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Let Tu(A,B,y,a) (-1 < B < 1,B < A0 <y <1and a > 0) denote the class of functions of
the form f(z) = z+ 352 ,,; axz¥ (n € N = {1,2,3,...}), which are analytic in the open unit disk
U and satisfy the following subordination condition f'(z) + azf"(z) < ((1+ Az)/(1 + Bz)), for
(z e ;A< 1,0 <y <1),0+Az)/(1+Bz), for (z € U;y = 1). We obtain sharp bounds
on Ref'(z),Ref(z)/z,|f(z)|, and coefficient estimates for functions f(z) belonging to the class
T.(A,B,y, a). Conditions for univalency and starlikeness, convolution properties, and the radius
of convexity are also considered.

1. Introduction

Let A,, denote the class of functions of the form

f(z)=z+ i axzF (neN=1{1,2,3,...}), (1.1)

k=n+1

which are analytic in the open unit disk U = {z: z € C and |z| < 1}. Let S,, and S, denote the
subclasses of A, whose members are univalent and starlike, respectively.

For functions f(z) and g(z) analytic in U, we say that f(z) is subordinate to g(z) in U
and we write f(z) < g(z) (z € U), if there exists an analytic function w(z) in U such that

lw(z)| <zl f(z) =gw(z)) (zel). (1.2)
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Furthermore, if the function g(z) is univalent in U, then
f(2) <g(z) (zel) = f(0)=g(0), f(U)cglU). (1.3)
Throughout our present discussion, we assume that
neN, -1<B<1l, B<A, a>0, p<1, 0<y<L (1.4)

We introduce the following subclass of A,,.

Definition 1.1. A function f(z) € A, is said to be in the class T,,(A, B, y, a) if it satisfies

f'(z) +azf"(z) <h(z) (zel), (1.5)
where
<1:g§>7, (A<1;0<y<1),
h(z) = (1.6)
1+A
1 -++ Bj’ (r=1).

The classes

Ti(1-28,-1,1,1) =R(f) (=0 or f<1), Ti(A0,1,a) =R(@xA) (A>0)
(1.7)

have been studied by several authors (see [1-5]). Recently, Gao and Zhou [6] showed some
mapping properties of the following subclass of A;:

R(B,a) ={f(z) € A1 :Re{f'(z) +azf"(z)} > p (zeU)}. (1.8)
Note that
R(p1) =R(p), Ti(1-28,-1,1,a) = R(,a). (1.9)

For further information of the above classes (with y = 1) and related analytic function classes,
see Srivastava et al. [7], Yang and Liu [8], Kim [9], and Kim and Srivastava [10].

In this paper, we obtain sharp bounds on Re f'(z), Re(f(z)/z),|f(z)|, and coefficient
estimates for functions f(z) belonging to the class T,,(A, B, y, «). Conditions for univalency
and starlikeness, convolution properties, and the radius of convexity are also presented. One
can see that the methods used in [6] do not work for the more general class T, (A, B, y, ) than

R(p, a).
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2. The bounds on Ref'(z), Re(f(z)/z), and |f(z)| in T, (A, B, vy, a)

In this section, we let

SO a, (a<to<y<),
An(ABy) =170 \j/ \m-j (2.1)

(A-B)(-B)"", (r=1),

where m € N and

yor-1--(-j+1) .
<Y-> - j Gl m), @2)
i/, (j=0).
With (2.1), it is easily seen that the function h(z) given by (1.6) can be expressed as
h(z) =1+ > Au(A B, y)z" (zel). (2.3)
m=1
Theorem 2.1. Let f(z) € T,(A,B,y,a). Then, for |z| =r <1,
, & (-1)"An(A,BY) .
Ref(z)21+mZ:1 prom— ",
( ) (2.4)
, S A (A B Y)
Ref(Z)gl'F%mr .
The bounds in (2.4) are sharp for the function f,(z) defined by
& Am(A, B,
mABY) i e, (2.5)

fu(z) =z +mZ:1(”m +1)(anm + 1)

Proof. The analytic function h(z) given by (1.6) is convex (univalent) in U (cf. [11]) and
satisfies h(z) = h(z) (z € U). Thus, for |{| < o({ € C and 0 < 1),

h(-0) < Reh({) < h(o). (2.6)
Let f(z) € T.(A, B, v, a). Then, we can write

f'(z) +azf"(z) = h(w(z)) (zel), (2.7)



4 Abstract and Applied Analysis

where w(z) = w,z" + Wy12"! + -+ is analytic and |w(z)| < 1 for z € U. By the Schwarz
lemma, we know that |w(z)| < |z|" (z € U). It follows from (2.7) that

<Zl/le/(z)>’ _ %Z(l/a)—lh(w(z)), (28)
which leads to
1 z _
fi(z) =~z f (VO e (g))dg (29)
a 0
or to
1 1
fl(z) = —J tV O pw(tz))dt  (z € U). (2.10)
aJo
Since
[w(tz)| < (tr)" (]z|=r<1,0<t<1), (2.11)

we deduce from (2.6) and (2.10) that

1 fl /0 p(~(tr)")dt < Re f'(z) < 1 fl t/ O p((tr)™)dt (2.12)
2], < <), . .

Now, by using (2.3) and (2.12), we can obtain (2.4).
Furthermore, for the function f,(z) defined by (2.5), we find that

& Am(A, B, y) i

fa(z)=1+ 2 m 1 , (2.13)
fo(z) +azfp(z) =1+ iim(A, B,y)z"™ = h(z") <h(z) (zel). (2.14)
m=1

Hence, f,(z) € T.(A,B,y,a) and from (2.13), we see that the bounds in (2.4) are the best
possible.

Hereafter, we write

T,(A,B,1,a) = T,(A,B,a). (2.15)
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Corollary 2.2. Let f(z) € T,(A, B, a). Then, for z € U,

o m—1
Ref'(z) >1-(A- B)Zafm+l
m-1
Ref'(z) <1+ (A- B)Zini)+1 (B# -1).

The results are sharp.

Proof. For y =1, it follows from (2.12) (used in the proof of Theorem 2.1) that

1 (! 1- At
Re f’ = t(l/“>‘1<—>dt,
ef(z)>aj0 1- B

, 1flamH<1+A”> B
Ref(z)<a 0tE T+ B dt (B#-1),

for z € U. From these, we have the desired results.

The bounds in (2.16) and (2.17) are sharp for the function

(-B)""
+1)(anm + 1)

fa(z)=z+(A- B)rr:i;l o z"* e T,(A,B,a).

Theorem 2.3. Let f(z) € T,(A,B,y,a). Then, for |z| =r <1,

2 ()"u(ABY)
Z nm+1)(anm+1)r !

& An(A,B,y)
Z (nmm+1)(anm + 1)

nm

The results are sharp.

Proof. Noting that

f(z) = Z.[: f'(uz)du, Re @ = Jj Re f'(uz)du (z e U),

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

an application of Theorem 2.1 yields (2.20). Furthermore, the results are sharp for the function

fn(z) defined by (2.5).

O
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Corollary 2.4. Let f(z) € T,(A, B, a). Then, for z € U,
f(2)
z

R f@)

z

Re

0 Bm—l
>1- (A_B)mz::l(nm+l)(anm+l)'

(2.22)

o (_B)m—l
<1+(A- B)mzzl(nm + 1) (anm+1)°

The results are sharp for the function f,(z) defined by (2.19).
Proof. For f(z) € T,(A, B, a), it follows from (2.6) and (2.10) (with y = 1) that

1 _ n 1 n
a)y 1 - B(ut) a )y 1+ B(ut)

for z € U and 0 < u < 1. Making use of (2.21) and (2.23), we can obtain (2.22). O

Theorem 2.5. Let f(Z) € Tl(A,B,d) and g(Z) € Tl(A(),B(),ao) (—1 < By < 1,By < Ap and
ay > 0). If

0 Bsn—l 1
(Ao—Bo) D <3 (2.24)
m=1

— (m+1)(apm +1)

then (f * §)(z) € Ti(A, B, a), where the symbol * stands for the familiar Hadamard product (or
convolution) of two analytic functions in U.

Proof. Since g(z) € Ti(Ao, Bo,ag)(-1 < By < 1,By < Ap and a9 > 0), it follows from
Corollary 2.4 (with n = 1) and (2.24) that

8@ 1 ay-pyy B !
Re=—>1 (Ag BO)mZ:l(mH)(aomH) 25 (z e U). (2.25)
Thus, g(z)/z has the Herglotz representation
8(z) _ J dp(x)
2 Jyul-xz (zel), (2.26)

where p(x) is a probability measure on the unit circle |x| = 1 and f\x|:1 du(x) =1.
For f(z) € T1(A, B, ), we have

89 e, (2.27)

(f*8) () +az(f*g)"(2) = F(2) *
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where

1+ Az
1+ Bz

F(z) = f'(z) + azf"(z) < (zel). (2.28)

In view of the function (1 + Az)/(1 + Bz) is convex (univalent) in U, we deduce from (2.26)
to (2.28) that

(f*8)'(2) +az(f*g)"(2) = fl . F(xz)dpu(x) < 112; (zel). (2.29)

This shows that (f * g)(z) € T1(A, B, a). O
Corollary 2.6. Let f(z) € T1(A, B, a), g(z) € R(B,1) and

pr-T2 (230)

Then, (f * g)(z) € T1(A, B, a).

Proof. By taking Ag =1-2p, By = -1 and ap = 1, (2.24) in Theorem 2.5 becomes

21-p S D" o g (1-Z) <k (2.31)
Zm+ 1) )%
that is,
72 -9
> 2.32
Pz 12 — 2 (2:52)
Hence, the desired result follows as a special case from Theorem 2.5. O

Remark 2.7. R. Singh and S. Singh [4, Theorem 3] proved that, if f(z) and g(z) belong to
R(0,1), then (f * g)(z) € R(0,1). Obviously, for

2

S <B<O, (2.33)

Corollary 2.6 generalizes and improves Theorem 3 in [4].

Theorem 2.8. Let f(z) € T,(A,B,y,a) and AB < 1. Then, for |z| =r <1,

o A (A, B,
@ <rs S mAEBT)
m=1

— (nm + 1) (anm + 1)

prmel (2.34)

The result is sharp, with the extremal function f,(z) defined by (2.5).
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Proof. 1t is well known that for { € Cand || <0 <1,

1+A{ 1-ABo?

(A-B)o
- <
1+B, 1-B20?

- 1-B2¢?°

Since AB < 1, we have 1 — ABo? > 0 and so (2.35) leads to

«

By virtue of (1.6), (2.10), and (2.36), we have

1 - ABo?
1-B20?

1+ A¢
1+ B¢

Y
) (Il <o<1).

, (A-Bjo Y_<1+Ao
1-B262 /] \1+Bo

1 1
|f (uz)] < %f t/ O h(w(utz))|dt < % j t/ O h((utz))")dt,
0 0

for z € U and 0 < u < 1. Now, by using (2.3), (2.21) and (2.37), we can obtain (2.34).

Theorem 2.9. Let

f(z)=z+ Z apzk e T.(A,B,y,a).

k=n+1

Then,

y(A-B)

ol < oDy k2D

The result is sharp for each k > n + 1.

Proof. 1t is known (cf. [12]) that, if

p(z) = Shzk <p(z) (zel),
k=1

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

where ¢(z) is analytic in U and ¢(z) = z + -+ is analytic and convex univalent in U, then

|bx] <1 (k € N).
By (2.38), we have

f'(z)+azf"(z) -1 _ i k(a(k-1)+1)

Y(A-B) Y (A=B) a " <g(z) (zel),

k=n+1

where

Ch(z)-1

(I’(Z)—m:

Z+...

(2.41)

(2.42)
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and h(z) is given by (1.6). Since the function ¢ (z) is analytic and convex univalent in U, it
follows from (2.41) that

k(a(k-1)+1)
- < >
Y(A—B) lak| <1 (k>n+1), (2.43)
which gives (2.39).
Next, we consider the function

An(A B,y) Zm(k=1)+1

fra1(2) :Z+m2:1(m(k—1)+1)(am(k—1)+1) (zeUW;k>n+1). (2.44)

It is easy to verify that

fia@ +azfily(2) = h(2") <h(z) (zelD),

f (z):z+Mzk+... 249
k- k(a(k—1) +1) :
The proof of Theorem 2.9 is completed. O
3. The Univalency and Starlikeness of T,,(A, B, a)
Theorem 3.1. T,,(A,B,a) C S, if and only if
) Bm—l
(A B)mzzlanm +1° 1 (3.1)

Proof. Let f(z) € T,(A, B, a) and (3.1) be satisfied. Then, by (2.16) in Corollary 2.2, we see
that Re f'(z) > 0(z € U). Thus, f(z) is close-to-convex and univalent in U.
On the other hand, if

0 Bm—l
(A-B) >1, (3.2)
mZ:] anm + 1

then the function f,(z) defined by (2.19) satisfies f;,(0) =1 > 0 and

! ai/n < Bm% nm < Bm71
! =1-(A-B 1-(A-B 0
fn<re ) ( )mzzlanm+lr — 1= )mzzlanm+1 < (3.3)

as r — 1. Hence, there exists a point z, = r,e™/"(0 < 1, < 1) such that fr(zn) = 0. This
implies that f,(z) is not univalent in U and so the theorem is proved. O
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Theorem 3.2. Let (3.1) in Theorem 3.1 be satisfied. If a > 1 and

0 Bm—l na 00 Bm—l A-1
(a_1)<1_(A_B)mZ:1anm+1> +7<1_(A_B)%(nm+1)(anm+1)> z 1-B’

(3.4)
then T,,(A,B,a) C S,
Proof. We first show that
&, Bml x gm-1
2 > 1).
mzﬂ"mm‘*l _%(TlM+1)(anm+1) (x>1) (3.5)

Equation (3.5) is obvious when B > 0. For 0 > B > -1, we have

o) Bm—l 0 Bm—l n
prr——— == patps—pat o+ (GO T, (36)
mZ:lanm+1 mZ:l(nm+1)((xnm+1)
where

nm|B™!
= 3.7
Hom (nm + 1) (anm + 1) >0 (37)

Since |B| < 1 and

d X 1—-ax?
E((x+1)(ax+1)> - (x +1)2(ax + 1) <0 (x>2La>1), (3.8)

{pm} is a monotonically decreasing sequence. Therefore, the inequality (3.5) follows from
(3.6).
Let f(z) € T4 (A, B, a). Then,

Re{f'(z) +azf"(z)) > 1:’; (zelU). (3.9)
Define p(z) in U by
(z) = 2 (2) (3.10)

- f@
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In view of (3.1) in Theorem 3.1 is satisfied, the function f(z) is univalent in U, and so p(z) =
1+ pnz™ + pps12™t + -+ is analytic in U. Also it follows from (3.10) that

£+ azf'(2) = (- f (@) + ol 2 [2p/2) + (pi2))7] e

We want to prove now that Rep(z) > 0 for z € U. Suppose that there exists a point
zo € U such that

Rep(z) >0 (|z] < |zo|), Rep(zp) =0. (3.12)
Then, applying a result of Miller and Mocanu [13, Theorem 4], we have
) 2 n 2 n
zop'(z0) + (p(z0))° < =5 Re(1-p(z0) - (Imp(z0))” < 2. (3.13)

For a > 1, we deduce from Corollaries 2.2 and 2.4, (3.1), (3.5), (3.11), (3.13), and (3.4) that

1 " S Bm_l
Re{ f'(zo) + azof"(z0)} < (1 _“)<1 —(A- B)%anm+ 1>

o o -1 (3.14)
- 7<1—(A—B)n%:l(m,ﬁ1)(anm+1)>

1-B’

—_
BN

<

But this contradicts (3.9) at z = z;. Therefore, we must have Rep(z) > 0 (z € U) and the
proof of Theorem 3.2 is completed.

Remark 3.3. In [6, Theorem 4(ii)], the authors gave the following: if 0 < a < 1 and f; is the
solution of the equation

3a & (-1)" la+2(a-1)m
1-==p+(1-p) > P Y (3.15)

m=2

then R(p,a) C S} for p > p;. However, this result is not true because the series in (3.15)
diverges.

4. The Radius of Convexity

Theorem 4.1. Let f(z) belong to the class T, (y) defined by

.
T.(y) = Tu(1,-1,7,0) = {f(z) €A, fl(z) < Gti) , (z€ u)}, 4.1)
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0<6<1and0< p <1 Then,

PNV zf"(z)
Re{(l -8)(f'(z) " + 6(1 + W>} >p (lzl <rm(y,6,p)), 4.2)

where 1,(y, 6, p) is the root in (0, 1) of the equation

(1-26+p)r*-=2(1-6+ndy)r" +1-p=0. (4.3)

The result is sharp.

Proof. For f(z) € T,(y), we can write

, 1y _ 1+ z"p(z)
(f (Z)) ' - 1 _ Zn(p(Z)’ (44)

we arrive at

where ¢(z) is analytic and |¢(z)| < 1 in U. Differentiating both sides of (4.4) logarithmically,

zf"(2) 2nyz"p(z) 2yz"1¢/(2)
1 =1 u). .
+ e + ——. + (o) (zel) (4.5)

Put|z| =r <1and (f’(z))l/y =u+iv (u,v € R). Then, (4.4) implies that

u-1+iv
n = 4.6
20 = T (46)
1-r SuS1+r- (4.7)
1+rn 1-rn
With the help of the Carathéodory inequality
1- o)’

Y@<, (4.8)
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it follows from (4.5) and (4.6) that

Re{ (1-6)(f'(2)"" + 5<1 * J{(()) > }

Z"(P(Z) 2} _Zéy‘ Z"+1(P/(Z) :
1-(z"9(2)) 1-(z"9(2))

> (1-6)u+06+2ndy Re{

(4.9)
5 sy =172 +02 =¥ ((u+1)* + 02
2(1—6)u+6+u<u— “ ) d ( )
2 u? + v? 2 (1 = r2) (12 + 02)1/2
=F,(u,v) (say),
iFn(u v) = 6YvG,(u,v) (4.10)
av 7 7 7
where0<r<1,0<6<1and
nu 1 p2n r2”<(u+1)2+vz> - <(u—1)2+v2>
Gn(u,v) = +
W2+ 027 (1 - 12) (12 +02) /2 2rm-1(1 = 12) (12 + 02)*/?
>0
(4.11)
because of (4.6) and (4.7). In view of (4.10) and (4.11), we see that
F,(u,v) > F,(u,0)
néy 1 oy
=(1-durb+ == <” - ;> =T (4.12)
1
_2n -\ _ 2n
x {(1 r ><u+ u) 2<1+r )}
O

Let us now calculate the minimum value of F, (1, 0) on the closed interval [(1-7")/(1+
™), (1+7")/(1-r")]. Noting that

1-p2n
iy 2 (see 18] (413)
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and (4.7), we deduce from (4.12) that

d 6}/ 1— 2 1 1—¢2n
@Fn(u/o)—l—6+7[<m+n> —;<m—n>]

5y 1-r2n 1+7m\2 1-r2n
21_6+7[<m+n>_<1—r"> <r"—1(1—r2)_n>] (4.14)

=1-6+ %,
where
Lu(r) = g(1+r2"> —r(Lert e ), (4.15)
Also
I(r) = n?r*! - (1 324+ (20— 1)r2"—2) (4.16)

and I} (r) = r =1 < 0. Suppose that I (r) < 0. Then,

Ly (r) = (n+ 1% = 2n+ 1)r*" - (1 +3r2 4+ (21— 1)r2"‘2>
(4.17)
<n’r? - <1 +3r2 4.+ (2n— 1)r2"‘2> <I.(r) <O0.

Hence, by virtue of the mathematical induction, we have I, (r) < O foralln € Nand 0 < r < 1.
This implies that

Li(r)>I,(1)=0 (neN;0<r<1). (4.18)

In view of (4.14) and (4.18), we see that

d 1-r" 1+
- <u< . )
—Fu(1,0) >0 (1 o Sus ) (4.19)
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Further it follows from (4.9), (4.12), and (4.19) that
Re{(l -8)(f'(z)"" + 5(1 + M) } -p

f(2)
1-r"
ZF"<W’O) P

(4.20)
. 11— 1-2nyr" —r?"
_(1_6)1+r"+6 1-r2n P
_ ()
1-r2’
where 0 < p <1and
Ju(r) = (1 =26 +p)r*" —2(1 -6 +néy)r" +1 - p. (4.21)

Note that J,(0) =1-p > 0and J,(1) = -2n6y < 0. If we let r,(y, 6, p) denote the root in (0,1)
of the equation J,(r) = 0, then (4.20) yields the desired result (4.2).
To see that the bound r,(y, 6, p) is the best possible, we consider the function

f(z) = J G ; i: )Ydt € Tu(y). (4.22)

0

It is clear that for z = r € (r,(y, 6,p), 1),

POy ), w23)

-0 @) 61+ s =

which shows that the bound r,,(y, 6, p) cannot be increased.
Setting 6 = 1, Theorem 4.1 reduces to the following result.

Corollary 4.2. Let f(z) € T, (y) and 0 < p < 1. Then, f(z) is convex of order p in

(o + -p) "=y ]”"

— (4.24)

2] <

The result is sharp.
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