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We derive several subordination results for a certain class of analytic functions defined by the
Séligean operator In the present investigation.

1. Introduction and Preliminaries

Let o denote the class of functions f of the form
f(z)=z+ Zakzk, (1.1)
k=2

which are analytic in the open unit disk
U={z:|z| <1}. (1.2)

Further, by .S we will denote the class of all functions in <&/ which are univalent in U.

Also let S*(b), KX(b) denote, respectively, the subclasses of «# consisting of functions
that are starlike of complex order b (b € C\ {0}), convex of complex order b (b € C\ {0}) in
U. In particular, the classes $* := $*(1) and X := X (1) are the familiar classes of starlike and
convex functions in U.
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Saldgean [1] introduced the following operator which is popularly known as the
Salagean derivative operator:

D'f(z) = f(2),

(1.3)
D'f(z) = zf'(2),
and, in general,
D"f(z) = D(D"-lf(z)) (meN=1{1,23,...}). (1.4)
It is easy to see that from (1.1),
D"f(z) = z+§:k”akzk. (1.5)
k=2
Let G, (A, b, A, B) denote the subclass of «# consisting of functions f(z) which satisfy
1 D" , 1+A
1+ [(1—1) ];(Z) + M(D"f(2)) —1] < 1:B§ (-1<B<A<1). (1.6)
Equivalently,
' (1-1)(D"f(z)/z) + \(D"f(2)) -1 ‘
<1 (1.7)
b(A-B)-B((1-1)(D"f(z)/z) + M(D"f(2))' - 1)

We note that, for z € U,

(1) G,(L,b,1,-1)=G, (A, b)={f € # : Re (1+1/b[(1-X) (D" f(z) / z2)+MD" f (z))' -1]) } >

0,

(2) G4(0,b,1,-1) =G, (b) = {f e #A:Re (1 +1/b[D"f(z)/z-1])} >0,

(3) Gu(1,b,1,-1) =R, (b) = {f e #:Re (1 +1/b[(D"f(z)) -1])} >0,

(4) Go(0,b,1,-1)=G(b) ={f eA:Re(1+1/b[f(2)/z-1])} >0,

(5) Go(1,b,1,-1) =R(b) = {f e A :Re (1 +1/b[f'(z) -1])} > 0,

(6) Go(0,1-a,1,-1) =G(a) = {f e #:Re(f(z)/z) >a, 0 <a <1},

(7) Go(1,1-a,1,-1) =R(a) = {f e A : Re (f'(z)) >a, 0<a < 1}.

The class R(b) was studied by Abdul Halim [2], while the class G(a) was studied by
Chen [3, 4] and the class R(«) was studied by Ezrohi [5] (see also the works of Altintas and
Ozkan [6], Aouf et al. [7], Attiya [8], Kamali and Akbulut [9], Ozkan [10], and Shanmugam
etal. [11]). A systematic investigation of the starlike and convex functions involving Saldgean
derivative was done by Aouf et al. very recently [7].

In our proposed investigation of functions in these subclasses of the normalized
analytic function class </, we need the following definitions and results.
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Definition 1.1 (Hadamard product or convolution). For functions f and g in the class &4,
where f(z) of the form (1.1) and g(z) is given by

g(z) =z + Y k2", (1.8)
k=2
the Hadamard product (or convolution) (f * g)(z) is defined by
(f*8)(2) =z+ > abizk = (g% f)(2), z€U. (1.9)
k=2

Definition 1.2 (subordination principle). For analytic functions g and h with g(0) = k(0), gis
said to be subordinate to h, denoted by g < h, if there exists an analytic function w such that

w(0)=0, |w(z)|<1,
8(2) = h(w(z)),

(1.10)

forall z € U.

Definition 1.3 (see [12], subordinating factor sequence). A sequence {by};; of complex
numbers is said to be a subordinating sequence if, whenever f(z) is of the form (1.1) is
analytic, univalent, and convex in U, one has the subordination given by

Zbkakzk < f(z) = Zakzk, zelU, aq=1. (1.11)
k=1 k=1

Lemma 1.4 (see [12]). The sequence {byx}{, is a subordinating factor sequence for the class X of
convex univalent functions if and only if

9%{1 + ZZbkzk} >0, zel. (1.12)
k=1

2. Main Results

Theorem 2.1. Let the function f of the form (1.1) satisfy the following condition:

D A+ [BD[(1+A(k~1))]k"|ax| < (A~ B)Jbl- (2.1)

n=2

Then f € G,(\, b, A, B).
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Proof. Suppose the inequality (2.1) holds. Then we have for z € U

D"f( z)

|(1 N2 (DM () - 1‘ - '(A - B)b- B((l - 1) Dn/;(z) +AM(D"f(2)) - 1)|

- [(A-B)b- BZ[(1+)L(k 1)) k" apzk"
k=2

1k az5

< S1(1+ Ak - 1)) ]k [agl = {(A—B)|b| B3I+ Ak - 1)>]k"|ak||z|’<‘1}
k=2

k=2

i(l +[B))[(1 + A(k = 1))]k"|ax| - (A-B)|b| <0
k=2

(2.2)

which shows that f belongs to the class G, (\, b, A, B). O

In view of Theorem 2.1, we now introduce the subclass G},(\, b, A, B) which consists
of functions f € «# whose Taylor-Maclaurin coefficients satisfy the inequality (2.1). We note
that G;;(\,b, A, B) C G,(\,b, A, B).

In this work, we prove several subordination relationships involving the function class
G; (A, b, A, B) employing the technique used earlier by Attiya [13] and Srivastava and Attiya
[14].

Theorem 2.2. Let f € G}, (A, b, A,B), and let g(z) be any function in the usual class of convex
functions K, then

(I+A)(1+|B|)2"

[(1+A)(1+|B|)2"+(A B |b| (f*g>(z) <g(2) (2-3)
for every function g € K. Further,
[+ M)A +][B[)2" + (A = B)b]]
Re{f(z)} > - T 01 [B)2 , zel. (2.4)

The constant factor (1+ 1)(1+|B|)2"/2[(1 + A)(1 +|B|)2" + (A — B)|b|] in (2.3) cannot be replaced
by a larger number.

Proof. Let f € G%(\, b, A, B), and suppose that g(z) = z + 3.2, ckz* € . Then

(1+1)(1+|B|)2"
2[(1+1)(1+|B|)2" + (A - B)|b|] (f * g)(z)

_ (1+A)(1+|BJ)2"
A+ (A +[BN2" + (A= B)b] <Z ’ chakz >

(2.5)
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Thus, by Definition 1.3, the subordination result holds true if

(1+M1)(1+|B|)2" *®
iz o (20)

(T+0)(1+[B)2" + (A-B)b[] ** [ .,

is a subordinating factor sequence, with a; = 1. In view of Lemma 1.4, this is equivalent to
the following inequality:

= (1+M\)(1+|BJ)2"
Re{l+2§2[(1”)(1+|B|)2n+(A_B)Ib”akzk} >0, zel. (2.7)

Since W(k) = (1 + |B|)[(1 + A(k — 1))]k" is an increasing function of k (k > 2), we have, for
|zl =7 <1,

® (1+A)(1+|B[)2"
Re{l * ézz[a +1)(1+|B))2" + (A- B)[b[] akzk}

3 (1+1)(@1+|B|)2" & 1+ +|B|)2"
) Re{“ [ D+ B2 + (A BB~ 24T+ 0+ B2 + (A—B>|b|1“"zk}
o (1+A)(1+|B|)2" . 1
= T [A+ DA+ B)Z + (A-B)Bl] [(L+N)(1+B)2" + (A-B)l]
1+1)(1 +|B|)2"
T A+ HA+1B)2" + (A- Bl

x i(l +[B[1 + Mk = 1)]k"|a|rk > 1
k=2

. [bl(A - B) L
[T+ (T +[B)2"+ (A= B)Pel]

1-r>0, |z|=r<1,

(2.8)

where we have also made use of the assertion (2.1) of Theorem 2.1. This evidently proves the
inequality (2.3) and hence also the subordination result (2.3) asserted by Theorem 2.2. The
inequality (2.4) follows from (2.3) by taking

g(z) = % =z+ sz e X. (2.9)
k=2

To prove the sharpness of the constant (1 +X)(1 + |B[)2"/[(1 + X)(1 + |B|)2" + (A - B)|b|], we
consider the function F € G},(A, b, A, B) defined by

(A-B)|b|

F@ =z-Gainaz e

(2.10)
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Thus, from (2.3), we have

(1+)(1+ |B])2" .
AT A+ B2+ A-Bp] P 1=z

(2.11)

It is easily verified that

. (1+1)(1+[B)2" _ !
min{Re( s+ mpr s amE 9) |~ 2€v @

This shows that the constant (1 + 1)(1 + |B|)2"/2[(1 + 1)(1 + |B|)2" + (A — B)|b|] cannot be
replaced by any larger one. O

For the choices of A-1=0and B +1 = 0, we get the following corollary.

Corollary 2.3. Let f € G}, (A, b) let and g(z) be any function in the usual class of convex functions
K, then

(1+A)2"
[T +)(1+[B])2" + |b]]

(f*8)(2) < g(2), (2.13)

wherebe C\ {0} and0< A <1,

2[(1+A)2" + |b|]

Re{f(z)} > - T

zeU. (2.14)

The constant factor (1 + 1)2"/2[(1 + 1)2" + |b|] in (2.13) cannot be replaced by a larger number.
For the choices of A-1=B+1 =0and n =0, one gets the following.

Corollary 2.4. Let f € G*(A,b), and let g(z) be any function in the usual class of convex functions
K, then

1+1
M( f*g)(2) < g(2), (2.15)
whereb e C\ {0} and0< A <1,
T+A+|b
Re{f(z)} > _%, zeU. (2.16)

The constant factor (1 + ) /2[1+ A+ |b|] in (2.15) cannot be replaced by a larger number.

For the choicesof A-1=B+1=0,n=0,and A = 0, one gets the following.



Abstract and Applied Analysis 7

Corollary 2.5. Let f € G*(b), and g(z) let be any function in the usual class of convex functions X,
then

1
m(f *g)(z) < g(2), (2.17)
wherebe C\ {0} and 0 <A <1,
Re{f(z)} >-[1+1b]], zel. (2.18)

The constant factor 1/2[1 + |b|] in (2.17) cannot be replaced by a larger number.
For the choicesof A-1=B+1=0, n=0, A =0,and b = 1 —a, one gets the following.

Corollary 2.6. Let f € G*(a), and let g(z) be any function in the usual class of convex functions X,
then

1
m(f *8)(z) < g(2), (2.19)
where 0 < a <1,
Re(f(z))>-(2-a), zel. (2.20)

The constant factor 1/2(2 — a) in (2.19) cannot be replaced by a larger number.

For the choicesof A-1=B+1=0, n=0,A=1,andb=1-a (0 < a <1), one gets the
following.

Corollary 2.7. Let f € R*(a), and g(z) let be any function in the usual class of convex functions X,
then

2
m(f *g)(z) < g(2) (2.21)

where0<a <1,

Re(f(z)) >—<3;“>, zel. (2.22)

The constant factor 1/ (3 — a) in (2.21) cannot be replaced by a larger number.
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