Then we have a sequence of quasi-periodic symplectic transformations {7}, } satisfying
Tax = ¢u(t)x + ¢, (1) with

CTpén
0
n

CE,
Pn+1 S 5_5’ ” (Fn

llpn—1 (3.49)

Pn+1 T s

Let T" = Ty o Ty - - © T,—1. Then under the transformation x = T"y the Hamiltonian system
X = Aox + fo(x,t,¢) is changed to y = A,y + fu(y, t,€).

Moreover, A, (€) = Bn(€)] satisfies A1 — Ay = [Qn] 4 and
|,Bn+1 (e) - ,Bn(g) | < cayén, |5(,6:1+1 (e) - ,6;1(5)) | < canéy, (3.50)
| fullp, < @nruén. (3.51)

Convergence

By the above definitions we have #,/#j,-1 = c€,/€n-1 = ctjy-1. Thus, we have 7, < cqfl_l
and so cn, < (c1a-1)* < (cnp)?'. Note that 19 = c&o/ ((x%sg“") < ce™/ ((xgpg*”'). Suppose that
&, is sufficiently small such that for 0 < ¢ < &, we have ¢ty < 1/2. T, are affine, so are T"
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with T"x = ¢"(t)x + ¢"(t). By the estimates (3.49) it is easy to prove that ¢"(t) and ¢™(t) are
convergent and so T" is actually convergent on the domain D(r/2,p/2). Let T" — T, and
Tix = ¢.(t)x + . (t). It is easy to see that the estimates for ¢, and ¢, in Theorem 2.1 hold.
Using the estimate for f, and Cauchy’s estimate, we have |f,(0,t,¢)| < ayr,é, — 0
and |0, f»(0,t,¢)| < ay€, — Oasn — oo. Let f, — f.. Then it follows that f.(x,t,¢) = O(x?).
By the estimates (3.50) for , we have , — .. Thus, by the quasi-periodic symplectic
transformation x = T,y, the original system is changed to y = A,y + f.(y,t,€) with A, = . ].

Estimate of Measure

Let

E,= {5 €(0,&) | [{w, k) =2B.(e)| > |Z|"T, } (3.52)

Note that f, = p1 + ¢, where ¢ = Z;’;ll Bixi—PBj,p1 = B+ B, and ] = [Q],. Note that
& = &5/ (a(2)56;+v') and & = ce™ /ag. By the estimates (3.50), we have ¢(g) = O(¢?™) and
ey’ (€) = O(2™). By assumption, [Q] 4 is analytic with respect to & and there exists my < N <

2mp — 1 such that [Q], = 6N + O(eN*!) with 6 #0. Thus, pi(e) = p + 6eN + O(eN*1). By
Lemma 3.4, we have meas((0,&,) — E,) < c(a,/ag)eN*!. Let E, = (51 En. By a = a0/2", it
follows that meas((0, &.) — E.) < ceN*!/ay. Thus Lemma 3.5 is proved. O

4, Proof of Theorem 2.1

As we pointed previously, once the non-degeneracy conditions are satisfied in some KAM
step, the proof is complete by Lemma 3.5. If the non-degeneracy conditions never happen,
the small parameter ¢ does not involve into the small divisors and so the systems are analytic
in €. To prepare for KAM iteration, we need a preliminary step to change the original system
to a suitable form.

Preliminary Step

We first give the preliminary KAM step. Let

X =Ax+ f(x,t,¢), (4.1)

where A = ] and f = JV.F. By Lemma 3.3, denote by x the solution of x = Ax + f(0,t,¢) on
D3, /4. Under the change of variables x = Tox, = x+x,, the Hamiltonian system (2.1) becomes

Xy = Axy + fi(x4, t€), (4.2)

where fi(x;,t,€) = f(x +x4,t,€) — f(0,t,¢) satisfying f1(0,¢t,¢) = O(€?) and Ox. f1(0,t,€) =
O(e).



Abstract and Applied Analysis 15

KAM Step

The next step is almost the same as the proof of Lemma 3.5 and even more simple. In the KAM
iteration, we only need consider the case that the non-degeneracy condition never happens.
In this case, the normal frequency has no shift, which is equivalent to A, = A foralln > 1in
the KAM steps in the above nondegenerate case. Moreover, the small divisors conditions are
always the initial ones as (2.3) and (2.4) and are independent of the small parameter ¢. Thus,
we need not delete any parameter. Moreover, the analyticity in € remains in the KAM steps,
which makes the estimate easier. At the first step, we consider x = Ax+ f1(x,t, €). In the same
way as the case of nondegenerate case, let r; = €,p1 = 3p/4,e1 = €9, D1 = D(r1,p1,€1), and
& = ce/a. Then we have || f1||p, < apr1€1.
At nth step, we consider the Hamiltonian system

X =Ax+ fu(x,t,€), (4.3)

where f, is analytic quasi-periodic with respect to t with frequencies w and real analytic with
respect to x and € on D,, = D(ry,, pu, €x). Moreover, || f,||p, < aoru€,. Suppose

Qult,£) = 0:fu(0,,6) = O(),  £a(0,1,6) = O("). (4.4)

Since Q,, is analytic with respect to ¢, it follows that

Q, = i Qkek. (4.5)
k

=Jn-1

Truncating the above power series of ¢, we let
2"-1

Rute)= >, Qre",  Qu=Qu-Ru (4.6)

k=2n-1

Because the non-degeneracy conditions do not happen in KAM steps, we must have
[Ry] 4 = 0. In the same way as the proof of Lemma 3.5, we have a quasi-periodic symplectic
transformation T, with T,,x = ¢, (t)x + ¢, () satisfying (3.49). Let T" =Ty o T --- o Ty1.

By the transformation x = T"y, the system (4.3) is changed to
y = Ay+fn+1 (yrt/(‘f)/ (47)

where fu1 = Qu - T/ +Q, - Tl +e P - hyoT, = Qulx, +y) + Qu(x, +y) + e Prhy(ef (x, +y)).

The last two terms can be estimated similarly as those of (3.41). Note that

On=Qn-Ru= D Qe (4.8)

k>2m
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only consists of the higher order terms of €. So, in the same way as [8, 10], we use the
technique of shriek of the domain interval of ¢ to estimate the first term.

Letr; =¢,p1 =3p/4,61 =€pand s1 = p/16.

Define sy:1 = $/2,p,1 = P = 25n,1n = (1/8)e™ 43", 111 = a1y, 6, = 1 - (2/3)" and
Ens1 = On€p. Let Dy = D (141, Pr+1, Enst1)-

If c&, /82 < 17y < (1/8), it follows that

-\ 2
~ n CE ~ ~
| fuallp, ., < <ao£ne “3)" 4 <—"> )nnrn + CAYTEnT: < A0Tns1Ens1, (4.9)

Sn
where £,.1 = ctj,&,. Moreover, it is easy to see
Oufun(0,t,8) =0(e),  fun(0,t,8) =O(). (4.10)

Now we verify c&,/s% < 1, < 1/8. Let G, = c&,/s%. By G, = ce™*/ 3""16G,_4, it follows
that

Gy = (cl67)" e I/ H@/A" Pt T G = (c16%)" et 4/ Gy (4.11)

Note that Gy = c&1/s3. If £ is sufficiently small, we have c&,/s% = G, < 1],

Note that (cr,€,/s,) — 0 and (c€,/(1ns%)) — O0asn — oo, and &, < cs2°G,,. Let
€« = [1,51(1-(2/3)")go. Thus, in the same way as before we can prove the convergence of the
KAM iteration for all € € (0, ¢,) and obtain the result of Theorem 2.1. We omit the details.

Remark 4.1. As suggested by the referee, we can also introduce an outer parameter to consider
the Hamiltonian function H (x, t,€) = (w,I)+(1/2) (B +0(€)) (x3 +x3) + F(x,t,€), where (6, 1)
are the angle variable and the action variable and x = (xy, x) are a pair of normal variables.
In the same way as in [11], o(¢) is the modified term of the normal frequency. Then by some
technique as in [11-13], we can also prove Theorem 2.1.
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