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This paper is concerned with a diffusive predator-prey system with Beddington-DeAngelis func-
tional response and delay effect. By analyzing the distribution of the eigenvalues, the stability of
the positive equilibrium and the existence of spatially homogeneous and spatially inhomogeneous
periodic solutions are investigated. Also, it is shown that the small diffusion can affect the Hopf

bifurcations. Finally, the direction and stability of Hopf bifurcations are determined by normal
form theory and center manifold reduction for partial functional differential equations.

1. Introduction

In this paper, we will study the stability and Hopf bifurcations of a diffusive predator-prey
system with Beddington-DeAngelis functional response and delay effect as follows:

w =diAu(t,x) +u(t,x)(1 —u(t-1,x)) —sP(u,v), t>0, x€Q,
vy = dyAv(t,x) +rP(u,v) —do(t,x), t>0, x€Q,
(1.1)
oLou=0,v=0, t>0, x €0Q,

u(0,x) =uo(x) 20, v(0,x) =vo(x) 20, x€€,
where u and v denote the population densities of prey and predator species at time ¢ and

space x, respectively; the positive constants d; and d, represent the diffusion coefficients of
prey and predator species, respectively; s > 0 (s is called the capturing rate) and r > 0 (r is
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called the conversion rate) represent the strength of the relative effect of the interaction on
the two species; d denotes the death rate of predator species; P(u,v) = uv/(m + u + nv) is
the Beddington-DeAngelis functional response function with m and n are positive numbers;
7 > 0 denotes the generation time of the prey species; Q is a bounded domain in RN (N is
any positive integer) with a smooth boundary 0€2; A is the Laplacian operator on Q; v is the
outward normal to 0€; homogeneous Neumann boundary conditions reflect the situation
where the population cannot move across the boundary of the domain.

System (1.1) includes the models which have been discussed by many researchers;
for examples, when 7 = 0, the models were considered in [1, 2];if d; = d, = 0Oand 7 = 0,
it was discussed in [3]; if P(u,v) = 1, it was discussed in [4]. Moreover, when 7 = 0 and
P(u,v) = u?v/ (1 +u?), system (1.1) can be transformed into Narcisa Apreutesei’s model (see
(5D

There has been an increasing interest in the study of diffusive predator-prey system
(see [1, 2, 4, 6-14] and references therein) with functional response. As is known to all,
the Beddington-DeAngelis functional response, proposed by Beddington [6] and DeAngelis
et al. [8], is more general than those the above authors considered, and it has been studied
extensively in the literature [1-3, 7, 14-16]. However, to the authors’ best knowledge,
few researches have been done on the diffusive predator-prey system with Beddington-
DeAngelis functional response and time delay.

The aim of this paper is to extend and develop the work in [1, 2]; that is, we will
study the stability and Hopf bifurcation of a diffusive predator-prey system with Beddington-
DeAngelis functional response and delay. The system we consider here is more general than
the system in [1, 2].

The rest of the paper is organized as follows. In Section 2, we analyze the distribution
of the roots of the characteristic equation and give various conditions on the stability of a
positive constant steady state and the existence of Hopf bifurcation. In Section 3, we discuss
the effect of diffusion on the Hopf bifurcation. In Section 4, by applying the normal form
theory and the center manifold reduction of partial functional differential equations by Wu
[17], an explicit algorithm for determining the direction of the Hopf bifurcation and the
stability of the bifurcating periodic solutions is given.

2. Analysis of the Characteristic Equations

In this section, by choosing the delay 7 as the bifurcation parameter and analyzing the
associated characteristic equation of (1.1) at the positive constant steady state, we investigate
the stability of the positive constant steady state of (1.1) and obtain the conditions under
which (1.1) undergoes Hopf bifurcation.

It can be seen that homogeneous Neumann boundary conditions imposed on (1.1) lead
to E1(0,0) and E,(1,0), always being two boundary equilibria for any feasible parameters,
and (1.1) always having a unique positive constant steady state E(u*,v*) provided that the
condition

(A1) 0 <d < (ru*/(u* + m)), hold, where

2
. —(sr —nr —sd) +\/(sr—nr—sd) + 4smndr o (r - d)u* —dm‘ (2.1)

u ’
2rn dn




Abstract and Applied Analysis 3

Under (A1), let u = u — u*, v = v — v* and drop the bars for simplicity of notations,
then (1.1) can be transformed into the following equivalent system:

s(u+u*)(v +v*)
m+ (u+u*) +n(v+ov*)’

u = diAu(t,x) + (u+u*)(1 - (u(t-7,x)+u*)) -
(2.2)
r(u+u*) (v +v*)

+(u+u)+n(w+or) d(+27).

vy = dpAv(t, x) +
m

Let P(u,v) =uv/(m+u+nv). By u*(1 - u*) — (su*v*/(m + u* + nv*)) = 0 and —dv* +
(ru*v*/(m + u* + nv*)) = 0 (2.2) becomes

u =diAu(t,x) + (1 -u* — a)u(t) —w'u(t - 7,x) —av —uu(t - 7,x) - f(u,v),

(2.3)
v = dyAv(t,x) + biu(t) + (b —d)o(t) + g(u,v),
where a; = sPyg(u*,v*), ar = sPy; (u*,v*), by = rPio(u*,v*), by = rPy (u*,v*), and
3 1)1 o 3 Pi' -
f(u,v)=s Z T,]'ulv] +ho.t, gu,v)=r Z T.]'ulv] +h.o.t, (2.4)
it it

where 0" P(u, v) /0u' 00! | (40)-(u+,»+) denoted by P;j and h.o.t. for shorthand of “higher order
terms.”

Denote u1(t) = u(t,-), ux(t) =v(t,-),and U = (ul,uz)T. Then (2.3) can be transformed
into an abstract differential equation in the phase space ¢ = C([-7,0], X),

U(t) = DAU(H) + L(U,) + F(Uy), (2.5)

with

Do <d1 0>, L(p) = <1 ~u'-a; -a ><¢1(0)> N <—u* 0> <¢1(—T)>’
0 d by by —d/ \¢2(0) 0 0/ \¢(-7)
SEBTIReY
~$10)1 (-7) =5 1i1$1(00¢,(0)
iv=2
F(¢) = 3 P . !
r 3 541 0950)
ivj=2 )
(2.6)

where ¢ = (¢1,¢,)" € .

The linearization of (2.5) is given by

U(t) = DAU(t) + L(UY), 2.7)
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and its characteristic equation is
Ay - DAy - L(e'y) =0, (2.8)

where y € dom(A) and y #0, dom(A) C X.
From the properties of the Laplacian operator defined on the bounded domain, the
operator A on X has the eigenvalues —k* with the relative eigenfunctions

0
B = (Yk) Br = < > (2.9)
0 Yk

where yx = coskx, k € Ny = {0,1,2,...}. Clearly, (6, f)%, construct a basis of the phase
space X and therefore any element y in X can be expanded as Fourier series in the following
form:

y:

5 (. B8+ (v B -

k=0 k=0

0

(v, BL)
(.5 < é ﬁ’i‘>> (2.10)

Some simple computations show that

(P r [Py
1) R

From (2.10)-(2.11), (2.8) is equivalent to

0 AT 1—u*— _ 1
Z(<y,ﬂi>,<y,ﬂi>)[(Mz+Dk2)—< N f2d>]<ﬂ;;> 0. 1)

k=0

Assume that
A2)1-u*-a1 <0, bp—d <.

Let —az =1-u*—-ay, -bs =by—d,p = a3 + bz, r = azbs + ayby, s = u*, q = bsu*,
then we conclude that the characteristic equation (2.8) is equivalent to the sequence of the
characteristic equations:

A2+ (dik? + dok® + p) A + didok* + bsd1 K2 + asdok?® + 7 + (sA + dask? + g)e™ = 0. (2.13)

Obviously, for all k € Ny, A = 0is not a root of (2.13).
Equation (2.13) with 7 = 0 is equivalent to the following quadratic equations:

L <d1k2 + ok +p + s)A + didak® + bsdi K2 + azdak® + 7 + dask?® + g = 0. (2.14)
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Let A; and \; be the two roots of (2.14). Then, for all k € Ny,

M+ = —<d1k2 + d2k2 +p+ s) <0,
(2.15)
My = d1d2k4 + b3d1k2 + a3d2k2 +r4+ dzskz +q>0.

Therefore, we have the following Lemma.

Lemma 2.1. Assume that (A1) and (A2) hold. Then the equilibrium E(u*,v*) of (1.1) with T = 0 is
asymptotically stable.

Assume that

(A3) s> —p*+2r<0, r>g;
(A4) b3d1 + 113d2 - sz > 0, or (bgdl + a3d2 - d25)2 < 4d1d2 (T - q), if b3d1 + a3d2 - sz <0.

Theorem 2.2. If (A1)-(A4) hold, then all roots of (2.13) have negative real parts for all T > 0. Fur-
thermore, the equilibrium E(u*,v*) of the system (1.1) is asymptotically stable for all T > 0.

Proof. Let A = iw (w > 0) be a root of the characteristic equation (2.13). Then w satisfies the
following equation for some k € Nj:

—w%(mw+ﬁw+@m+mmw+mmﬁ
(2.16)
+asdok® + 1+ (swi +dysk? + q) (coswt —isinwrt) = 0.

Separating the real and imaginary parts of (2.16) leads to

—w? + didok* + bydi K* + azdok® + 17 + swsin wT + <d25k2 + q> coswt =0,
(2.17)
<d1k2 +dok> + p)w + S COS WT — <d25k2 + q) sinwt =0,

which implies that

ot [+ B 2+ 2~ (=220
) , (2.18)
<m®ﬁ+mmﬁ+@@ﬁ+g.«®%uq>

+ =0.

Let z = w?, then (2.18) can be rewritten into the following form:

22+ [(d% + d%)k4 + 2a3dq1k* + 2bsdok? — <52 - p2 + 2r>]z
(2.19)
=0.

+<¢@H+mmﬁ+%mw+q{(@whqf
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By (A3) and (A4), for all k € Ny, we have

‘(d% + d§>k4 - 2a3d1k” - 2b3dok” + <s2 -p*+ 2r> <0,
(2.20)
didok* + (bady + azda — das)k> +7 -4 > 0,

which imply that (2.19) has no positive roots. Hence, the characteristic equation (2.13) has
no purely imaginary roots. By Lemma 2.1 and the theorem proved by Ruan and Wei [18], all
roots of (2.13) have negative real parts. O

Notice that (2.13) with k = 0 is the characteristic equation of the linearization of (1.1)
corresponding system without diffusion (ordinary differential equations, ODEs) at the posi-
tive equilibrium. And it has been considered under the condition:

(Bl) r<g.

It is easy to get that when

02 _ .\ _ 02
T=TQ= Larccos{ <q<(w+) 1") PS(W+ ) +2j]r}, (]'=0’1’2’”_), (221)

()’ +¢

Equation (2.13) with k = 0 has simple imaginary roots +iw?, and Re (d\/d1),_,0 > 0, where
]
A(7) is the root of (2.13) with k = 0 satisfying )L(T]Q) = iw?, and

1/2
Ww? = ? [52 —p*+2r + \/(52 —p2+2r) —4(r2 - qz)] , (2.22)

and 7y = min{Tl(.), j€1{0,1,2,...}}. Assume that
(BZ) d% + d% + 2[13d1 + 2b3d2 > S2 - Pz + 2r, d1d2 + b3d1 + I.13d2 - sz +tr—gq> 0.
We have the following result.

Theorem 2.3. Assume that (A1), (A2), (B1), and (B2) are satisfied. Then for T = T]‘.) (j=0,1,2,..)),

(2.13) has a pair of simple imaginary roots +iw?, and all roots of (2.13), except +iw?, have no zero

real parts. Moreover, all the roots of (2.13) with T = T]Q, except iw?, have negative real parts.
Proof. Let A = iw; (w1 > 0) be a root of (2.13) with k > 1. By the same way in Theorem 2.2, we
can obtain

w} + |(d} + d2)K* + 2asdi K + 2bsdok? — (52 = p? + 2r ) | o}
(2.23)
N

@Mﬁhmgﬁhwmﬁh4f-@ﬁw+@2=a

forall k > 1.
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Set z = w%, then

22+ [(df + d3)k* + 2a3d1k? + 2bsdyk? — (s* —p? +21)] 2

224
+ (ot + badi k2 + asdok? +7)” = (cosk® + q)°] = 0. (224

Let z; and z; be the roots of (2.24) with k > 1. We know that if z; + zo < 0 and z1z; > 0, then
(2.13) with k > 1 has no purely imaginary roots.
By (B2), it follows that, for Vk > 1,

~ (& + )K" - 2asdik* - 2bscok? + (52 = p? + 2r)
< —(d% + d% +2asd; + 2b3d2> + <sz - p2 + 2r> <0, (2.25)

d1d2k4 + (b3d1 + a3d2 - sz)kz +t7r—q > dldz + b3d1 + a3d2 - sz tr—-gq> 0.

Therefore, (2.13) with k > 1 have no purely imaginary roots.

Summarizing the above results and combining Theorem 2.3, we have the following
theorem on the stability of the positive equilibrium E(u*, v*) of system (1.1) and the existence
of Hopf bifurcation at E(u*, v*). O

Theorem 2.4. Assume that (A1), (A2), (B1), and (B2) hold. For system (1.1), the following state-
ments are true:

() If T € [0, 7)), then the equilibrium point E(u*,v*) is asymptotically stable;
(I If r > Tg, then the equilibrium point E(u*, v*) is unstable;

_ 0 . . . .
() 7 = 7; (j =0,1,2,...) are Hopf bifurcation values of system (1.1), and these Hopf bifurca-
tions are all spatially homogeneous.

By the same way in Theorem 2.2, let A = iw (w > 0) be a root of the characteristic
equation (2.13), then w satisfies the following equation:

w + [(d} + dJ)k* + 2a3d1k? + 2b3dyk? — (2 — p? + 2r) |w?

2.26
+ [(d1d2k4 +b3di K2 + asdyk? +7)° — (dask? + q)Z] =0, (220)

for k € Nj.
Now, we make the following assumptions. For a certain kg = {1,2,...},

(Cl) d1d2 + b3d1 + a3d2 — sz tr—gq> 0;
(C2) ((s* —p*+2r)/ky ) <di +d5 +2asdy + 2bsd, < s* — p? + 2r;

(C3) [@+d2)k*+ 2asdi K2 + 2bsdyk? — (52 — p? +2r)]°, —4[(dyd? + bydi K2 + asdak® +7)° -
(das? +4)°1 20, k € No \ {ko}.
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Under the assumptions (C1) and (C2), (2.26) with k = k¢ has only a positive solution

wlf‘ = ?\/B + \/B2 = 4[(d1d2k3 + agdzké + bgdlk(z) + T')2 - (dzkgs + q)Z], (2'27)

where B = 52 — p? + 2r — (d? + d3)k; — 2a3d1 k5 — 2bsd, k3 < 0.
Set z = w?, then (2.26) can be transformed into the following equation:

2+ [( + B)k' + 2051 k% + 2bscok® - (s~ p? + 2r) |2
(2.28)
= 0.

+ | (didak? + bac I + ascok? + r)z ~ (dosk® + q)2

Let z; and z; be the roots of (2.28). If the assumptions (C1)-(C3) hold, we have

Z1+ 2 = —(df + d%)k”‘ —2asd1k* = 2bsdok? + <32 -p*+ 2r> <s?-p*+2r<Q,
i i (2.29)
2120 = (cidok? + asdok® + bydik? +7) = (ok?s+q) >0,

for k € Ny \ {ko}
Therefore, (2.13) with k € Ny \ {ko} has no solutions with zero real parts.
In addition, similar to the proof of Theorem 2.2, we have

2
—<w§°> + dldzkg + b3d1k§ + a3d2k(2) +7r+ sw’f’ sin waT + <d25k(2) + q) cos waT =0,
(2.30)

(dlk(zJ + dzkg + p)w’f’ + sw’f’ cos wIiUT - <dzsk§ + q) sin wIiUT =0
which implies that

2
[(w’:O) — dydyk - by k2 — azdk? — r] sl

2
(dask +q)” + 52 <w’i°>

, (AiKG + dokg + p) (daski + 9wt , F(u)
2 7
(dosk? +q)° + 52 <wf">
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2
|:<(,UEO> - dldzkg - b3d1k(2) — a3d2k§ — T] (dzskg + q)
cos(w'f’r) =

2
(dosk2 +q)° + s (wffo)

 (dikg + ki + p)s(eh)’ 2 E(wl)
(daskd + Q)z +5° (wli())z 7

(2.31)
Define
. wifo (arccos <E (wlﬁ))) + 2]'71-) if F(w’f’) >0, |
v for j€ {0,1,2,...}.
Lko (271' — arccos <E <w50>> + 2j7r> if F<w§o> <0,
w
| (2.32)

From the above analysis, we have the following Theorem.

Theorem 2.5. Assume that (A1), (A2), and (C1)—(C3) hold. Then for T = T;CO (j =012--),

(2.13) has a pair of simple imaginary roots :l:iw’i“, and all roots of (2.13), except ﬂ:iw’f‘, have no zero
real parts. Moreover, all the roots of (2.13) with T = T}“’, except +iw', have negative real parts.

Let A(7) = a(T) + if(7) be the root of (2.13) near 7 = T;(O satisfying

a(mf) =0, p(r) =l?, =012, (2.33)

where w’i” and T;(O are given by (2.27) and (2.32), respectively. Then we have the following

transversality condition.

Lemma 2.6. Assume that (A1), (A2), and (C1)—(C3) hold. Then

(re(2)} -0 230

Proof. Differentiating the two sides of (2.13) with respect to 7 yields

A\ Q@A+ dik}+doki+p)etT+s
( —> - T (2.35)
dr sA2 + sAdyk3 + Ag A
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From (2.30), we have

dr

-1 20 + dik? + dok?2 + p)er + s
Re (d)n) _ Re ( 1k + dakg + p) T
50 sA2 + sAdrk% + \g Mo x

T=T,
]

2
2(wh) =8+ p? =2 + (df + 2) K} + 2431k + 2bscy K

2 2.36
s <w’i°) + (sdok + )’ (2:36)

2<w’jﬂ)2—B

2 7
s? <w’f‘> + (sdhk2 +q)°

according to (2.27), and then

(m(@)] - {me(@) oo am

T=T.
]

Applying Lemma 2.6 and Theorem 2.5, we draw the following conclusions. O

Theorem 2.7. Assume that (A1), (A2), and (C1)—(C3) hold. For system (1.1), the following state-
ments are true:

(D Ifre |0, T(,; %), then the equilibrium point E(u*, v*) is asymptotically stable;
{In Ifr > 7 then the equilibrium point E (u*,v*) is unstable;
q p

(I r = T;‘“ (j =0,1,2,...) are Hopf bifurcation values of system (1.1), and these Hopf bifur-
cations are all spatially inhomogeneous.

3. The Effect of Diffusion on Hopf Bifurcations

In the previous section, we have studied the Hopf bifurcations from the positive constant
steady-state E(u*,v*) of (1.1) when 7 crosses through the critical value T;( (k =0,ko; j =
1,2,3,...) and have the following conclusions.

(I) If (B2) holds, then system (1.1) and the corresponding system without diffusion
(ODEs) have the same Hopf bifurcations, containing the existence and properties of
Hopf bifurcations. In this case, the diffusion has no effect on the Hopf bifurcations
of ODEs.

(II) If (B2) does not hold, then system (1.1) and ODEs have the different Hopf bifurca-
tions. In this case, the diffusion has the effect on the Hopf bifurcations of ODEs.

According to Theorems 2.4 and 2.7, system (1.1) undergoes Hopf bifurcations under
the different conditions. Comparing the conditions of Theorems 2.4 and 2.7, we have the
following conclusions.
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(I) When system (1.1) undergoes spatially homogeneous Hopf bifurcation, diffusion
coefficients satisfy the condition:

di +d5 +2azdy +2bydy > s* — p* + 21, (3.1)

and in this case, system (1.1) and ODEs have the same properties of Hopf bifurca-
tion.

(II) When system (1.1) undergoes spatially inhomogeneous Hopf bifurcation, diffusion
coefficients satisfy the condition

A% + d2 + 2a3d; +2bsdy < 8% — >+ 2r. (3.2)
1 2 p

and in this case, system (1.1) and ODEs have the different properties of Hopf bifur-
cation.

Summarizing the above results, we can obtain the conclusion. The big diffusion has no
effect on the Hopf bifurcation of system (1.1), the small diffusion can make system (1.1) un-
dergo the spatially inhomogeneous Hopf bifurcation.

4. Direction of Hopf Bifurcation and Stability of
the Bifurcating Periodic Orbits

In this section, we will study the directions, stability, and the period of bifurcating periodic
solutions by using normal formal theory and center manifold theorem of partial functional
differential equations presented in [17]. For fixed j € {0,1,2,...}, we denote T;‘ by T. Let

u(t,x) = u(tt, x), o(t,x) = v(tt, x), T =W+Tk,
() = u(t,-), ux () = v(t,-), U = (uy,u)", D
and drop the tilde for the sake of simplicity. Then system (1.1) can be written as
U(t) = TDAU(t) + L(T)(Uy) + f (U4, p), (4.2)

where D = <%1 32 >,L(,u)(-) :¢ — X,and f : £ x R — X are given, respectively, by

_ - 1—u*—a1 —ay ¢1(0) -u* 0 ¢1(—1)
1@ =005 %) (o) (o o)) 89

3P . )
h1 01 (1) =5 3, 1 (0)9(0)
f(pp) = (u+7) s p, e +hot, (4.4)
r >, 5591 009,0)

=2t

for ¢ = (¢1, ¢2)T € ¢, where h.o.t. denotes high order terms.
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Consider the linear equation
U(t) = TDAU(t) + L(T)(Uy). (4.5)

From the discussion of Theorems 2.3 and 2.5 in Section 2, we know that the origin (0,0) is an
equilibrium of (4.2), and for T = T, the characteristic equation of (4.5) has a pair of simple
purely imaginary eigenvalues )\, = {iw*7, —iw*T}, (k =0, ko).

Consider the ordinary functional differential equation

X(t) = =TDK*X(t) + L(T) (X}). (4.6)

By the Riesz representation theorem, there exists a 2 x 2 matrix function 7(6,7) (-1 < 6 <0),
whose entry is of bounded variation such that

0
—?Dkng(O) + L(?)(d)) = 4[1 d[q(@,?)]qb(@), (4.7)
for ¢ € C([-1,0], R?). In fact, we can choose

( —dlkz +1-u"—a —a
% 7 9 = 0/
b1 —d2k2 + bz -d

76,7 =40, 0 € (-1,0), (4.8)

-u* 0
T , 0=-1.
{ 0 0

Let A(T) denote the infinitesimal generators of the semigroup induced by the solutions of
(4.6) and A* be the formal adjoint of A(T) under the bilinear pairing

0 0
(r9) =090~ [ [ se-ouanenp@L ®9)

for ¢ € C([-1,0],R?), ¢ € (C[0,1], R?). Then A(T) and A* are a pair of adjoint operators.
From the discussion in Section 2, we know that A(T) has a pair of simple purely imaginary
eigenvalues +iw*7, and they are also eigenvalues of A*. Let P and Q be the center subspaces,
that is, the generalized eigenspace of A(T) and A* associated with /\;, respectively. Then Q is
the adjoint space of P and dim P = dim Q =2, see [17].

Direct computations give the following results.
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Lemma 4.1. Let
iwk + dik? =1+ u* + ay + ure T —iwk + dik? =1+ u* + ay + ure T
C = - a 7 D = b .
2 1
(4.10)
Then,
pi(6) = e 1(1,0)7, pa(@) =p1(F), -1<6<0 (4.11)
is a basis of P with \,, and
q1(s) = (1,D)e™ 7, ga(s) =qu(s), 0<s<1 (4.12)
is a basis of Q with \,.
Let ® = (@, ®,) and ¥* = (¥, ¥3)" with
iwkT
oy@) < 1@ 2@ _ ([ Relet)
2 Re{Cei“’E%G}
(4.13)
iwkF
o) - PO = pr(@ _ ((1m{e 7o)
2i Im{ceiw’jfe} !
for 0 € [-1,0], and
—iwkT
1 2 Re{De 476} )’
(4.14)
—iwkF
ey - DO =aals) _ (m{e)
g 2i Im{ De‘i“’ﬁe}
fors e [0,1].
Define
-1
(III*I (Dl) (IP*/ (DZ)
Y= (¥, ¥,)" = 1 ! P, (4.15)
(W3, @) (¥3,D2)
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then ¥ construct a new basis for Q and (¥, ®) = I, see [17]. In addition, f; = (ﬂ}(, ﬂi), where

gl <coskx> gl = < 0 > (4.16)
ko 0 ’ " \coskx/ .

Let ¢ - fi be defined by c - fx = c1ff} + 2}, ¢ = (c1,0)" € C([-1,0], X).
Then the center subspace of linear equation (4.5) is given by Pcné, where

Pené($) = D(¥, (9, i) - fr PEC, (4.17)

and ¢ = Pcn€ @ P, and Ps€ denotes the complement subspace of Pcné in €.
Let Az be the infinitesimal generator induced by the solution of (4.5). Then (4.2) can
be rewritten as the abstract form

Ut = A;Ut + R(‘u, Ut), (418)
where
0, 6 S [_1/ 0)/
R(p, Uy) = (4.19)
F(Ut,y), 0=0.

Using the decomposition ¢ = Pcné @ P and (4.17), the solution of (4.2) can be written as

x1(t)
U, = CD< (t)> < fie + h(x1, x2, ), (4.20)

X2

x2(t)
lar, the solution of (4.2) on the center manifold is given by

where <x1 (t)> = (¥, (Uy, fr)), and h(x1,x2, 1) € Ps€, h(0,0,0) =0, Dh(0,0,0) = 0. In particu-

x1(t)
U, = q>< (t)> i + h(x1,x2,0). (4.21)

X2

Let z = x1 — ix, and ¥(0) = (¥1(0), ¥,(0))”, and notice that p1 = @1 +iD,, then

z+z

o "0) fm@uon( (2 ) e gemene A G2)
x(t) oA i(z-2) k=5 piz+p, k- .
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Equation (4.21) can be transformed into

1 __ _
u; = E(plz +9,2) - fk + W(z,z),

where W(z,z) = h(((z +z)/2), (i(z— z)/2),0). Moreover, by [17], z satisfies

k

z =iwiTz + g(z,z),

where
8(z,2) = (¥1(0) - i¥2(0))(f (U, 0), fx)-

Let

2 =2
W(z,2) = Wzo% + Wii2Z + Woz% +ho.t,

—2 —
2 Z ZZ

_ z _ z
8(2/Z) = gu7 +guzZ+ g7 +gn—- +hot

2

From (4.4) and (4.23), it follows that

(fUL,0), fi)

SPZO Sp02C2

~ [ e T —spC - 22 - x 2
1
= g P 2 PoC? 2 EJ‘ cos3kxdx%
TP11C + _T 20 + —T 02 0
2 2
= [ —2cos wkT — sPpy <C + E) — Py — sP,CC 1 ("
+ = . . — f cos’kx dxzz
4 rPn <C + C) + 1Py + T'P()zCC T Jo
—2
~ [ - — 5Py C - sPw _ 5PnC x =
T 11 > 2 1 5 z
+5 , = R kx dx?
—_ P P 0
rP1C + % + %

15

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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W(l) (1)
/ << © e T 4 W(l)(O) iy 200 77 ( D Wﬁ)(—l)> cos kx, cos kx> \
(1)( )
—sPpy < < Wl(}) 0)C + WZ%)(O)Z + Wﬁ) (O)> cos kx, cos kx>
WP a WR O~ o
—s{ | Py 202 W( )(0) Py 202 C+ W( )(O)C cos kx, cos kx
C C c* cC
—s< [P21 <§ + Z) + P12<§ + T>]cos3kx,cos kx>
=
- —s< (E + M>cos3kx, cos kx>
+T 8 8

(1)
Py < < 0 Oz C+woCc+wl 032+ Wff>(0)> cos kx, cos kx>
w0 w0
+ r< [P20< 202( ) W(l)(0)> 2< 0 © ) W(z)(O)C>] cos kx, cos kx>
cC C c? cC s
+ r< [P21 <§ + Z> + P12<§ + T):ICOS kx, cos kx>
=
+r Do + PC™C coskx, cos kx
\ 88 /

22z

z
x — + h.o.t,,
2

(4.28)

where (Wi(j")(e),cos kx)=1/x [ Wi(].") (0)(x)coskxdx, i+j=2,n=1,2

Notice that [ cos’kxdx =0, forall ke N = {1,2,...}.

Let (W1, ¥;) = ¥1(0) —i¥,(0). Then we can obtain the following quantities:

0, keN,
T _iwkF SP20 SP02C2
820 = 1 E[( e msnC AR
P Py, C?
+ rP11C+ﬂ+ r 02C IPZ , k=0.
\ 2 2
(0, k€N,
T - — —
g1 =13 1 [(—2 cos wkT — sPy (C + C) —sPy — sP02CC>‘P
+ <T'P11 <C + 6) + 1Py + TP02CE>1P2], k=0.

02 = 0,
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W(l) 0 o (1)
&1 = ?[—< <% iwiT Wl(}) (0)e ™7 + ( D W(l)( 1)> cos kx, cos kx>

(1)
—sPy < < 0 Oz c+woc+wl02+w? (0)) cos kx, cos kx>

(1) (2)
0 0)—
<[ < 0 ©) Wﬁ)(O)> + P02< 0 ( ) Wl(f)(O)C>:| cos kx, cos kx>
c? cC 5
Py — )+ P 5 + = cos’kx, cos kx
=
—s< <@ + M)cosakx, cos kx>] P,
8 8
(1)( )
+7F [rPn < < + W)+ w02+ w? (0)> cos kx, cos kx>
W(l) 0 W(2)
<[P20< 2 ©) W(l) (0)> + P02< 202( s W(z) (0)C>] cos kx, cos kx>
) _
<[P21< > +P12<% +%>]cos3kx,coskx>
2C
< <% P03C >cos3kx, cos kx>] ¥,.

Since Wy (0) and W11(0) for 8 € [-1,0] appear in g»1, we need to compute them. It follows
from (4.26) that

(4.29)

W(z,Z) = Wayozz + Wi12Z + W1ZZ + WpZz + hout,, (4.30)
z2 Z
AW = A;WZOE + AzWhizZ + A;WOZE +ho.t (4.31)
In addition, by [17], W (z, 2) satisfies
W = AW + H(z,2), (4.32)

where

_ z? _ z
H(Z, Z) = H207 + anz + H()zE +h.ot. = Xof(ut, O) - CD(IP, <X0f(ut, O),fk>) 'fk-

(4.33)
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Thus, from (4.24), (4.27)—-(4.33), we can obtain that

<2iw’j’? - A%>Wzo = Hy,
-AzWn = Hy, (4.34)
<—21(U_]ii: - A;)Woz = H02.
Noticing that Az has only two eigenvalues +iw!7; therefore, (4.34) has a unique solution W;;
in Q given by
Wao = Qiwh% - Az) Ha,
Wi =-AZ'Hp, (4.35)

W()z = (—21(,()’:_% - A;)_lHoz.
From (4.33), we know that for -1 <0 <0,

H(z,z) = -@(©0)¥(0)(f (U, 0), fi) - fi

_ _<P1(9) +p2(0) p1(0) —p2(0)

)(% (0), ®2(0){(f (UL, 0), fx) - fi

2 ! 2i
. (4.36)
= =5 (P1(O)(¥1(0) = i%5(0))) + p2(0) (¥1(0) +%2(0)){f (U, 0), fi) - fi
1 _ 22 1 _ _
= _E(Pl(e)gm +p2(0)802) 'fk7 - E(Pl(e)gll +p2(0)g11) - frzz + hoo.t.
Therefore, for -1 <0 <0,
0, k € N,
Hy(0) =49 4 (4.37)
5 [P1(0)g20 +p2(0)g02] - fo,  k=0.
0, keN,
Hiu(0) = (4.38)

-% [p1(®)g1n +p2(0)g11] - fo,  k=0.
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H(Z/E)(O) = f(utro) - (I)(IP/ <f(ut/0)/fk>) * fk/
( 2
cos’kx, ke N,

T'P20 T'Pozcz
P C+ ——
ri1C+ 5 + 5

- P sPy C?
_g-iF _gp. - St _ STm
¢ st 2 2

N =

Hj(0) = 1

NI

T’PZO TP02C2
PC+—
ri1C+ 5 + 5

5P O30+ O] - fo

-2 cos w’j? - sPy <C + E) — 5Py — 5Py CC
cos?kx,

1

rPn <C + 6) + 1Py + T'P()zca
ke N,

H11(0) = 4 . _ _
-2coswiT —sPpy (C + C> —sPyy — sPpCC

|

rPn <C + 6) + 1Py + TP02C6

\ ‘% [p1(0)g11 + p2(0)g11] - fo,

By the definition of Az, we have from (4.34),

; . ke~ 1 _
Wi (0) = 2iw*FW,o(0) + 5 [p1(0)g20 + P2(0)%02] - frx, ~1 <6 <0.

Note that p; () = p1(0)ei“*™, —1 <0 < 0. Hence,

] 0 i 20op2 (0 e
Wi (6) = 1 zgzoF:N( ) . 1:;'02]92(~ ) e+ E, o270
21 w7 3wkT
W, keN,

E, =

. 0 5500
Wao(0) - & | B2l O i8ep O p
21 T 30T

19

(4.39)

(4.40)

(4.41)

(4.42)
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Using the definition of Az, and combining (4.34) and (4.41), we have

w3 B )] o )

W7 30T W7

L) [_%<igzor’1(9) . 180p2(0) 'fo> . Eleziwefe]

WiT 3T

SP20 SP02C2

—iwk T
z[ e —sPuC— —— - 1 e
= 2 rP 27,1) c? 2 - E[Pl(e)gzo +P2(9)802] - fo.
T'P11C + —20 + 02
2 2
(4.43)
Notice that
DA [p1(0) - fo] + L(T) [p1(6) - fo] = iw(Tp1(0) - fo, 4
DA [p2(0) - fo] + L(7) [p2(6) - fo] = —iw}7Tp2(0) - fo.
Then, for k € N,
ik sPy  sPpC?
O~ ~ sdie _ T € _SP“C_T_ 2 2
2iw,TE; —TDAE, — L(T)(E1)e™*"" = 5 P P C2 cos“kx.
TP11C + —20 + L
2 2
(4.45)

From the above expression, we obtain that

SP20 SP02C2

—e Wi _gp - 22
E = iE 2 2 |cos’kx, (4.46)
2 7P C + ero + TP()zC
nC+——+——
where
) 2iwk + dik? = 1+ u* + ay + ure 2wiT a _1' (4.47)
—b1 leﬁ + d2k2 - b2 +d

By the same way, we have

-Wi(0) = —% [p1(0)g1 +p2(0)gu1] - fr, -1<6<0,
(4.48)

Wk wrF

War(6) = %[—zgnpl © , zgupzw)] B
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Similar to the above, we can obtain that

1 —2cos wkT — sPy <C + E) — sPy — sPpCC
E, = —Eyp _ _ cos’kx, (4.49)
4 Py (c + c) + 1Py + rPpCC

where

d1k2 -1+2u*+a ap B
Eo = . (4.50)
—bl d2k2 — bz +d

So far, Wy (0) and Wi1(0) have been expressed by the parameters of the system (1.1). And,
hence, g»1 can be expressed also. Thus, we can compute the following values:

1
i)
Re{cl(O)}
po =~
Re{)d( } (4.51)
B2 =2Re{c1(0)},
m{ci(0)} + pp Im )U( )}
T=-

wkT

where p, determines the direction of Hopf bifurcation, , determines the stability of bifur-
cating periodic solution, and T, determines the period of the bifurcating periodic solution.
Hence, we have the following result.

Theorem 4.2. The signs of pa, o, To determine the properties of Hopf bifurcation described in The-
orems 2.4 and 2.7. If pp > 0 (p2 < 0), then the Hopf bifurcation is supercritical (subcritical), and
the bifurcating periodic solutions exist (nonexist) for T > T (T < 7k). If po < 0 (B2 > 0), then the
bifurcating periodic solutions are stable (unstable). If T, > 0 (T, < 0), then the period of the bifurcating
periodic solutions of system (1.1) increases (decreases).

Remark 4.3. From the previous computable results, the expressions of E; and E; contain the
diffusion coefficient. According to the definition of g, the values of g»; have related on E;
and E,. Therefore, the signs of f, and p, which determine the stability and direction of spa-
tially inhomogeneous periodic solutions strictly depend on the diffusion coefficient of d; and
ds.
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