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The authors study the boundedness for a large class of sublinear operator T generated by Cald-
erén-Zygmund operator on generalized Morrey spaces M, ,. As an application of this result, the
boundedness of the commutator of sublinear operators T, on generalized Morrey spaces is
obtained. In the case a € BMO(RR"), 1 < p < oo and T, is a sublinear operator, we find the sufficient
conditions on the pair (¢1, ¢») which ensures the boundedness of the operator T, from one gen-
eralized Morrey space M, to another M, ,,. In all cases, the conditions for the boundedness of
T, are given in terms of Zygmund-type integral inequalities on (¢1, ¢,), which do not assume
any assumption on monotonicity of ¢q,¢, in r. Conditions of these theorems are satisfied by
many important operators in analysis, in particular pseudodifferential operators, Littlewood-Paley
operator, Marcinkiewicz operator, and Bochner-Riesz operator.

1. Introduction

For x € R" and r > 0, we denote by B(x,r) the open ball centered at x of radius r, and by

B (x,r) denote its complement. Let |B(x, r)| be the Lebesgue measure of the ball B(x, ).
Let f € LI**(R"). The Hardy-Littlewood maximal operator M is defined by

Mf(x) = sup|B(x,t>|-1f £ (y)]dy. (1.1)
>0 B(x,t)

Let K be a Calderén-Zygmund singular integral operator, briefly a Calderén-Zyg-
mund operator, that is, a linear operator bounded from L, (R") to L,(R") taking all infinitely
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continuously differentiable functions f with compact support to the functions f € LI°°(R")
represented by

Kf@ = [ ko) f(dy x¢suppf (12)

Such operators were introduced in [1]. Here, k(x, i) is a continuous function away from the
diagonal which satisfies the standard estimates: there exist ¢; > 0 and 0 < € < 1 such that

[k(x,y)] <cilx-y[™, (13)

forall x,y € R", x#y, and

) -k 9|+ et ) -k < (B2 eul™,

|x - y|

whenever 2|x — x'| < |x - y|.

It is well known that maximal operator and Calderén-Zygmund operators play an
important role in harmonic analysis (see [2-6]).

Suppose that T represents a linear or a sublinear operator, which satisfies that for any
f € Li(R") with compact support and x & supp f

@l

|11

7ol < (L5)

R |x -y

where ¢y is independent of f and x.
For a function a, suppose that the commutator operator T, represents a linear or a sub-
linear operator, which satisfies that for any f € L;(R") with compact support and x & supp f

T <o [ a0 -a()llx=y]"IF @)y, (16

where ¢ is independent of f and x.

We point out that the condition (1.5) was first introduced by Soria and Weiss in [7].
The condition (1.5) are satisfied by many interesting operators in harmonic analysis, such as
the Calder6n-Zygmund operators, Carleson’s maximal operator, Hardy-Littlewood maximal
operator, C. Fefferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci-Stein’s
oscillatory singular integrals, and the Bochner-Riesz means (see [7, 8] for details).

In this work, we prove the boundedness of the sublinear operator T satisfies the con-
dition (1.5) generated by Calderén-Zygmund operator from one generalized Morrey space
M, to another M, ,,, 1 < p < oo, and from M ,, to the weak space WM ,. In the case
a € BMO(R"), 1 < p < oo and the commutator operator T, is a sublinear operator, we
find the sufficient conditions on the pair (¢1, () which ensures the boundedness of the
operators T, from M, to M,,,. Finally, as applications, we apply this result to several
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particular operators such as the pseudodifferential operators, Littlewood-Paley operator,
Marcinkiewicz operator, and Bochner-Riesz operator.

By A < B, we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A = B and say that A and B are
equivalent.

2. Morrey Spaces

The classical Morrey spaces M,, , were originally introduced by Morrey Jr. in [9] to study the
local behavior of solutions to second-order elliptic partial differential equations. For the prop-
erties and applications of classical Morrey spaces, we refer the readers to [9, 10].

We denote by M, = M,(R") the Morrey space, the space of all functions f €
L;OC(R") with finite quasinorm

”f”M,,,A = ”f”M,,,,\(Rn) = } sup OT_MPHfllL,,(B(x,r))' (2.1)

eR”, r>|

wherel <p<owand0< A <n.

Note that Mo = L,(R") and M, = Lo(R"). If A < 0 or A > n, then M,,, = ©, where
O is the set of all functions equivalent to 0 on R".

We also denote by WM, , = WM, ,(R") the weak Morrey space of all functions f €
WL%,OC (R™) for which

_ _ -\/
”f”WMP,) = ”f”pr,‘\(R") = xeﬂi}ipbor p”f"WLP(B(x,r)) < %, (2.2)

where WL, (B(x,r)) denotes the weak L,-space of measurable functions f for which

”f”WL,,(B(x,r)) = || fxBen ”WL,,(]R")
=supt € B(x,r) : >t Vp
up {y € Bx,r): |f(y)|>1t}] (2.3)

= sup tl/”(fxg(x,r))*(t) < oo.
0<t<|B(x,r)|

Here, g* denotes the nonincreasing rearrangement of a function g.
Chiarenza and Frasca [11] studied the boundedness of the maximal operator M in
these spaces. Their result can be summarized as follows.

Theorem 2.1. Let 1 < p < coand 0 < A < n. Then, for p > 1 the operator M is bounded on My,
and for p = 1M is bounded from M, to WM.

Di Fazio and Ragusa [12] studied the boundedness of the Calderén-Zygmund
operators in Morrey spaces, and their results imply the following statement for Calderén-
Zygmund operators K.

Theorem 2.2. Let 1 < p < 00,0 < A < n. Then, for 1 < p < oo Calderén-Zygmund operator K is
bounded on My, and for p = 1K is bounded from My, to W Mj,.



4 Abstract and Applied Analysis
Note that Theorem 2.2 was proved by Peetre [10] in the case of the classical Calderén-

Zygmund singular integral operators.

3. Generalized Morrey Spaces

We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition 3.1. Let ¢(x,r) be a positive measurable function on R” x (0, 0) and 1 < p < co. We
denote by M, , = M, ,(R") the generalized Morrey space, the space of all functions f €
L%,OC (R™) with finite quasinorm

”f”Mp/q, = ”f”MM,(R") = sup (P(x,r)_l |B(x/r)|_1/p”f”Lp(B(x,r))‘ (3.1)
x€R”, r>0

Also, by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all functions
fe WL;,O“(R”) for which

”f”wzvrw = ”fHWMW(Rn) = sup (p(x,r)"l |B(x/r)|_l/p||f”WLp(B(x,r)) < . (3.2)
x€eR™, r>0

According to this definition, we recover the spaces M, and WM, , under the choice
o(x,r) = rd=m/p;

Mp,)x = MP"P|(p(x,r):r("’")/p’
(3.3)
WM, = WMM,|

@(x,r)=rtm/p:

In [13-19], there were obtained sufficient conditions on ¢, and ¢, for the boundedness
of the maximal operator M and Calderén-Zygmund operator K from M, to M,,,,
1 < p < oo (see also [20-23]). In [19], the following condition was imposed on ¢(x, r):

clo(x,7) S (x,t) < ¢ p(x,7), (34)

whenever r < t < 2r, where ¢ (>1) does not depend on ¢, r and x € R", jointly with the
condition

fw p(x, t)? % < Coy(x, 1), (3.5)

for the sublinear operator T satisfies the condition (1.5), where C (>0) does not depend on r
and x € R".
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4. Sublinear Operators Generated by Calderéon-Zygmund Operators in
the Spaces M, ,

In [24] (see, also [25, 26]), the following statements was proved by sublinear operator T
satisfies the condition (1.5), containing the result in [18, 19].

Theorem 4.1. Let 1 < p < oo and ¢(x,r) satisfy conditions (3.4) and (3.5). Let T be a sublinear
operator satisfies the condition (1.5) and bounded on L, (IR™). Then, the operator T is bounded on M, ,.

The following statements, containing results obtained in [18, 19] was proved in [13]
(see also [14, 15]).

Theorem 4.2. Let 1 < p < oo, and let (1, ¢y) satisfy the condition
* dr
[“pr6n T < o, (@1)
t

where C does not depend on x and t. Then, the operators M and K are bounded from M, ,, to My,
for p > 1and from My, to WMy,,.

In this section, we are going to use the following statement on the boundedness of the
Hardy operator:

(Hg)(t) = %J‘o g(r)dr, 0<t<oo. (4.2)

Theorem 4.3 (see [27]). The inequality

ess sup w(t)Hg(t) < cess supv(t)g(t) (4.3)
t>0 t>0

holds for all nonnegative and nonincreasing g on (0, oo) if and only if

t
A Supw(t) dr

< oo, (4.4)
>0 t 0 €88 Sup0<s<rv(s)

and ¢ = A.

Lemma 4.4. Let 1 < p < oo, T be a sublinear operator which satisfies the condition (1.5) bounded on
L,(R") for p > 1 and bounded from Ly (R") to WL (R").
Then, for 1 < p < oo,

(o)
”Tf”Lp(B) N ' J‘Zr /et ”f”Lr,(B(xo,t))dt (4.5)

holds for any ball B = B(xo,r) and for all f € L;"C(R").
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Moreover, forp =1,

IT ey <7 " N et (4.6)
2r

holds for any ball B = B(xo, r) and for all f € L'*°(R").

Proof. Let p € (1,00). For arbitrary xo € R", set B = B(xy, r) for the ball centered at x( and of
radius r, 2B = B(xo,2r). We represent f as

f=h+fn AW =fWxsl), foly)=fy)x @B)(y), r>0, (4.7)
and have
”Tf”L,,(B) < ”Tf1||Lp(B) + ||Tf2||L,,(B)' (4.8)

Since f1 € L,(R"), T f1 € L,(R") and from the boundedness of T in L,(R"), it follows
that

IITfllle(B) < ”Tfl“L,,(lR") < C”fl”L,,(Rn) = C”f”Lp(ZB)’ (4.9)

where constant C > 0 is independent of f.
It is clear that x € B, y € “(2B) implies (1/2)|xo - y| < |x — y| < (3/2)]x0 — y|. We get

1wl

<2 g 2

Ty, (4.10)

By Fubini’s theorem, we have

1l
I(ZB) |.X'0 yln y I(ZB)lf(y)lflxo }/| s y
[l 1)
2r J 2r<|xo—y|<t t

= dt
S f f |f(W)ldy -
2r v B(xo,t)

Applying Holder’s inequality, we get

|f(y)| * dt
I ¢(2B) |xo |" 3 Ir ”flle(B(xo,t))W- (4.12)



Abstract and Applied Analysis

Moreover, for all p € [1, o),

h dt

||Tf2||L,,<B) S I ) ”f”LP(B(xO,t))W

2

is valid. Thus,

dt

[oe]
1700 < Wl * 77 [ 1 o s

On the other hand,
< dt
T e
© dt
/ -
< Wl e
Thus,

« dt

|um%®5ﬂwj1vmﬁmm;;:

2

Let p = 1. From the weak (1,1) boundedness of T and (4.15), it follows that

”Tf1”WL1(B) < ”Tf1”WL1(]R") S ”fl”Ll(]R")

dt

Nl S [ V@l
2r J B(xo,t)

Then, by (4.13) and (4.17), we get (4.6).

Theorem 4.5. Let 1 < p < oo, and let (1, (o) satisfy the condition

fw ess inficscanpr (¥, 5)s"'” dt < Cya(x,71),

, tn/p+1

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

where C does not depend on x and r. Let T be a sublinear operator which satisfies the condition (1.5)
bounded on L,(R") for p > 1 and bounded from Li(R") to W L{(R"). Then, the operator T is bounded

from My, to My, for p > 1 and from My, to W My ,. Moreover, for p > 1

1T, ,, = 1f Mg,
and forp =1

T fllwan,, S W fllas,,, -

(4.19)

(4.20)
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Proof. By Lemma 4.4 and Theorem 4.3, we have for p > 1

L[ dt
71l My xe;&&()tpz(&ﬂ fr I f ||L,,(B<x,t)>tn/p+1
Fn/p
= sup @o(x,r)" ”f”LP(B(x,t”’/"))dt
x€R", r>0 0 (4 21)
-1 (T |
= swp 920 ?) " [l et
xeR”, r>0 0
-1
-p/ —
S xe%lj,pwo(pl (x,r P ") r”f”Lp(B(x,t)) - ”f”Mp,w’
and forp =1
Il < s et [ A1l a
f WML«pz NxeRl"l,l?'>0(P2 ’ r f Ll(B(x,t))thrl
(T
= sup g2l | Il
x€R", >0 0 4.22)
-1 (T ( |
= sup (5l
x€R”, r>0 0
-1
S osup ¢ (x,f_l/n> r”f”Ll(B(x,f”")) - ”f“Mwl'
x€R", r>0 1

Corollary 4.6. Let 1 < p < oo, and (1, ¢2) satisfies the condition (4.18). Then, the operators M and
K are bounded from My, to My, for p > 1 and bounded from M, to WM, .

Note that Corollary 4.6 was proved in [28].

5. Commutators of Sublinear Operators Generated by
Calderon-Zygmund Operators in the Spaces M, ,

Let T be a Calderon-Zygmund singular integral operator and a € BMO(R"). A well-known
result of Coifman et al. [29] states that the commutator operator [a,T]f = T(af) —a Tf is
bounded on L, (R") for 1 < p < co. The commutator of Calderén-Zygmund operators plays an
important role in studying the regularity of solutions of elliptic partial differential equations
of second order (see, e.g., [12, 30, 31]).
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First, we introduce the definition of the space of BMO(R").

Definition 5.1. Suppose that f € LI*°(R"), and let
171 = sup o [ 1F) = fatanldy < 61
= T/ NI - x,r oo, .
"7 a0 BOENN e T

where

1
B(x, =T
I3 = B D pees

| f(y)dy. (5.2)

Define

BMO(R") = {f e Loy : || £]l. < oo}. (5.3)

If one regards two functions whose difference is a constant as one, then space
BMO(R") is a Banach space with respect to norm || - |[..

Remark 5.2. (1) The John-Nirenberg inequality: there are constants C;, C; > 0 such that for all
f € BMO(R") and > 0,

[{x € B:|f(x) - fs| > B}| < C1|Ble=V/Ifl.,  v¥B cR™ (5.4)

(2) The John-Nirenberg inequality implies that

1 1/p
~ _ P
.= sop (e[, V@) - fealias) 59

x€eR”, r>0

forl <p < oo.
(3) Let f € BMO(R"). Then, there is a constant C > 0 such that

t
| fBeer = fBeen| < C|If||, In " for 0 < 2r <t, (5.6)

where C is independent of f, x, r, and t.

In [24], the following statement was proved for the commutators of sublinear opera-
tors, containing the result in [18, 19].

Theorem 5.3. Let 1 < p < oo, ¢(x,r) which satisfies the conditions (3.4) and (3.5) and a €
BMO(R"). Suppose that T is a linear operator and satisfies the condition (1.5). If the operator [a, T]
is bounded on L, (R"), then the operator [a,T] is bounded on M, ,.

Remark 5.4. Note that Theorem 5.3 in the following form is also valid. Let 1 < p < oo, ¢(x, 1)
satisfy the conditions (3.4) and (3.5) and a € BMO(R"). Suppose that T, is a sublinear
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operator satisfies the condition (1.6) and bounded on L, (R"), then the operator T, is bounded
on M, .

Lemma 5.5. Let 1 < p < oo, a € BMO(R"), and a sublinear operator T, satisfies the condition (1.6)
and bounded on L,(R").
Then,

[e'e] t ~ B
HRfMMmSHMh”mJ;<1+m?>tmm)”Uﬂgwmﬁﬁt (5.7)
T

holds for any ball B = B(xo,r) and for all f € L%,OC(R").

Proof. 1 < p < o, a € BMO(R"), and a sublinear operator T, satisfies the condition (1.6). For
arbitrary xo € R”, set B = B(xy, r) for the ball centered at xy and of radius r. Write f = f; + f>

with f1 = fyspand f> = fXC(zB). Hence,
I Tefllz, ) < NTafille, @) + 1Taf2llL, @) (5.8)
From the boundedness of T, in L,(R"), it follows that

ITafillL, @) < NTefillL, )

(5.9)
”L,,(JR") =
For x € B, we have
IT.fo(x)] S f Mlﬁ(y) |dy
o |-yl
(5.10)

~ la(y) —a(x)]
= f 2B) |f(v)|dy.

EET

Then,

la(y) - a)] v
17805 ([, ([ 222 ) )

(s
<
!

A

)
,[ ( “(2B) ag)- TB||f( )ldy> dx>w (5.11)
J,

< |a(x) aB||f( )|dy> dx>1/p
‘(2B) |xo-y|"

+12
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Let us estimate I;

I :r"/”_[c(zB) )=o)y

%0 -y|"

= {2 sl [

|x0 yl tn+1 y
(5.12)

o dt
=7 /”f f |a(y) - asllf (W) |dy
2r J 2r<|xo-y|<t

e dt
5,,/pJ‘ f |a(y) = as||f (v)|dy -
2r / B(xo,t)

Applying Holder’s inequality and by (5.5), (5.6), we get

o dt
Lgr /PI I |a(y)_aB(xoft)”f(y)'dyth
2r J B(xo,t)

) dt
+7r /pfz |aB(xor)_aB xtﬂ)'f |f(y)|dyt"+1

X(] t

1/p'
*® , dt
/ _ P “ 5.13
SrP Lr (IB(xo,t) la(y) - ae| dy) Il f ”LP(B(xQ,t))th (5.13)

n/p *® dt
+r ) |aB o, = aBeon ||| f ”Lp(B(xU,t))W

B o [© dt
< lallr™” | 1+1n 1, (300 777

r

In order to estimate I, note that

L= <IB la(x) - a3|pdx>1/pf Mdy. (5.14)

“(2B) [xo-y|"
By (5.5), we get

1ol

5.15
“2B) [x0 - y|" o—yl (519

I < flall.r? f

Thus, by (4.12),

*® dt
/
B S ™™ [ WAl s (516)
r
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Summing up I; and I, for all p € [1, c0), we get

I fells i < Hallr™ [~ (10 ) U g (517)

Finally,
ITef e oy < Nallo £l o + lallr? fw (N o s G19
and statement of Lemma 5.5 follows by (4.15). 0

The following theorem is true.

Theorem 5.6. Let 1 < p < oo, a € BMO(R") and (¢1, ¢2) satisfy the condition

1+In - lpT dt < Cyo(x,r1), (5.19)

J‘°°< t ) ess infregeqo 1 (X, 5)5™P

r

where C does not depend on x and r. Suppose that T, is a sublinear operator which satisfies the con-
dition (1.6) and bounded on L,(R").
Then, the operator T, is bounded from M, ,, to M, ,,. Moreover,

1T f Il ar

P2

Sllall |l f (5.20)

P

Proof. The statement of Theorem 5.6 is followed by Lemma 5.5 and Theorem 4.3 in the same
manner as in the proof of Theorem 4.5. O

For the sublinear commutator of the maximal operator
Ma(F)(0) = suplBCe O [ [ax) ~ a1 )ley 62)
t>0 B(x,t

and for the linear commutator of the Calderén-Zygmund operator [a, K] from Theorem 5.6,
we get the following new results.

Corollary 5.7. Let 1 < p < oo, (¢1,¢2) satisfy the condition (5.19) and a € BMO(R™). Then, the
sublinear commutator operator M, is bounded from M, ,, to My,

Corollary 5.8. Let 1 < p < oo, (1,¢2) satisfy the condition (5.19) and a € BMO(R"). Then,
Calderén-Zygmund singular integral K f (x) exists for a.e. x € R™ and the operator [a, K] is bounded
from My, to Mp,y,.

Note that when the conditions of Corollary 5.8 are satisfied, the existence of K f (x) for
a.e. x € R" was proved in [28].
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6. Some Applications

In this section, we will apply Theorems 4.5 and 5.6 to several particular operators such as
the pseudodifferential operators, Littlewood-Paley operator, Marcinkiewicz operator, and
Bochner-Riesz operator.

6.1. Pseudodifferential Operators

Pseudodifferential operators are generalizations of differential operators and singular inte-
grals. Let m be real number, 0 < 6 < 1and 0 < p < 1. Following [32, 33], a symbol in Shs
is a smooth function o(x,¢) defined on R" x R" such that for all multi-indices a and f the
following estimate holds:

DIDYo(x, 8)| < Cap(1 + J2]) " #IPH], (6.1)

where Cuﬂ > 0 is independent of x and ¢. A symbol in S;“g is one which satisfies the above
estimates for each real number m.
The operator A given by

Af@) = | atepem@a (62)

is called a pseudodifferential operator with symbol o(x,¢) € S where f is a Schwartz

function and f denotes the Fourier transform of f. As usual, L;"a will denote the class of
pseudodifferential operators with symbols in S;”(S.

Miller [34] showed the boundedness of L(l),0 pseudodifferential operators on weighted
L,(1 < p < o) spaces whenever the weight function belongs to Muckenhoupt’s class A,. In
[1], it is shown that pseudodifferential operators in L(lJ,O are Calderén-Zygmund operators,
then from Corollary 5.8, we get the following new results.

Corollary 6.1. Let 1 < p < oo, and let (¢4, ¢2) satisfy the condition (4.18). If A is a pseudodifferential
operator of the Hormander class L(l),o, then the operator A is bounded from M, ,, to My, forp > 1
and bounded from My, to WMy ,.

Corollary 6.2. Let 1 < p < oo, (¢p1, () satisfy the condition (5.19) and a € BMO(R"). Let also A
be a pseudodifferential operator of the Hormander class L(l),o. Then, the commutator operator [a, A] is
bounded from My, to My, ,,.

6.2. Littlewood-Paley Operator

The Littlewood-Paley functions play an important role in classical harmonic analysis, for
example, in the study of nontangential convergence of Fatou type and boundedness of Riesz
transforms and multipliers [4-6, 35]. The Littlewood-Paley operator (see [6, 36]) is defined
as follows.
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Definition 6.3. Suppose that ¢ € L1(IR™) satisfies
f g (x)dx = 0. (6.3)
]Rn

Then, the generalized Littlewood-Paley g function g is defined by

s = ([T IR (64)

where ¢ (x) =t (x/t) fort > 0 and F;(f) = ¢ * f.
The sublinear commutator of the operator g, is defined by

o0 1/2
a5l = ([ IFEOE@IT) 63
where
RN = [ a6 -a()lan(x =) £ (). ©6)

The following theorem is valid (see [3, Theorem 5.1.2]).

Theorem 6.4. Suppose that ¢ € L1(R") satisfies (6.3) and the following properties:

C
< S \n+a’ Rnl
|(P(x)| - (1 + |x|)1’l+a X €

6.7)
I |g(x +h) —¢(x)|dx <C|h|*, heR",
R?‘l

where C and a > 0 are both independent of x and h. Then, g, is bounded on L,(R") forall1 <p < oo,
and bounded from L1 (R™) to WL;(R").

Let H be the space H = {h : ||h]| = (J;° |h(t)]dt/t)"* < oo}, then for each fixed
x € R", F;(f)(x) may be viewed as a mapping from [0, oo) to H, and it is clear that g, (f)(x) =
|IF:(f)(x)|l. In fact, by Minkowski inequality and the conditions on ¢, we get

a@ <[ OI([ ne-nPL)

o) t—2n dt 1/2
C Z) 4 6.8
< ﬁRnlf(y)IU0 RNy t> y (6.8)

:Cfn |f ()] dy

x-y|"

Thus, we get the following.
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Corollary 6.5. Let 1 < p < oo, (1, ¢2) satisfies the condition (4.18) and ¢ € L, (R") satisfies (6.3)
and (6.7). Then the operator g, is bounded from My, to M, 4, for p > 1 and bounded from My, to
WM,,,.

Corollary 6.6. Let 1 < p < oo, (¢p1, 2) satisfies the condition (5.19), a € BMO(R") and ¢ € L, (R")
satisfies (6.3) and (6.7). Then the operator [a, g,] is bounded from My, to My, ,,.

6.3. Marcinkiewicz Operator

Let S"! = {x € R" : |x| = 1} be the unit sphere in R" equipped with the Lebesgue measure
do. Suppose that Q satisfies the following conditions.

(a) Q is the homogeneous function of degree zero on R" \ {0}; that is,

Q(tx) = Q(x), foranyt>0, x e R"\ {0}. (6.9)
(b) Q has mean zero on S"*°!; that is,

f Q(x')do(x') = 0. (6.10)
5}1*1

(c) Qe Lipy(S"‘l), 0 <y <1, that is there exists a constant M > 0 such that

|Q(x) -Q(y)| < M|x'-y/|" forany x',y' € S*\. (6.11)

In 1958, Stein [35] defined the Marcinkiewicz integral of higher dimension pq as

s 1/2
ma(N@ = ([ IR H@IE) (6.12)
where
Q(x —
Fg,t(f)(x)zfl | %f(y)dy. (6.13)
x—y|<t -

Since Stein’s work in 1958, the continuity of Marcinkiewicz integral has been exten-
sively studied as a research topic and also provides useful tools in harmonic analysis [3-6].
The sublinear commutator of the operator pgq is defined by

[e9) 1/2
[a, ua] (f)(x) = (fo |Fg,t,a(f)(x)|2%> , (6.14)
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where

Q(x -
Fata(f)(x) = f v ﬁ [a(x) — a(y)] f (y)dy. (6.15)

Let H be the space H = {h : ||h|| = (" |h(t)Pdt/f)"* < co). Then, it is clear that

Ha(f)(x) = [Fa(f) ()]l
By Minkowski inequality and the conditions on €, we get

1/2
#sz(f)(X)Sf [2(x - y)llf( )|<f dt> dySCandy. (6.16)

w -y vy £ x-y|

Thus, pq satisfies the condition (1.5). It is known that pq is bounded on L,(R") for p > 1 and
bounded from L;(R") to WL;(R") (see [37]), then from Theorems 4.5 and 5.6, we get the
following collory.

Corollary 6.7. Let 1 < p < oo and (¢p1,2) satisfy the condition (4.18), and let Q satisfy the
conditions (a)—(c). Then, pq is bounded from My, to My, for p > 1 and bounded from My,
to WMl,tpz-

Corollary 6.8. Let 1 < p < oo, (1, 2) satisfy the condition (5.19), a € BMO(R"), and Q satisfy
the conditions (a)~(c). Then, [a, pq] is bounded from My, 4, to Mp,,,.

6.4. Bochner-Riesz Operator

Let 6> (n—-1)/2, B(f) () = (1 - 2[¢[)2f(¢) and BO(x) = tB%(x/t) for t > 0. The maximal

Bochner-Riesz operator is defined by (see [38, 39])

B2(f)(x) = sup | B () ()] (6.17)

Let H be the space H = {h : ||| = sup,.,|h(t)| < oo}, then it is clear that BS(f)(x) =
IBY (f)()]l-

By the condition on B? (see [2]), we have

|Bf(x - y)| <Cr(1+|x—yl|/r) @D

5-(n-1)/2
r 1
:C<—> . . \n
r+|x—y| (T+|x_y|) (618)

<lx-y[™,

B(w<c[ T,
e |x -yl
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Thus, B? satisfies the condition (1.5). It is known that B? is bounded on L,(R") for p > 1,
and bounded from L;(R") to WL;(R"), then from Theorems 4.5 and 5.6, we get the following
corollary.

Corollary 6.9. Let 1 < p < oo, (1, ¢2) satisfy the condition (4.18) and &6 > (n —1)/2. Then, the
operator B is bounded from My, to M, ,, for p > 1 and bounded from M 4, to W My,,.

Corollary 6.10. Let 1 < p < oo, (¢p1,2) satisfy the condition (5.19), 6 > (n—-1)/2 and a €
BMO(R™). Then, the operator [a, B] is bounded from My, to My,

Remark 6.11. Recall that under the assumption that ¢(x, r) satisfies the conditions (3.4) and
(3.5), the Corollaries 6.9 and 6.10 were proved in [38].
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