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We improve the viscosity approximation process for approximation of a fixed point of a quasi-
nonexpansive mapping in a Hilbert space proposed by Maingé (2010). An example beyond the
scope of the previously known result is given.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and the induced norm ||- || In this paper,
we denote the strong and weak convergence by — and —, respectively. For a subset C of H,
amapping T : C — C is said to be nonexpansive if || Tx — Ty|| < ||x — y|| for all x, y € C; and it
is quasinonexpansive if its fixed-point set Fix(T) := {x € C : x = Tx} isnonempty and ||[Tx - p|| <
lx — pl|l for all x € C and p € Fix(T). It is clear that every nonexpansive mapping with a
nonempty fixed-point set is quasinonexpansive, but the converse is not true. The process
for approximation of a fixed point of a nonexpansive or quasinonexpansive mapping is one
of interesting problems in mathematics and it has been investigated by many researchers.
One of the effective processes for this problem is given by Moudafi [1]. Let C be a closed
convex subset of H,and T : C — C is a nonexpansive mapping with a nonempty fixed-point
set Fix(T). Moudafi proposed the following scheme which is known as Moudafi’s viscosity
approximation process:

x1 =x € C arbitrarily chosen,

. (1.1)

1
_ n
Tl = 1 floxn) + 1+¢ Txu,
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where f : C — C is a contraction; that is, there exists an a € [0, 1) such that || f(x) — f(y)]| <
allx —y| forall x,y € C and {¢,} is a sequence in (0, 1) satisfying

(M1) lim,, — €, =0,

(M2) 32 én = 0,

(M3) limy, o (1/€n — 1/ €p41) = 0.

It was also proved that {x,} converges to an element z € Fix(T) satisfying the following
inequality:

(f(z)-z,q9-2)<0 (1.2)

for all g € Fix(T).

In the literature, Moudafi’s scheme has been widely studied and extended (see [2-
5] and references therein). For example, Xu [6] improved this result to a Banach space. The
interesting improvement of this result given by Maingé [7] is our starting point. His result is
given below.

Theorem 1.1. Let C be a closed convex subset of a Hilbert space H, and T : C — Cisa
quasinonexpansive mapping such that 1 — T is demiclosed at zero, that is, z € Fix(T) whenever {z,}
is a sequence in C such that z, — z and z, — Tz, — 0. Suppose that f : C — C is a contraction.
Let {x,} be a sequence in C defined by

x1 =x € C arbitrarily chosen,

(1.3)
Xn+l = lxnf(xn) + (1 - an)((l - w)I + (‘JT)xn/
where w € (0,1), I is an identity mapping, and {a,} is a sequence in (0, 1) satisfying
(C1) lim,, —, o, = 0,
(C2) >y an = 0.
Then the sequence {x,} converges to an element z € Fix(T') and the following inequality holds
(f(z)-2z9-2)<0 (1.4)

forall g € Fix(T).

It should be noted that Maingé’s result is more widely applicable than Moudafi’s.
However, after a careful reading, we find that there is a small mistake in Maingé’s proof.
The following fact (see [7, Remark 2.1(i3)]) is used: if T : C — C is quasinonexpansive and
Tw := (1 - w)I + wT where w € (0,1], then

(x = Tpx,x - q) > wl|x - Tx|? (1.5)
for all x € C and g € Fix(T'). Note that the inequality above is equivalent to

(x-Tx,x—q) > ||x - Tx|* (1.6)
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But this fails; for example, let us consider the nonexpansive mapping T : R — R defined by

Tx = —x for all x € R. It is clear that Fix(T) = {0} and (x — Tx,x — q) = 2x> #4x? = ||x — Tx|>.
Recall the following identities in a Hilbert space H: for x,y € H, w € [0, 1]

(@) llx + yII* = lxI* + 2¢x, y) + Il
(ii) [I(1 -~ w)x + wyl? = (1 - w)|lx|P* + wllyl* - (1 - w)wllx - y*

The correction of Maingé’s result is as follows.

Proposition 1.2. Let C be a subset of a Hilbert space and T : C — C be a mapping with a
nonempty fixed-point set Fix(T). Suppose that T, := (1 — w)I + wT where w € (0,1]. Then T is
quasinonexpansive if and only if

(x=Tpx,x—q) > %llx—TxH2 (1.7)

forall x € C and q € Fix(T).

Proof. Notice that x — T;,x = w(x — Tx) and

ITox = qlI" = [| T =) + (x = @)
= || Twx = x||* + 2(Tx — x,x = ) + ||x - q”2 (1.8)

= @llx = Tx|* + 2(Tox = x,x = q) + || x - q|".
On the other hand,

[ Twx = q|I* = [|(1 - @) (x - ) + w(Tx - @)

(1.9)
=(1-w)|x- q||2 +w|Tx - q||2 - (1 - w)wl|jx - Tx|*
Hence
2 2 2
2(x=T,x,x—q) = w<||x— gl - ||Tx - q]| > +w||x - Tx||”. (1.10)
O

Remark 1.3. Unfortunately, this effects the main result (see [7, Theorem 3.1]) in Maingé’s
paper. More precisely, inequality (32) of its proof (page 78, line 22) should read

1 1 1
e = 21 = = 2IP + (5 =)ol = ) - TP
(1.11)

<ap (an“f(xn) - anZ - <xn = f(xn), xn - Z>>
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rather than

1
Slner = 2l = Sl = 2l + (1= ) (1 = )| = Tl
(1.12)

<a, (zxn”f(xn) - x,,||2 = {xn — f(xn), xn — z})
Therefore, Theorem 1.1 above is valid for only w € (0,1/2) under the same technique.

The purpose of this paper is to simultaneously present a correction of the proof of
Theorem 1.1 which is valid for all w € (0,1), and extend his scheme to a wider class of
mappings including average mappings, that is, mappings of the form (1 — w)I + wT. Our
result is more general than Maingé’s theorem. An example of a quasinonexpansive mapping
which is not applied by Maingé’s theorem but applied by our result is given.

2. Result
First, let us recall some lemmas which are needed for proving the main result.
Lemma 2.1 (see [8, Lemma 2.3]). Let {s,} be a sequence of nonnegative real numbers, {a,} a

sequence of (0,1) with 3571 ay = oo, { B} a sequence of nonnegative real numbers with >,7°; B, < oo,
and {y,} a sequence of real numbers with limsup,, _, ¥y, < 0. Suppose that

Sne1 £ (1= an)Sy + AnYn + P (2.1)

forall n € N. Then lim,, _, .5, = 0.
The following nice result was proved by Maingé (see [7, Lemma 2.1]).

Lemma 2.2. Let {s,} be a sequence of nonnegative real numbers. If there exists a subsequence {sy, }
of {sn} such that sy; < sy;.1 for all j € N, then there exists a subsequence {sm, } of {sx} such that

Sy < Smy+1, Sk < Smy+1 (2.2)
forall k e N.

For a closed convex subset C of a Hilbert space H, the metric projection Pc : H — Cis
defined for each x € H as the unique element Pcx € C such that

|lx = Pex|| = inf{||x — z| : z € C}. (2.3)
It is well known that (see, e.g., [9]) forx € Hand y € C
y=Px= (x-y,y-z)>0, VzeC. (2.4)
For x,y € H, the following inequality is known as the subdifferential inequality:

llx+ y|> < %l + 20y, x + ). (2.5)
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A mapping T : C — C is said to be strongly quasinonexpansive [10] if it is
quasinonexpansive and z, — Tz, — 0 whenever {z,} is a bounded sequence in C such that
limy, , o (|lzn = pll = lITzn —p||) = 0 for some p € Fix(T). It is known that every metric projection
is strongly quasinonexpansive.

We are now ready to present our main result.

Theorem 2.3. Let C be a closed convex subset of a Hilbert space H and T : C — C is a strongly
quasinonexpansive mapping such that I — T is demiclosed at zero. Suppose that f : C — Cisa
contraction. Let {x,} be a sequence in C defined by

x1 =x € C arbitrarily chosen,

(2.6)
Xn+l = anf(xn) +(1-a,)Txy,,
where {ay,} is a sequence in (0,1) satisfying
(Cl) lirnn—moan = 0/
(C2) 32,y = oo.
Then the sequence {x,} converges to an element z € Fix(T) and the following inequality holds
(f(z)-2z9-2)<0 (2.7)

forall g € Fix(T).

Before we give the proof, we note that Fix(T) is closed and convex (see [11] for more
general setting). Hence the mapping Prixr) o f : C — C is a contraction. Then it follows from
the well-known Banach’s contraction principle that there exists a unique element z € C such
that z = Prix(1) © f(z). In particular, z € Fix(T) and ( f(z) — z,9 — z) < 0 for all g € Fix(T).

Let us assume that || f(x) — f(y)|| < a||x — y|| for all x,y € C where « is a real number
in [0,1).

Lemma 2.4. The sequence {x,} is bounded.

Proof. We consider the following inequality:

101 — 2|l < a|| f(xn) = z|| + (1 = an) I Tx, — ||
< | fCen) = f@) | + ]| f(2) = 2| + (1= @) I Ton — ]|
< (apa+1—ay)||x, — z|| + an"f(z) - Z”

IF ) - 2| (28)
1-«a

=(1-a,(1-a))llx, - z| +a,(1-a)

) =) }

< max{uxn -]

By induction, we conclude that the sequence {||x, — z||} is bounded and hence so is the
sequence {x,}. O
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Lemma 2.5. The following inequality holds for all n € N:
ll2ne1 = Z||2 <(1- “n)znxn - lez + 2apal|xy — z||||xp - 2| + 2“n<f(z) —Z, Xn+l — Z>- (2.9)
Proof. It follows from the subdifferential inequality that

i1 = 2II* = [Jan(f (xn) = 2) + (1 = @) (T, — Z)”Z
< (1= an)?||Txn = 2|* + 20 ( f (%) = 2, Xn1 — 2)

<(1- “n)znxn - Z”z + 2“n<f(xn) - f(Z), Xntl — Z>

(2.10)
+2ay, <f(Z) —Z,Xp+1 — Z>
< (1= a)?[lxn = z[1* + 2apall20 = 2[l[| %1 - 2]
+20,(f(2) — 2, Xp41 — 2).
O
Lemma 2.6. If there exists a subsequence {xy, } of {x,} such that im infy_, o (||Xn41 — 2|l = || %n, —
z||) >0, then limsup, _,_(f(z) =z, xy41 — 2) <0.
Proof. First, we note that a,, — 0 and let us consider the following inequality:
0 < T inf(|xpeer — 21 = [, - =)
< lilglglf(ank”f(xnk) - Z” +(1- ank)”Tlek -z| - ”xnk - Z”)
= lim inf(|[Totn, — 2[| = llotm, - 2II) (211)
<limsup([|Toxn, — 2| = [l = 2] )
k— oo
<0.

This implies that limy ., o, (||, — z|| = [|Txn, — z||) = 0. Since T is a strongly quasinonexpansive
mapping, x,, — Tx,, — 0. In particular, x,, — x,,+1 — 0. Because {x,, } is bounded, so there
exists a subsequence {x,, } of {x,, } such that Xn, — q and

lli_)nolo<f(z) = Z,Xp, — z> = 1i1]31 sup(f(z) - z, xn, — z). (2.12)
It follows from the demiclosedness of I — T at zero that g € Fix(T). Then
llirg<f(z) - 2,2, -2) = (f(2) - 2,9 - z) <0. (2.13)

Hence limsup, _, _(f(z) — z,xy+1 — 2) = limsup, _, _(f(z) - z,x,, — z) <0, as desired. O
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Proof of Theorem 2.3. Let us consider the following two cases.

Case 1. There exists an N € N such that ||x,1 — z|| < ||x, — z|| for all n > N. It follows then
that lim,, _, . || x,, — z|| exists and hence lim inf,, _, o (||xn+1 — 2|l = [l — z||) = 0. This implies that
limsup, , _(f(z) -z, %1 —2z) <0. By Lemma 2.5, foralln > N,
e = 2 < (1= an)?llatn = 2|* + 2tnatl| o = 2|1 - 2]
+2ay <f(Z) —Z,Xn+1 — Z>
< (1= 2a, + 2a,a) ||y = z||* + a3 |0 — 2|
+20,(f(2) = 2, %ps1 — 2) (2.14)
= (1-2a,(1-a))llx, - 2”2

anllxn - z|* | (f(2) = 2, Xne1 - z>>

+2an(l—a)< 20-a) + -2

Notice that >, \; 2a,,(1 — a) = oo and

lim sup

n—oo

2(1-a) 1-a (2.15)

<an||xn—z||2 @) -z xm —z>> <o

By Lemma 2.1, we have lim,,_, o, ||, — z[|* = 0.

Case 2. There exists a subsequence {||x,, — z||} of {||x, — z[[} such that [[x,, — z|| < ||xn;+1 — 2| for
all j € N. In this case, it follows from Lemma 2.2 that there exists a subsequence {||x,,, — z||}
of {||x, — z||} such that

% = 2l < 1xXmer =2, llxk = 2] < [1xXmpen = 2| (2.16)

for all k € N. It follows from lim infi_, 5 (|| X, +1 — || = [|%m, — z[|) > 0 that limsup, _(f(z) -
Z, Xme+1 — 2) < 0. Moreover, by Lemma 2.5, we have
%mesr = 2I7 < (1= ) [1Xm, = 211 + 2 @l = 2|[[| X1 = 2]
+ 20, <f(Z) —Z, X1 — Z>
(2.17)

< (1= ) mget = 2l + 20m,all X1 — 21

+ 200, (f(2) = 2, Xmes1 — Z)-
In particular, it follows that

(2 = Amy — 2“)||xmk+1 - lez < 2<f(Z) = Z, Xmy+1 — Z>' (218)
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This implies that
(2 - 2a)lim sup|| X1 — z||* < limsup 2(f(2) - 2, X1 — 2) < 0. (2.19)
k— oo k— oo
Hence
lim supl||xx — z|]* < lim sup||xXm+1 — z|* = 0. (2.20)
k— oo k— oo
Then limg _, o || xx — z||* = 0. This completes the proof. O

Remark 2.7. 1f C is a convex subset of a Hilbert space and T : C — C is a quasinonexpansive
mapping, then the mapping T, := (1 — w)I + wT is strongly quasinonexpansive whenever
w € (0,1) (see [10]). This means that Maingé’s result is included in ours as a special case.

Remark 2.8. There is a strongly quasinonexpansive mapping S such that S is not of the form
(1 — w)I + wT where « € (0,1/2) and T is a quasinonexpansive mapping. This means
that there is an example which is beyond the scope of Maingé’s result (see Remark 1.3,
Theorem 1.1 with his old proof is valid for only a € (0,1/2)).

Example 2.9. Let A = {(x,x) : x € R}. It is clear that A is a closed and convex subset of R?.
Notice that S := P, is a strongly quasinonexpansive mapping and (0,0) € Fix(S). Suppose
that S = (1 - w)I + wT where w € (0,1/2) and T is a quasinonexpansive mapping. Then, by
Proposition 1.2, we have

(2,0)-52,0,2,0) - 0,0) 2 22,0 ~TQOF = 52,0 - SO @21)
It is easy to see that S(2,0) = (1,1). In particular,
2=(2,0)~(1,1),2,0) 2 52,0 - LD = = (222)

Thatis w > 1/2, a contradiction.

3. Conclusion

We propose a viscosity approximation process for approximation of a fixed point of a
quasinonexpansive mapping. This not only corrects Maingé’s result but also essentially
improves his result to a more general relaxation.
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