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A semilinear elliptic problem (E,) with concave-convex nonlinearities and multiple Hardy-type

terms is considered. By means of a variational method, we establish the existence and multiplicity
of positive solutions for problem (E)).

1. Introduction and Main Results

In this paper, we consider the following semilinear elliptic problem:

k .
~au- > - Q) P M, xeQ,

i=1 X — ai|2 (Ey)

u=0 xe0Q,

where Q ¢ RN (N > 3) is a smooth bounded domain such that the different points a; € Q, i =
1,2,k k>2, 0<ui<u2(N=-2)/2)% 1>0, 1<g<2, 2* 22N/(N —2) is the critical
Sobolev exponent, and Q(x) is a positive bounded function on Q.

Problem (E)) is related to the well-known Hardy inequality (see [1, 2]):

2
J [ ~dx < ij \Vuldx, YueHYQ), aeQ. (1.1)
Qlx—al Hla
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In this paper, for 3%, i € [0,j1), we use H £ H}(Q) to denote the completion of
Cy(Q) with respect to the norm

Ky 172
ul| = ||ully = Vul* - : dx . (1.2)
lul = s <fg<| | §|x—a,-|2> >

By (1.1), this norm is equivalent to the usual norm (fg |Vu|2dx)1/ 2,
The function u € H is said to be solution of problem (E,) if u satisfies

k .
f (Vqu - Z #i 7 uv — Q(x)[ul* uw - )L|u|‘72uv>dx =0, YveH, (1.3)
Q

i=1 |X — ai

and, by the standard elliptic regularity argument, we have that u € C>(Q\ {a1,aa,...,ax}) N
Cl(Q\ {a1,a2,.. -/ak})'
The energy functional corresponding to problem (E,) is defined as follows:

A 1f 2 - patd 1{
u) == Vul” - dx — — u
INOES Q(I | §|x—ai|2 >

then J) (u) is well defined on H and belongs to C!(H, R). The solutions of problem (E,) are
then the critical points of the functional J,.

It should be mentioned that, for0 € Q, A >0, 1 <g<2, 0<pu<pyu 0<s<2and
2*(s) = 2(N = s)/(N —2) is the critical Sobolev-Hardy exponent. Note that 2*(0) = 2%, the
following semilinear elliptic problem:

2t f [ul7dx, (1.4)
qJa

I’ WEO2 e
—Au - —u=Q(x) —u+Mu/Tu, xeQ,
|| |x| (15)
u=0 x€0Q,

had been extensively studied, and the existence and multiplicity results of positive solutions
had been obtained; see [3-7] and references therein.

For the case k > 2, our problem (E,) can be regarded as a perturbation problem of the
following semilinear elliptic problem:

k .
—Au - Z # SU = QU)|uf*u, xeQ,
iz |x — ai (1.6)

u=0, xe€oQ.

In [8], by using Morse iteration, the authors studied the asymptotic behavior of solutions
for problem (1.6); by critical point theory, the authors also proved the existence of nontrivial
solutions to problem (1.6). On the other hand, the authors in [9] also studied problem (1.6);
they discussed the corresponding Rayleigh quotient and gave both sufficient and necessary
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conditions on masses and location of singularities for the minimum to be achieved. In [9],
both the case of the whole R and bounded domains are taken into account.

To proceed, we make some motivations of the present paper. In [6], the authors studied
more general problem than problem (1.5) with y € [0,1), s = 0, and they proved that there
exists A > 0 such that problem (1.5) has at least two positive solutions for all A € (0,A). A
natural question is whether the above results remain true for problem (E,) with multisingular
inverse square potentials. In recent work [10], the author studied problem (1.1) with Q(x) =1
on Q and showed that there exists A > 0 such that problem (1.1) has at least two positive
solutions for all A € (0,A). In this paper, we continue the study of [10] by considering the
more general function Q(x) instead of Q(x) = 1 and extend the results of [10] to the more
general function Q(x).

ForO<pj<panda; €Q, i=1,2,...,k we can define the best constant

,[Q<|Vu|2 —Hi <u2/|x - ai|2)>dx

m
ueH\ (0} 2 5 \¥
(Jo Il dx)

(1>

Sp , (1.7)

and from [11], we get that S, is independent of Q. For 0 < u <, 0 < p; < i, setting

BEE-u yE\EEB Y E\E-P

ﬂié\/ﬂ/ Yié\//:“rﬂir Y{é\/lzl—ﬁir Y
the authors in [1, 2] proved that S, is attained in RY by the function
b x — ;| <1(12;f$—):(|j;*fi)ﬂf>2/(2*2) ' (19)
and, moreover, for all £ > 0, Vi, (x) £ e@N/2U,, ((x - a;) /€) solve the problem
du- —H PP in RV (@) (1.10)
|x — ai

and satisfy

Vil

V.. .
: 12 Hise _ i 12 _ gN/2
fRN<|vv,z,g| —#i|x_a_|z>dx— [ Vil ax = sy (111)
1
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Note that S, is a decreasing function of u for y € [0, ) and

1

Uy (x) = =
(|x— ai|Yk/\/ﬁ +x - ai|Y”</\/ﬁ>\//;

(1.12)

also attains S, fori=1,2,...,k.

Now we recall the following standard definition.

Assume that X is a Banach space and X! is the dual space of X. The functional
I € CYX,R) is said to satisfy the Palais-Smale condition at level ¢ ((PS). in short), if
every sequence {u,} C X satisfying I(u,) — c and I'(u,) — 0in X! has a convergent
subsequence.

In this paper, we will take I = J, and X = H. To proceed, we need the following
assumptions:

(H#,) there existsanl € {1,2,...,k} such that

SN2Q(an® N = min{SN2Q(a)* N2, i=1,2,.. K}, (1.13)

(H2) Q(x) is a positive bounded function on Q, and there exists an x; € Q such that

Q(xp) is a strict local maximum. Furthermore, there exists 7 > (\/p — uiN)/ \/ﬁ
such that

Q(x0) = Qm = mﬁaXQ(x),

Q) - Q(xo) = o(|x = xo|")  as x — xo, (114)
Q(x) = Q(a) =o(lx-al") asx—a,
(H3) 0 < p; <pforeveryi=1,2,...,kand 35, p; <.
We define the following constants:
X fo(1Vul = Ky i (12/1x - i) ) dx
S= inf YiT , (1.15)
ueHJ ()\{0} <J‘Q |u|2*dx>
5 C9/@-2) L,
Ay 2 ( -9 > ( - >|Q|—((2*—q)/2*)S(Z*(2—q))/(2(2*—2))+q/2‘ (1.16)
(2 - q)Qm 2'—q

The main result of this paper is the following theorem.



Abstract and Applied Analysis 5

Theorem 1.1. Assume that conditions (H1)—(H3) hold; then one has the following.

(i) If L € (0, A), then problem (E,) has at least one positive solution.

(i) If L € (0,(q/2) o), then problem (E,) has at least two positive solutions.

This paper is organized as follows. In Section 2, we give some properties of Nehari
manifold. In Sections 3 and 4, we complete proofs of Theorem 1.1. At the end of this section,
we explain some notations employed in this paper. L? (Q, |x—a;|") denotes the usual weighted
LP(Q) space with the weight |x—a;|". |Q] is the Lebesgue measure of Q. B, (x) is a ball centered
at x with radius r. O(e) denotes |O(e!)|/€! < C, and 0,(1) denotes 0,(1) — Oasn — oo.C,
C; will denote various positive constants and omit dx in the integration for convenience.

2. Nehari Manifold

In this section, we will give some properties of Nehari manifold. As the energy functional ]
is not bounded below on H, it is useful to consider the functional on the Nehari manifold

My ={ueH\{0}: (Jy(u),u) =0} (2.1)

Thus, u € M, if and only if
(J) (), ) = [l - fQ Qluf? - Afg [l = 0. (22)

Note that ), contains every nonzero solution of problem (E;). Moreover, we have the
following results.

Lemma 2.1. The energy functional ]y is coercive and bounded below on M,.

Proof. If u € M,, then by (1.15), (2.2), and Holder inequality,

)

2* -2 2% —
Ja(u) = ||u||2—)u( qq

22% 2%
) (2.3)
1 2 -4 (2°-9)/2* c-q/2
> — —_ 7 q q q.
>l - (S ) 502
Thus, J, is coercive and bounded below on _#,. O

The Nehari manifold is closely linked to the behavior of the function of the form
@py:t — Jy(tu) for t > 0. Such maps are known as fibering maps and were introduced by
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Drabek and Pohozaev in [12] and are also discussed by Brown and Zhang [13]. If u € H, we
have

Pult) = ﬁ||u||2—ff Q) —ﬂf ?
! 2 2* Jo qgla

9 (8) = Hul? — £ f@ Q)fuf* - A5 fQ ulf, (2.4)

@ht) = [lul* - 2" - )2 fQ Q(x)[ul* - A(g - 1)1 fQ Juaf.
It is easy to see that
bl (1) = lful - f Q)b Af e, (2.5)
Q Q

and so, foru € H \ {0} and t > 0, ¢}, (t) = 0if and only if tu € M, that is, the critical points
of ¢, correspond to the points on the Nehari manifold. In particular, ¢, (1) = 0 if and only if
u € M,. Thus, it is natural to split M, into three parts corresponding to local minima, local
maxima, and points of inflection. Accordingly, we define

M = {ue My g(1) >0},
M = {u € My (1) =0}, (2.6)
My ={ue My g,(1) <0}

and note that, if u € M, thatis, ¢,(1) = 0, then

ou(D) = @=q)lul® - (2" =q) | Qe)u” (2.7)
Q

Q- 2)ulP - (g -2) fQ . 28)

We now derive some basic properties of M}, MY, and M.

Lemma 2.2. Assume that ug is a local minimizer for Jy on My and uy ¢ JIl&) Then ]i(uo) =0in
H

Proof. Our proof is almost the same as that in Brown-Zhang [13, Theorem 2.3] (or see Binding
et al. [14]). O

Moreover, we have the following result.

Lemma 2.3. If A € (0, Ag), then ﬂg = (b, where A is the same as in (1.16).
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Proof. Suppose the contrary. Then there exists A € (0, Ag) such that /S #@. Then, for u € /M
by (1.15) and (2.7), we have that

2 - . o ;
e f@ Q) < QuSZ ull?, (29)
and so
5 1/(2*-2)
lll > (a0 52/, 2.10)
“\ (2" -9)Qm

Similarly, using (1.15), (2.8), and Holder inequality, we have that

2 - 2 - e
Il = 1= [ Il < AS 10 52, 1)
=, -
which implies that
*_ 1/(2-9)
Jlull < (A—i ZIQI(Z*“”/ 2”) S/, (2.12)

Hence, we must have

’ (2-9)/(2"-2) » _1o
s -4 < - >|Q|—<2*—q>/2* SEE)/CE-D@D) Z A (2.13)
(2" -q9)Qum 2-q

which is a contradiction. This completes the proof. O
In order to get a better understanding of the Nehari manifold and fibering maps, we

consider the function ¢, : R* — R defined by
g () = 279> — 21 J'Q Q(x)|uf* fort>0. (2.14)
Clearly tu € M, if and only if ¢, (t) = A [, [u]?. Moreover,
() = (2= @)t ul® - (27 - q) ! fg Q)[ul* for t>0, (2.15)

and so it is easy to see that, if tu € M), then t71¢ () = ¢! (t). Hence, tu € M (or tu € M) if
and only if ¢, (t) > 0 (or ¢, (t) <0).
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Foru € H \ {0}, by (2.15), ¢, has a unique critical point at t = fyax (1), where

b - (ol >”<2*‘2)>0 216
o (2 - 9) Jo Q) uf* ’

and clearly ¢, is strictly increasing on (0, fmax (1)) and strictly decreasing on (tmax (1), o0) with
lim; _, o ¢p,, (t) = —o0. Moreover, if A € (0, Ag), then

2 _ (2-9)/(2"-2) 2 (27-q)/(2-2) u|| @@ =)/ (2*-2)
(Pu(tmax(u)) = <2* 9 > - < * 1 > ] 2-q)/(2*-2
-q 2*—q < )( 9)/(2*-2)

Jo QO)lul

2* -2 2 — q (2-g9)/(2*-2) ”u”Z* (2-9)/(2*-2)
() (L
—4q —4 Jo Q)[ul

* (2-9)/(2*-2)
2 ”u”q<2 — 2) < 2-4 > g2 (2-9))/(2(2"-2))
z-q (2" -q9)Qm

> A|Q P2 S a7

> AJ |u]?.
Q

Therefore, we have the following lemma.

(2.17)

Lemma 2.4. Let A € (0, Ag). For each u € H \ {0}, one has the following:
(i) there exist unique 0 < t* = t*(u) < tmax(u) <t~ = t7(u) such that t'u € M}, t'u €

M, @y is decreasing on (0,t), increasing on (t*,t7) and decreasing on (t~, o0)

It = sitr,‘nfx<u> N(tw),  a(tu) = i;gfi(tu), (2.18)

(ii) My = {ue H\ {0} : (1/|Jul)t™ (u/][ul]) =1},

(iii) there exists a continuous bijection between U = {u € H \ {0} :|[ul| = 1} and M. In
particular, t~ is a continuous function for u € H \ {0}.

Proof. For the proof see Wu [15, Lemma 2.6]. O

3. Existence of Ground State

First, we remark that it follows from Lemma 2.3 that

My = MU (3.1)
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for all A € (0, Ag). Furthermore, by Lemma 2.4 it follows that /] and M| are nonempty, and
by Lemma 2.1 we may define

ay = uier}nflh(u)' ay = uier}’%h (u), a, = ug}nf;])‘(u)’ (3.2)

Then we get the following result.

Theorem 3.1. One has the following.

(i) If A € (0, Ag), then one has a} < 0.
(i) If A € (0,(q/2)No), then a; > dy for some dy > 0.

In particular, for each A € (0,(q/2)Mo), one has a} = a,.

Proof. (i) Letu € M. By (2.7),
2-q,. 0 J‘ 2
— > , 3.3
3 H > | Qe (33)

and so

R = (-2 )+ (-5 ) Qe

D GHED e

2*-2)2-4q),
= _—22*11 [lu|” < O.
Therefore, a} < 0.
(i) Letu € M. By (2.7),
2-q 2 f 2
—||u||* < x)|ul” . 3.5
2*_qll | QQ( )ul (3.5)

Moreover, by (1.15), we have that
fQ QU < QuS ™2 ulf . (3.6)

This implies that

> (—2-9 1/(Z*_Z)SN/‘* Yu e M. (3.7)
(2*-q)Qm '
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By (2.3) and (3.7), we have that

1 _ 2% — 5 o N o
Ta(u) > ||u||‘7 [ﬁ””“z q _ )L<_q>5 q/2|9|(2 q)/z]

2*q
( 5_ q >q/(2*—2)
> _—
(2 -9)Qm
(2-q)/(2°-2) %
«sNaa| L (2;‘1 S(@-N)/4 _ )L<2_“7) sa2jqQ|@ -0/ ||
N (2* — q) QM 2*q
(3.8)
Thus, if X € (0,(q/2)A), then
Ja(u) >dy Vu e M, (3.9)
for some positive constant dy. This completes the proof. O

Remark 3.2. (i) If A € (0, Ap), then by (1.15), (2.8), and Holder inequality, for each u € M7, we

have that
2*—-q
2
1 q
P <351 | 1
2" —q 02, 2-g) /2" 1
Sd—S V21QI= P | (3.10)
2"~ 4 o g2 0@ -0/2 10
SAOmS Q] [luell?,
and so
2*—gq . A\ /-9
[Jul| < <A0ms_q/2|§2|(2 /2 > Vu e ;. (3.11)

(i) If A € (0,(q/2)Ao), then by Lemma 2.4 (i) and Theorem 3.1 (ii), for each u € M,
we have that

Ja(u) = sup i (tu). (3.12)

t>0

Now, we use the Ekeland variational principle [16] to get the following results.

Proposition 3.3. (i) If A € (0, Ag), then there exists a (PS),, sequence {u,} C M, in H for J,.
(ii) If X € (0, (g9/2) /), then there exists a (PS)RE sequence {u,} C M in H for J,.

Proof. The proof is almost the same as that in Wu [17, Proposition 9]. O
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Now, we establish the existence of a local minimum for ], on ;.

Theorem 3.4. Assume that condition (H) holds. If A € (0, Ao), then ]\ has a minimizer uy in M}
and it satisfies the following:

(1) a(m) =y = aj,
(ii) uy is a positive solution of problem (Ey),
(iii) ||ua]] = O0as A — O*.

Proof. By Proposition 3.3 (i), there is a minimizing sequence {u,} for J, on M, such that
Ju(un) = ar+0n(1), J'(ua) = 05(1) in H(Q). (313)

Since J, is coercive on M, (see Lemma 2.1), we get that {u,} is bounded in H. Going if
necessary to a subsequence, we can assume that there exists 1, € H such that

u, — uy weakly in H,
u, — u, almost everywhere in €, (3.14)

u, — u, strongly in L°(Q) V1 <s < 2%
Thus, we have that

)LJ‘ 1, Z)LJ‘ [ur]? +0,(1) as n— oo. (3.15)
Q Q

First, we claim that u, is a nonzero solution of problem (E,). By (3.13) and (3.14), it is easy to
see that u, is a solution of problem (E,). From u, € M, and (2.2), we deduce that

_ -2) .
Af fual? = 2(2* Syl o). (3.16)

Letn — oo in (3.16); by (3.13), (3.15), and a) < 0, we get

j al? 2~

Thus, uy € M, is a nonzero solution of problem (E,). Now we prove that u, — u, strongly
in H and ], (1)) = a). By (3.16), if u € ,, then

7> 0. (3.17)

Ja(u) =

*_q’[‘ q
ul?. 3.18
TR (3.18)
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In order to prove that J) (u)) = a, it suffices to recall that u,,, u, € M), by (3.18) and applying
Fatou’s lemma to get

1 VAR
< 1) = ol =27 |

s 1 2 2 3.19
< _ -1 q ( )
hr{lnnf(NHunH i QJ‘ |14 )

<liminf])(u,) = ay.

This implies that ]y (1)) = ay and limy,—, oo |[tn||* = |lua]|>. Let v, = u, — uy; then Brézis-Lieb’s
lemma [18] implies that

loall® = lluall” = lluall? + 0n(1). (3.20)

Therefore, u, — u, strongly in H. Moreover, we have u, € /M. On the contrary, if u, € M,
then, by Lemma 2.4, there are unique ¢; and f; such that tju, € M} and tju, € M. In
particular, we have t[ < t; = 1. Since

dZ

—p i (tw) >0, (3.21)

d
— T, (tF =
dth( quy) =0,
there exists t{ < t< t, such that J) (tjuy) < Ji(tuy). By Lemma 2.4 (i),
() < o (Zux> < a(tgua) = Ja(uy), (3.22)

which is a contradiction. Since [y (1)) = Jy(Juy|) and |u,y| € M}, by Lemma 2.2, we may assume
that u, is a nonzero nonnegative solution of problem (E,). By Harnack inequality [19], we
deduce that u) > 0 in Q. Finally, by (3.10), we have that

2" - : .
P < AS T i)/ r s a2, (3:23)

and so ||uy]| — 0as A — 0*. O

4, Proof of Theorem 1.1

In this section, we will establish the existence of the second positive solution of problem (E})
by proving that ], attains a local minimum on ;.

Lemma 4.1. If {u,} C H isa (PS), sequence for ]y, then {u,} is bounded in H.

Proof. The argument is similar to that of [10, Lemma 4.1], and here we omit the details. [
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We recall that

5.5 i Ja(IVuf - pi(2/1x - aif) )x

, —7 (4.1)
uEH\{O} <J‘Q |u|2 dx)

Lemma 4.2. Assume that conditions (H#1)—(H3) holds. If {u,} C H is a (PS), sequence for J with

1 SN/2 SN/2
* A & . Hi 0
O<c<c" = N mm{ Q(lll)(Niz)/Z’ N2 (7 (4.2)
M

then there exists a subsequence of {u, } converging weakly to a nonzero solution of problem (Ey,).

Proof. Let {u,} C H be a (PS), sequence for ], with ¢ € (0, c*). We know from Lemma 4.1 that
{u,} is bounded in H, and then there exists a subsequence of {u,} (still denoted by {u,}) and
uy € H such that

u, — up weakly in H,

u, — up weakly in L? <Q, |x — ai|_2> for1<i<k,

u, — up weakly in L7 (Q), (4.3)
u, — 1y almost everywhere in Q,
u, — Uy strongly in L°(Q) V1 < s < 2"
It is easy to see that J| (u9) = 0 and
A talt =3 ol 0,0 (4.4)
Q Q

Next we verify that uy#0. Arguing by contradiction, we assume that 1y = 0. By the
concentration compactness principle (see [20, 21]), there exist a subsequence, still denoted
by {u,}, at most countable set 2, a set of different points {xj}jeg c Q\ {ay,a,...,ax},
nonnegative real numbers ﬁ;}., 13;'/., j € 2, and nonnegative real numbers ji,,, Ya, Vo, (1 <
i < k) such that

k
\Vul> — dji > |Vuol® + D jix 62, + D jiz,Oa,s
jed i=1
2 2
u,, ~ ~
—dy = * Yaba.s (4-5)
Ix - a;| Ix - a; JaDa

k
2% ~ 2% — —
|un|” — dV = |uo|” + D V5,65, + D Vaba,
jea i=1
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where 6, is the Dirac mass at x. By the Sobolev-Hardy inequalities, we infer that

2/2*

SuVa " < g — piYa, 1<i<k. (4.6)

We claim that 2 is finite and, for any j € 2, either

SN/Z

M

In fact, let € > 0 be small enough such that a; ¢ B.(x;) forall 1 <i < k and B¢(x;) N
B, (x]) = g fori#j,i,j € 2. Let (})] be a smooth cut-off function centered at x; such that
0< (j)] <1, gb] =1for [x - x;| < g/2, ¢] 0 for |x — x;| > € and |V¢]| <4/e. Then

e—-0n—oo

lim lim f Vi, Pl = limf pldji > lim (J Vo2 +,z;> =i,
Q e—0 Q e—0 Q / /

lim Lim 2¢] = llmj (j)] dy = lim 2(])]

e=0n=» Jo |x - a; e=0J)g |x — aj

lim lim f Q) ¢l = lim jg Q) pldi= lgno(jg QU)o ¢l + Q(xj)ﬁz,-) =Q(x))7x,

e—0n—oo

lim lim unVu,,Vd)é =
e—=0n—o Jo

(4.8)
Thus we have that
0 = lim lim (J}(1a), unl) > iz, ~ Q(;)7%,. (49)
By the Sobolev inequality, 5013;].2/ ¥ < fix; for j € 2; hence we deduce that
gN/2
17;; =0 or Q(x])ﬁ;] > W’ (410)
Qum

which implies that 2 is finite.
Now we consider the possibility of concentraction at points a;(1 < i < k). For € > 0
be small enough such that x; ¢ B.(a;) for all j € 2 and B(a;) N B:(a;) = @ for i#j and
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1<1,j < k. Let ¢ be a smooth cut-off function centered at a; such that 0 < ¢ <1, ¢. =1 for
|x —ai| <e/2, L =0 for |x —a;| > e and |Vyi| < 4/e. Then

lim lirnJ‘ |Vun|2(pg=1imf (p;d;zzhmq |Vu0|2¢p;+ﬁ;> = i,
Q e—=0)¢o e—0 Q

e—-0n—oo

u> u3
lim lim 2(/) = llmf ¢.dy = lim f z(pg +Ya ) = Yair
e—=0n—oo Q |x al| e—0 Q |x a1|

im lim [ QG = lim | Qeelgtts = lim( | Qe ol + Qa7 ) = Qa7

e—0n—oo

2

lim lim — T _pi=0 for j#i,
e—>0n—o |.X' a]|

lim lim | u,Vu,Vel=0.
e=0n—ow Jo

(4.11)
Thus we have that
0 = lim Tim (7} (1), wngpl ) > fia, = i ~ Q@) . (412)
From (4.6) and (4.12) we derive that
Suva" < Qai)a, (4.13)

and then either 7, = 0 or 7, > (S,,/Q(a;))"/* forall 1 <i < k.
On the other hand, from the above arguments and (4.4), we conclude that

c= lim (]A(un) > (T (un), un>>

-1y > 1_1>I g
= i [ Qe +4(5-2) [ ul

(4.14)
- % <L2 Q) |uol* + >1Q(xj) vy, + ZQ(al)val> (% - %) fQ o[

je2

<ZQ(x])Vx +ZQ(al a> + Ja(uo).

je2
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If v, = 13;] =0foralli € {1,2,...,k} and j € 2, then ¢ = 0 which contradicts the
assumption that ¢ > 0. On the other hand, if there exists ani € {1,2,..., k} such that ¥,, #0 or
there exists a j € 2 with 17;] #0, then we infer that

N/2 N/2 N/2
c2 1 min S’“/ Sﬂz/ S,uk/ 510\]/2
- N Q(al)(N—Z)/Z Q(az)(N—Z)/Z Q(ak)(N—2)/2 5\1/}]_2)/2
! Su”” sy (4.15)
= min (N-2)/27 ~(N-2)/2
N Qan o
= C*,

which also contradicts the assumption that ¢ < c*. Therefore 1y is a nonzero solution of
problem (E,). O

Lemma 4.3. Assume that conditions (H#1)—(H3) hold. Then for any A > 0, there exist vy € Hol(Q)
such that

sup/y(tvy) < c". (4.16)

>0

In particular, a;, < c* for all A € (0, Ag) where A is the same as in (1.16).

Proof. From (H>), we know that there exist pg > 0, 7 > (\/p — uIN)/4/p such that By, (a;) C
Q/ BZpo (XO) C Q/

Qx) =Q(a) +o(lx —al|") Vx € Byp,(ar),

(4.17)
Q(x) =Qm +o(]x —x0")  Vx € By, (x0)-
To prove this lemma, we need to distinguish the following two cases:
‘ }14\11/2 Sé\T/2 . ﬁzj/z Sé\f/z
case I: Q) N7 5\}4\{_2)/2, case II: Qe N7 2 5\7_2)/2. (4.18)
We first study Case I. The definition of ¢* implies that
* S’I:’] N (4.19)

NQ(a) N7

Motivated by some ideas of selecting cut-off functions in [22], we take such cut-off function
n“(x) that satisfies 7% (x) € C5°(Bas, (a1)), n%(x) = 1 for |x — aj| < 60, n*(x) = 0 for |x — aj| >
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260, 0 <1 <1land |Vn"| < Cwhere0 < 69 < min{(1/2)|a; - aj|, i,j=1,2,...,k, i#j}, 6 <
po, and Bos, (a;) C Q. For € > 0, let

e(N-2)/4

1 (x) = " (x)
H1,E - - - Ja (420)
[eloe = a/VF o Jxc = g/ V] v

where 7z = (N -2)/2)?, Y = \/ﬁ—\/ﬁ—m,and}q = \/ﬁ+\/ﬁ—yl.

We define the following functions on the interval [0, +o0):

g(t) = Nn(tuj,e)
(u t2* .
:_f HISZ_.M e f Q(x)|u#16|
Ix — ay?
£y ﬂf it f |u;
2, 42 o x-af? el 4.21)
t2 a |2 (u E
SEJ‘ |Vu/41tr5| —H ~ J‘ Q( )l /415 _-/\ J‘ |uﬂ,£ s
Q | —
_ oAt o 12 (umg t2* 5
g(t) =5 |Vul‘-z,€| —H Q( )luﬂhE
2 )o lx —a

From Hsu and Lin [6, Lemma 5.3] and after a detailed calculation, we have the
following estimates:

2%

([owlia )" = ([ ewluz)™ +o(=),

(u (u (4.22)
.[Q<|V”#16| ~H W” >—IR <| - 1 - af >+O<5(N—2)/2>,
SN/Z
80 = N a7 (M=), (4.23)

where Uy, is defined as in (1.12).
Using the definitions of g(t), uj, ., we get

2 u )2
<t f |Vust | - ( ”"5)2 , V>0, VA>0. (4.24)
2 J)g |x = a
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Combining this with (4.22), let € € (0,1); then there exists t; € (0,1) independent of € such
that

N/2
supg(t) < ————, VA>0, Yee (0,1). (4.25)
OStSIiog NQ(al)(N_2)/2

Using the definitions of g(t) and uy; . and by (4.23), we have that

o .
supg(t) = sup <g(t) - _/\J‘ |”MI:,E|q>
>to q Jo

t>to £

o ) ; (4.26)
S—I+O £N72 2 —)L— ual q.
NQ(a)) N7 ( ) q )by, @ e
Let0 < e < 6871_” )/\/ﬁ; then we have that
[ = £(a(N-2))/4
B e B = =1/
50 (a1) 50 (@) [g|x — VR x - al|n/\/ﬁ]
> f szf (4.27)
Bs, (a1) = Hq
50 (a1 <(262)q/\//:>
=Ci(N,q, #1,60)5(%]\7—2))/4'
Combining with (4.26) and (4.27), for all ¢ € (0,5 "/ V"), we get
lI;f/Z tq
supg(t) < —— 4+ O(eWN-2/2) _ Ly \e@(N-2)/4, (4.28)
PSS Soaymar T g

Hence, for any A > 0, we can choose small positive constant £, < min{1, 6(()”_”)/\/?} such that
¢

O( EA(N72)/2> _ 00 e N4 < (4.29)
q

From (4.25), (4.28), and (4.29), we can deduce that, for any A > 0, there exists €, > 0 such that

SN/2
ap Hi
Stl;g’])u (tuﬂl,&\) < NQ(al)(N_2)/2 : (430)
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From Lemma 2.4 (i), the definition of a, and (4.30), we can deduce that, for any A €
(0, Ag), there exists t., > 0 such that . u., € /A, and

SN/Z

— ap ap Hi
ay <y (tE,\um,s,x) < S;(?])L(tu,uz,a\) < NQ(al)(N_z)/z' (4.31)

Hence Case I is verified.
Next, we investigate Case II. In this case we have that

SN/Z SN/Z SN/2

* 0 0 Hi
CcC = = = — S _ 7 (432)
NQG? NQxo) NP2 7 NQ(a N7

where x is the maximum point of Q(x) defined as in (H#>).
If xo = a; for some i € {1,2,...,k}, from the fact that S, < Sy, we obtain

SN/Z SN/2 SN/Z
¢’ = : N2~ . N2 2 . (N-2)/2’ (4.33)
NQ(a;) NQ(a;) NQ(ay)

which is impossible. Hence x( # a; for any i € {1,2,...,k}.
For e > 0, let

E(N—2)/4,1xo (x)

2) (N-2)/2" (4.34)

ugfg(x) =

<£+ | — xo|

where 7% (x) is a cut-off function that satisfies 77 (x) € Cf°(Bas,(x0)), 171 (x) = 1 for [x — xo| <
6o, m*(x) = 0 for |x — x| > 269, 0 < * < 1and |Vy*| < C where 0 < &y < (1/2) min{|xg —
ail, |xo—azl, ..., |xo—ak|,2po} and By, (xg) C Q. Consider the functions defined on the interval
[0, +o0):

Tonoa b x t z
h<t>=5f i -5 [ el
Q
(4.35)
uOs tq xo |9
no) 2 1, (1) = ) - f 2 !
Q
By the same argument as in Case I, we can deduce that
R0 gy O ")
sup h(t) = 0 +0(eN-2/2),
(N-2)/2
=0 NQ(x0) (4.36)

q
X0
J‘ |u0,£
Q

>Cy(N, g, 60)5‘7(N"2)/4 Ve € (O, 65),
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and, for any A > 0, there exists 0 < £; < min{1, 6%} such that

X0
uO,e 5%

N/2
q) < S (4.37)

X 7, £
supJy <tu0f)ﬂ> < St%?(h(t) - )LE J; NO(xg)N272

>0

From Lemma 2.4 (i), the definition of a;, and (4.37), we can deduce that, for any A €
(0, Ap), there exists t,, > 0 such that t.,u., € A} and

gN/2
T < Y ) < N — :
o < Tty < sup), (ng2,) < NG (4.38)
Hence Case Il is proved. From Case I and II we conclude Lemma 4.3. O

Now, we establish the existence of a local minimum of J, on ,/fl;.
Theorem 4.4. Assume that condition (HK) holds. If A € (0,(q/2)No), then ]\ has a minimizer U in
M, and it satisfies the following:

(i) (W) =aj,

(ii) U, is a positive solution of problem (E,).

Proof. If A € (0, (q/2)Ayp), then, by Theorem 3.1 (ii), Proposition 3.3 (ii), and Lemma 4.3, there
exists a (PS)a; sequence {u,} C M in H for ], with a; € (0,c"). From Lemma 4.2, there exist
a subsequence still denoted by {u,} and a nonzero solution U, € H of problem (E,) such
that u, — U, weakly in H. Now we prove that u,, — U, strongly in H and J,(U,) = a;. By
(3.18), if u € _m,, then

_ Lty F-a q
Rt = gl A5 (4.39)

First, we prove that U, € M. On the contrary, if U, € M7, then by, the definition of
My = {ue My g,(1) <0} (4.40)

and Lemma 2.3, we have [|U,|* < liminf, _, ,||u,||>. By Lemma 2.4 (i), there exists a unique
t, such that t U, € M. Since u, € M, by (3.12) and (4.39), we have ], (u,) > J\(tu,) for all
t>0and

ay < u(tUy) < iminf ]y (Fu,) <liminf Jy(u,) = af, (4.41)

and this is a contradiction.
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In order to prove that J,(U)) = a), it suffices to recall that u,, U, € M, for all n, by
(4.39) and applying Fatou’s lemma to get

2*
o 1 » [ 2'—gq 4.42
< — _ — q ( . )
—hﬂiﬁ‘f<N||”nll A 2*q LJ”"')

< liminf [y (u,) = aj.

1 2" —
o < W) = P15

This implies that ], (U,) = a, and lim,, ., ||t ||? = U] Let v, = u,, — U); then Brézis-Lieb’s
lemma [18] implies that

[oall® = llunll® = UL + 0 (1). (4.43)

Therefore, u, — U, strongly in H.

Since Jy(U)) = JL(lUy|) = &) and |U,| € M, by Lemma 2.2, we may assume that U, is
a nonzero nonnegative solution of problem (E,). Finally, by the Harnack inequality [19], we
deduce that U, > 0in Q. O

Now, we complete the proof of Theorem 1.1. By Theorems 3.4 and 4.4, we obtain that
problem (E,) has two positive solutions u, and U, such that u, € M}, U, € M. Since
MM = B, this implies that 1y and U, are distinct. This completes the proof of Theorem 1.1.
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