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We define the Bessel ultrahyperbolic Marcel Riesz operator on the function f by U%(f) = RE « f,
where RE is Bessel ultrahyperbolic kernel of Marcel Riesz, a...C, the symbol * designates as the

convolution, and f € S, S is the Schwartz space of functions. Our purpose in this paper is to obtain
the operator E* = (U*) " such that, if U%(f) = ¢, then E%p = f.

1. Introduction

The n-dimensional ultrahyperbolic operator (¥ iterated k times is defined by

k
2 2 2 2 2 2
Dk= a_2+a_2+...+a_2_a—2_a—2 ..... az , (11)
ox]  0x; ox; 6xp+1 axp " 0X}pig
where p + g = n is the dimension of R" and k is a nonnegative integer.
Consider the linear differential equation in the form of
Tfu(x) = f(x), (12)

where u(x) and f(x) are generalized functions and x = (x1,x2,...,x,) € R™.

Gel'fand and Shilov [1] have first introduced the fundamental solution of (1.2), which
is a complicated form. Later, Trione [2] has shown that the generalized function Rg((x),
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defined by (2.6) with y = 2k, is the unique fundamental solution of (1.2) and Téllez [3] has
also proved that R} (x) exists only when n = p + q with odd p.

Next, Kananthai [4] has first introduced the operator (¥ called the diamond operator
iterated k times, which is defined by

k
|G- (5) =
Ok = — ) - =), .
= 0x7 407

where n = p + g is the dimension of R”, for all x = (x1,x3,...,x,), and k is a nonnegative
integer. The operator O* can be expressed in the form

<>k — Aka — DkAk, (14)

where [ is defined by (1.1), and

k
02 02 02
Akz —_— e —— e — (15)
<8x% ox3 6x%>

is the Laplace operator iterated k times. On finding the fundamental solution of this
product, Kananthai uses the convolution of functions which are fundamental solutions of the
operators [ and A¥. He found that the convolution (—1)*R¢, (x) * R (x) is the fundamental
solution of the operator Ok, that is,

OF (1R (x) * R (x)) = 6(x), (1.6)

where Rg((x) and RS, (x) are defined by (2.6) and (2.11), respectively with y = 2k and 6(x)
is the Dirac delta distribution. The fundamental solution (—1)kR§k (x) * Ri(x) is called the
diamond kernel of Marcel Riesz. A wealth of some effective works on the diamond kernel of
Marcel Riesz have been presented by Kananthai [5-10].

In 1978, Dominguez and Trione [11] have introduced the distributional functions
H,(P +i0,n) which are causal (anticausal) analogues of the elliptic kernel of Riesz [12].
Next, Cerutti and Trione [13] have defined the causal (anticausal) generalized Marcel Riesz
potentials of order a, « € C, by

R = Hy(P £i0,n) * ¢p, (1.7)
where ¢ € S, S is the Schwartz space of functions [14] and H, (P +i0, n) is given by

e¥u7ri/2€iq7ri/2r((n _ lX)/Z) (P:I:iO)(“_")/z

1.
2251/ 2T (o /2) (18)

Hy (P +i0,n) =
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Here, P is defined by

2, .2 2 .2 2 2
P=P(x)=x1+x2+--~+xp—xp+l—xp+2—~-—xp+q, (1.9)

where g is the number of negative terms of the quadratic form P. The distributions (P + i0)"
are defined by

(P +i0)* = lim<P + i€|x|2>)L, (1.10)
e—0
where € > 0,1 € C, and [x|*> = x7 + x3 + -+ + x2; see [1]. They have also studied the inverse
operator of R*, denoted by (R*)™, such that, if f = R%, then (R*)™ f = ¢.
Later, Aguirre [15] has defined the ultrahyperbolic Marcel Riesz operator M* of the
function f by

M*(f) = Ry * f, (1.11)

where RE is defined by (2.6) and f € S. He has also studied the operator N* = (M*)™ such
that, if M“(f) = ¢, then N%p = f.

Let us consider the diamond kernel of Marcel Riesz K, s(x) introduced by Kananthai
in [6], which is given by the convolution

Kop(x) = RS * R, (1.12)

where R¢ is elliptic kernel defined by (2.11) and Rg’ is the ultrahyperbolic kernel defined
by (2.6). Tellez and Kananthai [16] have proved that K, s(x) exists and is in the space of
rapidly decreasing distributions. Moreover, they have also shown that the convolution of the
distributional families K, s(x) relates to the diamond operator.

Later, Maneetus and Nonlaopon [17] have defined the diamond Marcel Riesz operator
of order (a, p) of the function f by

M@P(f) = Kup* f, (1.13)

where K, is defined by (1.12), a, € C, and f € S. They have also studied the operator
N@P = [M@P]™" such that, if M@P (f) = ¢, then N@Pgp = f.

In this paper, we define the Bessel ultrahyperbolic Marcel Riesz operator of order a of
the function f by

U*(f) =Ri = f, (1.14)

where & € C and f € S, S is the Schwartz space of functions. Our aim in this paper is to
obtain the operator E* = (U%)™" such that, if U%(f) = ¢, then E%p = f.

Before we proceed to our main theorem, the following definitions and concepts require
some clarifications.
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2. Preliminaries

Definition 2.1. Let x = (x1,xy, ..., x,) be a point in the n-dimensional Euclidean space R". Let

a2 a2 a2 2 2 2
U=X]+ X5+ X, =Xy — Xy x (2.1)

be the nondegenerated quadratic form, where p + g = n is the dimension of R”. LetI', = {x €
R*:u>0and x; >0(i =1,2,...,p)} be the interior of a forward cone, and let T, denote its
closure. For any complex number y, we define

L (r-2vl-m) /2
5 — o forxel,
Ry (x) = Ky '(y) (2.2)

0, forx ¢T,,

where

gD (2 4y —n=2pv]) /2)T((1-y)/2)T(y)
I(2+y-p-2P)/2)I((p-v)/2)

K)(y) = / 23)

2v; =2a;+1, ;> -1/2and |[v| = vi + v2 + - - + v, see [18-20].

The function Rf (x) is called the Bessel ultrahyperbolic kernel and was introduced by
Aguirre [21]. It is well known that Rf (x) is an ordinary function if Re(y —2|v|) > nand is a
distribution of (y — 2|v|) if Re(y — 2|v|) < n. Let suppr (x) denote the support of Rf (x) and
suppose that suppr (x) CT, (ie., suppRyB (x) is compact).

Letting y = 2k in (2.2) and (2.3), we obtain

Ly @k-n=2lv))/2

B _
RE() = 24
where
=227 (2 + 2k — n = 2|v|) /2)T((1 - 2k) /2)T (2k)
K, (2k) = 2.5
(@) (2 + 2k —p—20) /2)T((p - 20)/2) @3)
By putting |v| = 0in (2.2) and (2.3), then formulae (2.2) and (2.3) reduce to
(y-n)/2
L, forxeTl,,
R (x) = 4 Ku(y) (2.6)
0, forx ¢ T,
(n-1)/2 _ —
ko) = 2T 24 DT ) /2T o

I((r=p)/2+DI((p-7)/2)
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The function R{'(x) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced
by Nozaki [22]. It is well known that Rf (x) is an ordinary function if Re(y) > n and is a
distribution of y if Re(y) < n. Let suppR)I,{ (x) denote the support of Rf (x) and suppose that
suppR;(x) C T, (ie., suppR}(x) is compact).

By putting p = 1in R}} (x) and taking into account Legendre’s duplication formula for

I'(z), that is,

r(2z) = 22Z’1Jr’1/21’(z)1’<z + %) (2.8)
we obtain
(y-n)/2
H(x) =2 (2.9)
H.(y)
and v = x3 - x3 — x5 — - -+ — x5, where
_ /2oy (Y 2N\ Y
H,(y) = 2 r( . r(z). (2.10)

The function If (x) is called the hyperbolic kernel of Marcel Riesz.

2 2

Definition 2.2. Let x = (x1,x2,...,X,) be a point of R" and w = x7 + x5 + -+ + x2. The elliptic

kernel of Marcel Riesz is defined by

R(x) = Wi (2.11)
W)’ '
where 7 is the dimension of R", y € C, and
2T (y/2
WalY) = Te—3 7y b 2) - (2.12)
((n-1)/2)

Note that n = p + g. By putting g = 0 (i.e, n = p) in (2.6) and (2.7), we can reduce

-n)/2 (r-p)/2 ) 2 2
u(=m/2 o wy , where w, = x7 + x5+ + X, and reduce K,(y) to

O DAL((1-7) /T ()

N(CEE) (219

Ky(y) =
Using Legendre’s duplication formula

I'(2z) = 222"1ﬂ'_1/2F(z)F<z + %) (2.14)
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and

F<% + z>1"<% - z) = wsec(rz),
we obtain
Ky(y) = gsec( YW, ().

Thus, for g = 0, we have

(r-p)/2 N u\r-p/2 YT
R (x) = “ = 2cos( L =2cos Ry (x).
! Ky (y) (7 >Wp(Y) (7)

In addition, if y = 2k for some nonnegative integer k, then

RE (%) = 2(=1)R§ ().

The proofs of Lemma 2.3 are given in [2].

Lemma 2.3. The function R (x) has the following properties:
(i) Ry (x) = 6(x);
(ii) R (x) = OF6(x);
(iif) O°RY (x) = R, (x);
(iv) OFRE (x) = 6(x).

Lemma 2.4. If [v|#0, then
RE (x) = hrfp,IV\R$—2|v|(x)f
where Rf (x) and Rf_ 2|v‘(x) are defined by (2.2) and (2.6), respectively, and

o _T(=p)/2+ DI - 2)I (P 1) /2)
P TR (p - ) /2 + DT - 1) /2)T(r)

Proof. We get (2.19) by computing directly from definition of RB (x) and RY o (x).

The proof of the following lemma is given in [23].

Lemma 2.5 (the convolutions of RE (x)). (i) If p is odd, then

Ry (x) * R (x) = REL; (%) + A,

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



Abstract and Applied Analysis 7

where
i sin(aor/2) sin(for/2) _
Agp=—= H' . -H_ ., 2.22
b 2 sin((a+p)x/2) [ a+p ‘”ﬂ] (2:22)
H;ﬂ = Hyyp(P 10, 1) (2.23)
as defined by (1.8).
(ii) If p is even, then
RE (x) * R (x) = BapRLL 5(x), (2.24)
where
2 2
o cos(ar/2) cos(Por/2) (2.25)
cos((a+p)r/2)
Lemma 2.6 (the convolutions of RE(x)). (i) If p is odd, then
Rz (x) * Rﬁ(x) = hap ivihp p (Riﬂ—2(|v|+|‘u|) + AafZ\vl,ﬁfZ\#l)/ (2.26)
where RE (x) and Ag-v| p-2)u are defined by (2.6) and (2.22), respectively.
(ii) If p is even, then
R (x) * RE(X) = hapoihpp (Ba—zwl,ﬂ—zwRﬁp_2(|v|+| #I))’ (227)
where By a)y| p-2)y 18 defined by (2.25).
The proof of this lemma can be easily seen from Lemmas 2.4, 2.5 and [23].
3. The Convolution R?(x) * Rg (x) When f§ = —a
We will now consider the property of RE(x) * Rg(x) when ff = —a.
From (2.26) and (2.27), we immediately obtain the following properties.
(1) If pis odd and g is even, then
RE(x) * Rg(x) = Reap g pul (Ri pa(ielul) * Aa,z‘w,ﬁ,zw), (3.1)

where R (x) and Ag-2v|,p-2)u are defined by (2.6) and (2.22), respectively.
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(2) If p and g are both odd, then

RE () * Rg (X) = happihppu (Riﬁ,2(|v|+|ﬂ|) + Aa72\VI,ﬁ*2\#I>- (3.2)

(3) If pis even and g is odd, then

=2v|)ar/2) - cos((f-2|u|)xr/2)
RE(x) % RE(x) = happiltppp | 22 RH .
2 () * Ry (%) = Happo ﬁ"’"”'( cos((a+p—2( + |u]))r/2) axp-2(|vl+|u])
(3.3)
(4) If p and g are both even, then
=2|)r/2) - cos((B-2|u|)r/2)
RE(x) % RE(x) = hap g | <22 RH .
« () % Ry () = R ﬂ"’"*"< cos((a+p—2(v + |u]))r/2) asp-2(vl+ )
(3.4)
Moreover, it follows from (2.22) that
Aa—2v,— a=2py|) = lim Aa—2v, -2
bhotaczb) = T 2
i . sin((a=2))r/2)sin((y - (a=2v])x/2) ., _
=——1lim - [H}, - HY] (3.5)
2y—0 sin(yr/2)
LT sin((a — 2|v|)7r/2? sin((y = (a = 2|v|))x/2) lim [H* ~ H*],
y—0 sin(yar/2) y—ol Y Y
where y = a + - 2(|v| + |pu]).
On the other hand, using (2.23) and (1.8), we have
) ) i0)(0r-m/2
lim | H —H’] _ D/2) |y prvivz gais2 (P +E0) T 7
y—ol a2 ly=0 I'(y/2)
. (y-1)/
_hmeyﬂ'i/Ze—qyri/Z (P — 10) (y-m)/2
r=0 I'(y/2)
(3.6)

T/ [ i i RESpnsa(P i0)?
a2 y—0 Resp—_n/ 2l (B +n/2)

—limeY7i/2p=ami/2 . Resﬁ=—n/2(P—i0)p .
y—0 Res,;:,nmr(p + n/z)
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Now, taking 7 as an odd integer, we obtain

47/ 2 grn/2 k6 37
Res (Pxi0)' = —5— T " _[6(x), .
| Res (P£i0)* = (/e O 57)

where [F is defined by (1.1), p + g = n, and k is nonnegative integer; see [24, 25]. If p and gq
are both even, then

iqyz‘i/z n/2 k
R P+i0) = ——— %6 (x). 3.8
Res P = et ) (38)
Nevertheless, if p and g are both odd, then
R P+ =
Res ( i0)" = (3.9)
Therefore, we have
lim [H+ _ H_] _ F(Tl/z) /2 ime —yai/2 _ hmeym/2 6(x)
Solthy ¥ w2 T(n/2) ly=0 =0
’ 7 (n/2) (3.10)
= lirrb [-2isin(yr/2)]6(x).
Y—?
From (3.6) and (3.9), we have
%EI})[H; - H;] =0 (3.11)

if p and g are both odd (n even).
Applying (3.10) and (3.11) into (3.5), we have

i i sin((a - 2|v|)ar/2) sin((y — (a - 2|v|))x/2)

Au—ZIvI,—a+2|v| = —Ell . }T}) [—21 SlI'l(YJZ'/Z)] 6(x)

y—0 sin(yr/2)
= sin?((a — 2|v|)r /2)6(x)
(3.12)
if p is odd and g is even and
Aa—2|v|,—a+2|v| =0 (313)

if p and q are both odd.
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From (3.1)—(3.4) and using Lemmas 2.3, and 2.6 and formulae (3.12) and (3.13), if p
is odd and g is even, then we obtain

RE (x) * Réu(x) = hu,p,\v|h7u,p,|v| <R(I)_I + Aa72\v|,fa+2|v\>
= gt [5(6) + sin® ((a = 21v])r/2)6(x)| (3.14)
= Rl P [1 + sin?((at - 2|v|)ar/2)]6(x).

If p and g are both odd, then

RE (X) * R?a (X) = ha,p,lvlh—a,p,lvl (R()H + Aa—2|v|,—a+2|v|>

(3.15)
= hap v/ hap v O ().
If p is even and q is odd, then
B B _ cos((a = 2|v|)ar /2) cos((—a +2|v|)r /2) g
Ra (x) * R—a (x) = ha,p,|v\h—a,p,|v\ COS((LX —a— 2|v| T 2|v|)7r/2) RO (3 16)
= Rep | Neap v COS™ (@ = 2|v]) 71 /2) 5 (2x).
Finally, if p and g are both even, then
B B : cos((a = 2|v|)ar/2) cos((—a +2|v|)r /2) 4
Bl a0 = gl ™ s —a=2pTe 0D/

= Rap, v\ eap,vic08” ((a = 2|v|)r /2)6(x).

4. The Main Theorem

Let M“(f) be the Bessel ultrahyperbolic Marcel Riesz operator of order a of the function f,
which is defined by

U“(f) =Ri* f, (4.1)

where RE is defined by (2.2),a € C,and f € S.

Recall that our objective is to obtain the operator E* = (U%)™" such that, if U*(f) = ¢,
then E*p = f foralla € C.

We are now ready to state our main theorem.
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Theorem 4.1. If U*(f) = ¢ (where U*(f) is defined by (4.1) and f € S), then E%p = f such that

E* = U™
-1
_ [1 + sin’((a — 2|v|)ar/2)] RB, if pis odd and q is even,
Rep oiP-apvi
={——RB, if p and q are both odd,
hapoiM-ap vl
T— sec?((a - 2|v|)r/2)RE, if p is even with(a —2|v|)/2#2s+ 1
apvfi-apvl
(4.2)
for any nonnegative integer s.
Proof. By (4.1), we have
Us(f)=Ri*f=9, (4.3)

where RE is defined by (2.2), a € C, and f € S.If p is odd and g is even, then, in view of
(3.14), we obtain

[1 +sin?((a - 2|v|)Jr/2)]_1REx * (RE * f>

ap,oiap)v
1 -1
=—— |1 +sin’((a-2|v))r/2)| (RE, *RE)«f
Hap vl P-ap vl | | ( )
1 -1 (4.4)
=—— |1 +sin?((a-2p|)7r/2)
hap | Pp, vl [ ]
% { il [1+ 1% (@ = 2]} /2)|6(x) } » f
= 6 *f = f
Hence,
2 _ 1B _ ay-1 _ B\
R T— [1 +sin?((a 2|v|)3r/2)] RE = (Uu*)™" = (R) (4.5)
foralla € C.
Similarly, if both p and g are odd, then, by (3.15), we obtain
L REx(RPxf) = ———(RE, «RE) x f
happwihoapp = N ° happwihoapm N
1 (4.6)

= ————Hhap phapp6(x) * f
hapih-ap, | i g’
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Hence,

1

-1
—— R = U = (R (4.7)
hapih-ap, | ( )

forall a € C.
Finally, if p is even, then, by (3.16) and (3.17), we have

——sec®((a - 2|v|)r /2)RE, + (RE « f
hap,iPapvl < )

= ;secz((a - 2|v|)r/2) <R?a * RE) x f
hap i hap i (4.8)

1
= msecz((cx =2v|)ar/2) {ha,p,\ﬂh_a,pmcosz((a - 2|v|)m'/2)6(x)} * f
a,p,|v|ft-ap,|v

=61f=f,

provided that (a — 2|v|)/2#2s + 1 for any nonnegative integer s.
Hence,

-1
sec((a = 2|v|))r/2)RE, = (U*) ™" = (RE 49
hap v/ h-ap,vi < > 49)

for all « € C with (a —2|v|)/2#2s + 1 for any nonnegative integer s.
In this conclusion, formulae (4.5), (4.7), and (4.9) are the desired results, and this
completes the proof. O
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