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Concerning the nonstationary Navier-Stokes flow with a nonzero constant velocity at infinity, the
temporal stability has been studied by Heywood (1970, 1972) and Masuda (1975) in L? space and
by Shibata (1999) and Enomoto-Shibata (2005) in L? spaces for p > 3. However, their results did
not include enough information to find the spatial decay. So, Bae-Roh (2010) improved Enomoto-
Shibata’s results in some sense and estimated the spatial decay even though their results are
limited. In this paper, we will prove temporal decay with a weighted function by using L" — L
decay estimates obtained by Roh (2011). Bae-Roh (2010) proved the temporal rate becomes slower
by (1 + 0)/2 if a weighted function is |x|? for 0 < o < 1/2. In this paper, we prove that the
temporal decay becomes slower by o, where 0 < 0 < 3/2 if a weighted function is |x|?. For the
proof, we deduce an integral representation of the solution and then establish the temporal decay
estimates of weighted LP-norm of solutions. This method was first initiated by He and Xin (2000)
and developed by Bae and Jin (2006, 2007, 2008).

1. Introduction

When a boat is sailing with a constant velocity u,,, we may think that the water is flowing
around the fixed boat with opposite velocity —u,, like the water flow around an island. As we
have seen, behind the boat the motion of the water is significantly different from other areas,
which is called the wake. The motion of nonstationary flow of an incompressible viscous fluid
past an isolated rigid body is formulated by the following initial boundary value problem of
the Navier-Stokes equations:

gu—Au+(u-V)u+Vp=f, V-ou=0 inQx(0,0),
ot (1.1)

ulio = up, ulso =0, lim u(x,t) = uy,
|x] — 00
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where Q is an exterior domain in R® with a smooth boundary dQ and u,, denotes a given
constant vector describing the velocity of the fluid at infinity. For u,, = 0, the temporal decay
and weighted estimates for solutions of (1.1) have been studied in [1-13].

In this paper, we consider a nonzero constant u,. We set u = u,, + vin (1.1) and have

2V—AV+(qu-V)v+(V-V)V+VP1=f,

ot in Q x (0, 00),

V.v= O/ (12)

V]i=0 = Ug — Ug,, Vs = —Ue, lim v(x,t) =0.

|x| — o0

Consider the following linear equations of (1.2):

2u—Au+(u00-V)u+Vp=O, V-u=0 in Qx(0,00),
ot (1.3)

u|t=0 = Uy, ulaQ = 0/ lim u(x/ t) = 0/
x| — o0

which is referred to as the Oseen equations; see [14].
In order to formulate the problem (1.3), Enomoto and Shibata [15] used the Helmholtz
decomposition:

L,()" = J,(Q)  Gp(Q), (1.4)
wherel <p < oo,

L,(Q)" ={u=(ui,...,uy): ujeL,(Q), j=1,...,n},

CS?U: {u: (ull"-run) ECSO(Q)n :V.-u=0in Q},

1.5
J»(Q) = the completion of C§ () in L,(Q)", (1.5

Gp(Q) = {Vor € L, (Q)" : 7 € Loe (@) }.

The Helmholtz decomposition of L, (€2)" was proved by Fujiwara-Morimoto [16], Miyakawa
[17], and Simader-Sohr [18]. Let P be a continuous projection from L,(Q)" onto J,(€2)".
By applying P into (1.3) and setting O, = P(-A + uy, - V), one has

w+0,,u=0, fort>0, u(0)=muy, (1.6)
where the domain of O, is given by

D,(0y,) = {ue]p(sz)nwg(g)": u|aQ=o}. (1.7)
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Then, Enomoto and Shibata [15] proved that O, _ generates an analytic semigroup {T'()} g
which is called the Oseen semigroup (one can also refer to [17, 19]) and obtained the
following properties.

Proposition 1.1. Let oy > 0 and assume that |u| < 0p. Let 1 <7 < g < oo. Then,

IT(H)allLaq) < Craot >V allq, t>0, (1.8)

where (r,q) # (1,1) and (oo, ),

”VT(t)a”Lq(Q) < Cr,q,aot73/2(1/ril/q)il/z||a”L’(Q)/ t>0, (1.9)

where1 <r <q<3and (r,q)#(1,1).

By using Proposition 1.1, Bae-Jin [20] considered the spatial stability of stationary
solution w of (1.3) and obtained the following: if |x|up, up € L"(Q) with V - up = 0, then
forany t >0,

llxlu(®)ll, < CE>2AVPxfug gy + Cluse |t/ HP lug| 1 g, (1.10)

wherep >3and 1 <r < 3.

And, for the nonstationary Navier-Stokes equations, we discuss the stability of sta-
tionary solution w of the nonlinear Navier-Stokes equation (1.2), and w satisfies the following
equations:

AW+ (U - VIWH+(W-V)W+Vpy=f, V-w=0,

. (1.11)
Wo0 = —Uy, ‘hm w(x) =0.

[—oo

For suitable £, Shibata [21] proved that for any given 0 < < 1/4 there exists € such
that if 0 < |ue| < €, then one has

Wil srawen () + IWllpa-60 @y + VW sresn ) + VWl /ey < Clu|'?, (1.12)

for small 61, 62, where C is independent of u..
By settingu = v—-w and p = p1 — p> for v,p1,w,p> in (1.2) and (1.11), we have the
following equations in Q:

%u—Au+(uw-V)u+(u-V)w+ (w-V)u+ (u-V)u+Vp =0,
V-u(t,x) =0, u(x,0)=up(x) forxeQ, (1.13)

u(x,t) =0 for x € 0Q, lim u(x,t) =0.

|x| — o0



4 Abstract and Applied Analysis

Here, in fact, the initial data should be uy—u.,—w, but for our convenience we denote by uy for
Uy — uy, — w if there is no confusion. Heywood [22, 23], Masuda [24], Shibata [21], Enomoto-
Shibata [15], Bae-Roh [25], and Roh [26] have studied the temporal decay for solutions of
(1.13), and we have the followings in [26].

Proposition 1.2. There exists small €(p,q,1) such that if 0 < |ug,| < €, and [Juo||;3) < €, then a
unique solution u(x,t) of (1.13) has

[u(®)llp ) < Cet 22V VP lug|l, for1<r<p<oo, t>0,
(1.14)
IVa(t)|lpaq < Cet 22/ VD= 1ug|l for 1<r<g<3, t>0,

where uy € L3(Q) N L™ (Q).

Now, we are in the position to introduce our main theorems which are the weighted
stability of stationary solution w.

Theorem 1.3. Let 1 <r <p < ooand (1/r—1/p) > 2/3. Then there exists small e(p, r) such that if
0 < [us| <€ ol <€ |xlug € L3/G2(Q), and V - ug = 0, then the solution u(x,t) of (1.13)
satisfies

()| < Cet 22V VP g, ¥t>0, (1.15)

where uy € L3(Q) N L™ (Q).

Remark 1.4. In Theorem 1.3, the assumption |x|uy € L¥/G-2(Q) is for simple calculations.
We also can obtain a similar result where |x|ug € L"(Q2). For the proof we have to consider
delay solution u(t) = u(t + tp). Then we can follow the method in Bae and Roh [4].

Theorem 1.5. Let 1/r —1/p >20/3for1 <o <3/2and1 < r < p < oo. Then there exists small
e(p,r) such that if 0 < [ue| < €, wolls@) < € |x|°ug € L¥/C2(Q), and V - ug = 0, then the
solution u(x,t) of (1.13) satisfies

[1x7u(t) | gy < Cet 22V VP ug|,,  VE>1, (1.16)

where uy € L3(Q) N L™ (Q).

Remark 1.6. For the exterior Navier-Stokes flows with u,, = 0, temporal decay rate with
weight function |x|” becomes slower by o/2; refer to [1-4, 8, 13]. However, for u,, #0, we
found out from Theorems 1.3 and 1.5 that temporal decay rate with weight function |x|°
becomes slower by o for 0 < o < 3/2. In fact, Bae and Roh [25] concluded that it becomes
slower by (1 + 0)/2 for 0 < 0 < 1/2. Hence, our decay rate is little faster than the one in Bae
and Roh [25] for0 <o < 1/2.

One of the difficulties for the exterior Navier-Stokes equations is dealing with the
boundary of Q because a pressure representation in terms of velocity is not a simple problem.
So to remove the pressure term, we adapt an indirect method by taking a weight function ¢
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vanishing near the boundary. This astonied method for exterior problem was initiated by He
and Xin [27] and then developed by Bae and Jin [1, 2, 4, 20].

2. Proof of Main Theorems

In this section, we will prove the weighted stability of stationary solutions of the Navier-
Stokes equations with nonzero far-field velocity. We first consider |x| for a weight function
and then |x|” for o < 3/2. Our method can be applied to the Oseen equations. As a result, we
note that we can improve the result of Bae-Jin [1] by the same method.

2.1. Proof of Theorem 1.3

We define ¢r(x) = |x|x(|x])(1 — x(|x|/R)) for large R > 0, where y is a nonnegative cutoff
function with y € C*[0,00), y(s) = 0 for s < 1, and y(s) = 1 for s > 2. When there is no
confusion, we use the same notation ¢ instead of ¢ for convenience.

Asin [1], we set

v = [ NGB < )]y, @)

where N is the fundamental function of —A, thatis, N = N(x —y) = 1/(4x|x — y|). By the
definition of v, we have —Av = ¢V x u. Moreover,

va:IQN(x—y)Vx [9(V xu)] (v)dy = u+R,, (2.2)

where
Ro:= VN * [(u- V)] -V x N * [(V) xu]. (2.3)

We first estimate ||V x v(#)||,, and then obtain the estimate of ||¢u(t)||p = |llxfa(®)|l,-
Now, we consider the fundamental solutions for the nonstationary Oseen equations,
written as

Vi) = Vi(x 1) = Ti(x)e + Vo (N T (), 2.4)

where I';(x) = T'(x,t) = (47rt)_3/ 2 gt /4t (refer to [15, 28]). In fact, I is a translation in the
direction of x by fu,, of the heat kernel K(x,t) = (4th)_3/ze‘|x|2/4t, that is, I'(x,t) = K(x —
tu, t). Set wi(x) = wi(x,t) = (N xI})(x)el,i = 1,2,3, where e’ is the standard unit vector of
which the ith term is 1. Then, we have

VxVxw =-Aw +Vdivw' = V. (2.5)
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Hence, we have the identity
Vyx [p)Vy x @ (x -y t-7)| = g()Vi(x -y, t-7) + R (x,y,t-7),  (26)
where
R (x,yt-7)=Vd(y) x Vy, xw' (x -y, t - T). (2.7)
From straightforward calculations we have that for 1 < s < oo,

for.

<cft- T)_3/2(1_1/S)_(|ﬁ|/2)- (2.8)
s

One might note that we may sometimes use ||V, < [[T¢lls;/34s) < ct*3/% instead
of [Vills < ITells < ct321-1/9) because of technical reason. By the definition of V', both
inequalities hold for any s > 3/2. We multiply (1.13) by V, x [¢(y)V, x w'(x — y,t — T)]
and integrate over Q x (0, — €), and then we have

J-;e fg(?)—: —Ayu+ (ug - Vy)u+(w-Viu+ (u-V)w+ (u- V)u>
Yy x [¢(1)Vy x ! (x —y,t 1) |dy dr (29)
[ [ 99 [p) ¥y < (x- k)| ayar <o

We finally get the following integral representation for V x v (refer to [2, 3] for the
detail):

(Vexv); =(Vyxvg) I}y

—ItJ‘ u- [0+ Ay + (ugp - Vy)|Ri(x,y,t —7)dydr
0Jo

—J‘tf u- [R;(x,y,t—T)]dydT
0o

[ [ Vi v 990y dr

- J‘tJ‘ (wiu + uEw) - [ayk ((l)(y)Vi(x—y,t—T)) +6ykR§(x,y,t—T)]dydT
0o

_ft_ef weu- 8y, (P(y)VI(x —y,t = 7)) + 8, Ri (x,y,t - 7) | dy dr
0 Q

=I+I1I+1II+IV+V+VI,
(2.10)



Abstract and Applied Analysis

where

Ry(x,y,t=7) =2(Vyp(y) - Vy)Vi(x =y, t = 7) + Ayp(y) V' (x -y, t - 7).

(2.11)

Applying Young’s convolution and the Calderon-Zygmund inequalities, we obtain

111, = |(V x vo) * T¢lly < llug * Tellp + [VN * [ug V] * Iﬂt||p
< ||u0¢”3r/(3—2r)”rt”3pr/(5pr+3r—3p) + ”VN * u0V¢”3r/(3—2r)“rt”3pr/(5pr+3r—3p)

< Ct32UTUP b lay 3.0, + CE TP g ||, VE> 0,

if pug € L¥/G-2) and uy € L.
And II is bounded by as follows:

t
||11||,,5cj lull, || 720 [0V % wi_. |+ il VA1,V x i
0 [ee] S2

Sy

dr

S6

i
Vxw,_,

-1
+ |uoo|“|x| u
S5

= IIl + II2 + II3,

where1/s1+1/s,=1+1/p,1/s3+1/s4=1+1/p-1/3and 1/s5+1/s¢ =1+1/p.
We have

t
I < C”u()”rf T—3/2(1/r—1/s1)(t _ T)—3/2(1—1/Sz)dT < C||u0||rt_3/2(1/r_1/p)+1, V>0,
0
where 1/r—-1/s1 <2/3 and s, < 3. Also, we obtain

t
IL < C||u0||rJ T—3/2(1/r—1/53)(t _ T)_1+3/254d7' < CH110||rt_3/2(1/r_1/p)+1, Vt>0,
0
where 1/r —1/s3 <2/3. Finally, we get

t t
II; < Cf IVull, ||V x wi_.|| dr< Clluollrf 7322 () 2% g
0 ‘ s 0

< C”uo”rt73/2(1/r71/p)+1’ Yt >0,

where 1/r —1/s5 <1/3. Hence, for any t > 0, we have

1|, + 1111, < CE32A/r 2P g ||, -, + Cllmol] #7320/ 71/,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Also, we obtain

t
[T11]],, < fo |(wdj) x0;V'|l, + [[(uAP) x V'], dr

! : ) ; (2.18)
< ”u”s”ajv “ps/(szrsfp) + ||u||sl||V ¢||oo”akv X wt_T”ssz
0

< Cllull,£7>/20/=VP* vt > 0,

where 1/s1 +1/s, = 1+1/p, 1/r —=1/s1 < 2/3 and s, < 3. In the above calculation, we

used [[oVi(t)[|, < /2071 instead of [0V(1)]|, < t73/2171/971/2 because of simplicity of
calculations.

And we have

t
||IV||p5c|uw|f||u||37||V¢||m||vf|| dr < Cllug|EC2/M yiso (219)
0 58

where1/sy+1/ss =1+1/p,1/r-1/sy; <2/3 and sg < 3.
Next, for V, we have

Ve[ [ @ [@ud)Vi-w-7

+¢ ()0, Vi(x =y, t =) + 3y R (x -y, t - T)] dy dr (2.20)
<Vi+Vy+ Vs,
We get
t .
Vallp < C.[ ||u||rl||W||3||V¢||Oo||vz||r At < Cllugll £2/20/=1/P4 | yi 50, (2.21)
0 2

where1/r1+1/r,=2/3+1/p,1/r-1/r1 <2/3 and r, < 3. In the above calculation, we used
Vi), < #73/20-1/0+1/Z instead of [|[Vi(t) |, < #73/2071/9 because of simplicity of calculations.
Since |||x|w]|,, < C (see [21]), we have

t
IVall, < cf IIuIIr3||¢WIIm||VV"|| dr < Cllug||, £3/2V/1/p+1 -yt 50, (2.22)
0 i

where 1/r3+1/ry = 1+1/p, 1/r = 1/r3 < 2/3 and ry < 3. In the above calculation, we

used [[oVi(t), < /20" Dinstead of |0Vi(t), < t73/2071/971/2 because of simplicity of
calculations.
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Next, for any t > 0, we have

dr
s (2.23)

t
1Vally < [l il |72 [[7 o]+, Il 91 357 <
0

< ||u0||rt—3/2(1/r—1/p)+1,

where 1/rs+1/r¢=1/1r7+1/rs=2/3+1/p,1/r-1/r5<2/3,1/r-1/r; <2/3 and rg < 3.
Hence, we have

”V”p < C”uo||rt—3/2(1/r—1/p)+1, Vi > 0. (2.24)

Consider VIas follows:

VI = —JZ fg Ul - [(ayk¢(y))Vi(x -y, t-7)

W)V (x -y, t-7) + 0y Ri(x -yt - )| ayar P
<VL+VL+VI;.
We have, for any t > 0,
t .
”VIl“p < IO ||u||sl||u||52”V¢”oo||vl||s3d7 < C2||u0||rt_3/2(1/r_1/p)+1, (2.26)

where 1/s1+1/s+1/s3 = 1+1/p,1/r = 1/s1 + 1/s, < 1/3, and |[u(t)|l,, < ct™/#3/22 In
the above calculation, we used |[Vi(t)||, < #3/20-1/0+1/2 instead of [[Vi(t), < ¢3/2071/9
because of technical reason.

Similar to VI;, we get

dr
5 (2.27)

V2| [V

t
IV, < fo lul, ull, o+ luly | 99, |36 < e

< Cllugll, 72/ vt > 0,

where 1/r1 +1/r+1/r3=1+1/p=1/s1+1/s0+1/83,1/7r =1/r1 + 1/12 < 1/3, |[u(®)||,, <
ct™1/232n and 1/r — (1/s1+1/s5) < 1/3, |lu(t) |, < ct71/2+3/2%,
Note that

[¢u® ], <V xv@)ll, + VN «u®) V||, < IV x v, + [a®)llzp/32)

<1V x v(B)l, + Cliugll, /271D, vt > 0.

(2.28)
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Since for t > 0, |[u(t)|ly < +/€t"'/3, from Shibata [21], we have

VL], < f; ||¢u(7-)||p||u(T)||9||VVi(t - T)||9/ng

t (2.29)
< ef IV x v (7)[l,73(t = 7)dr + Cllug| £~3/2V/ = 1/P*1,
0
Hence, we have
t
IvI|, <e f IV x v(7)[l,73(t = 7) > dr + Cllug | £73/2/r=1/P)+1, (2.30)
0
Thus, by (2.17)—-(2.19), (2.24), (2.28), and (2.30), for all ¢ > 0, we obtain
t
IV xv(®)]|, < ef IV x v(2)]l,7 3 (t = 7) > dr + Cllug| £~3/2V/r=1/P*1, (2.31)
0
Now, we use the following lemma (refer to [25]).
Lemma 2.1. Let a function S(t) satisfy the inequality, for some a < 2/3,
t
S(t) <t + gf S(r)yr V3t —1)2Pdr V> 0. (2.32)
0
One also assumes that
t
lim t-ff T 13S(T)dr = 0. (2.33)
t— 0+ 0
Then, there is €y so that if € < &, then one has
S(t) <ct™ (2.34)
for some c independent of t.
Since
IV xv(®)ll, < [[gu®]l, + |VN *u®) V||, < Rlu®)l, + [u(t) 3y s
2.35

< CRI[uo||3t™/#7% + Cy|uo|#~>/21 /3 VP2 -yt > 0,
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condition (2.33) satisfies

t t
lim t-ff TV x v(1)||,dT = lim £ f /3 (CR||uo||ST_1/2+3/2p + C2||u0||3T3/2”>dT
0 - 0

t— 0+

— tli%.h<CR”u0I|3T—e+1/3+3/2p + C2||u0||3T—e+1+3/2p> — O,

(2.36)
fore < (1/3+3/2p).
So, by Lemma 2.1, we have
IV x v(B)l, < Cllugl|, £3/>F/r=1/p+, (237)
Hence, by (2.28), for any ¢ > 0, we have
[gu(o)], < Cllugl,£/20/7-1/04, 2.38)

and by taking R — oo, we complete the proof of Theorem 1.3.

2.2. Proof of Theorem 1.5

By using the results in previous section, for any 0 < & < 1, we have small > 0 such that

ol w®)l, < et s oz [ ]
(2.39)

< [Ct—3/2(1/r—(a—3p)/3a)+1]"‘[Ct—s/z(l/r—u—a—ﬁ)/(1—a))]1‘“ < CF3/20/r-1/s)+a

where1-2a/3-2=1/s.

Now, in this section, we consider ¢(x) = |x|° y(|x|), where 1 < o < 3/2.

Similar to previous section, for ||I||,, II1, and II,, we obtain the same decay rate with
previous section. And for any ¢ > 0, we have

dr

S2

i
V x wt—'r

1T < Cf (I
0

|3/(2—a)2”u”51

(2.40)

t
< C”uO”rJ‘ T—3/2(1/7‘71/51) (t _ T)—l+3/2$2dT < C”uo||rt—3/2(1/r—1/p)+3/2—(2—o')2/2’
0
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where 1/s1 +1/s; =1+1/pand 1/r —1/s; <2/3. Also, for ||I1I|,, we obtain

II1, < f; [CEmRAY S [CHORE Kl

t
; : 241
< x| u i + [jlu KV X w,;_ T
x| Joyv? Il || V29 [joxv x i ]| ar P4V
0 s ps/ (ps+s—p) 1 0 s
< C”uo||rt—3/2(1/r—1/p)+a—1/2 + C||u0||rt—3/2(1/r—1/p)+1’ Vi > 0,
where1/s1+1/s,=1+1/p,1/r-1/s1 <2/3 and s, < 3.
Next, we have
t .
IV, < c|um|f x|V dr < Clusliiwoll #2200, vis 0, (242)
0 S1 S2

where1/s1+1/s, =1+1/p,s2 <3,and 1/r —1/s1 <20/3. Also, since [||x|w||, < C, we get

t
||v1||pScf lall, |t w|| ||V d < Clluoll 27207101, v > o, (2.43)
0 [e’e) 19

where1/r1+1/r=1+1/p,1/r-1/r1 <2/3,and rp, < 3.
And we obtain

t

-1 {

R N [ I 4%
0

dr < C”uo||rt—3/2(1/r—1/p)+0—1/2/ Vi S 0’ (244)
T4

where 1/r3+1/ry=1+1/p,1/r-1/1r3 <20/3,and ry <3/2.
Next, for any t > 0, we have

dr
s (2.45)

t
) . . |
IVall, < f e e I e e e A
0 oo Te r7

< C||u0||rt—3/2(l/r—1/p)+l + C”uo”rt—3/2(1/1—1/P)+0—1/2/

where 1/rs+1/r¢=1/r7+1/13=2/3+1/p,1/r-1/r5 <2/3,1/r =1/r; <20/3,and rg < 3.
Hence, we have

VIl < Clluoll,t™>/>4/7=/PI*1 4 Cljug ||, ¢73/20/ 71 /Pro=1/2 -yt > 0, (2.46)
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Consider VI as follows:

V== | [@up0)V(x-t-1)

+¢ (y)akai(x -y, t-7)+ 6ykR§ (x-y,t- T)]dy dr (2.47)
<VL+VI+VIs.
We have, for any t > 0,
t .
ity < [ ertal] ot V] dr < Cluol a0z, o
0 1 3

where 1/s1+1/s, +1/s3=1+1/p, 83 <3,1/r = 1/s1 <20/3, and [lu(t)|,, < ct™1/3+3/22,
Similar to V1I;, we get

dr
53 (2.49)

0V x W

t
2 i -1
||v13||,,sj ful, tll | V29[|V xeo']| |1+ ] ull,
0 [ee] 3 51

< C”uo”rt—3/2(1/r—1/p)+1/2 + CHUO||rt_3/2(1/r_1/p)+0, Vi > 0,

where 1/r+1/m+1/r3 =1+1/p=1/s1+1/s52+1/53,1/r-1/1m <2/3,1/r—(1/r1+1/m) <1/3,
1/r=1/s1<20/3,1/r=1/5,<2/3,1/r = (1/s1+1/53) < 20 = 1)/3, |lu(t)|,, < ct™1/>3/252,
and [[u(#)ll,, < ct™'/#*3/272 In the above calculation, we used [[Vi(#)||, < £/2171/9) +1/2 instead

of [[Vi(#)ll, < £73/2071/9) because of technical reason. Now, we have

t
||VI2||,,sf lixtu@ll, [l u@ || _[vvie-o] ar
0 S S3

(2.50)
< CHll() ” t—3/2(1/r—1 /p)+o+1/2-3/2r
> r 7

where 1/s1 +1/s, +1/s3 = 1+ 1/p, 52 < 3/2, |||x|°" u()|,, < Ct-3/21/m=1/s2+0-1 and ry <
3 (=3).
So, we obtain

o-1
lpu®ll, <1V xv(®)ll, + [N« u® V], <1V x v(®)l, + [ = u(t)||3p/(3+P)

< ||V x V(i’)”p + C“uo”rt—3/2(1/r—1/P)+o—1/2, VE> 0 (2.51)

< C”uo||rt73/2(1/r71/p)+o" Vit > 1’

which completes the proof.
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