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An implicit iterative process is considered. Strong and weak convergence theorems of common
fixed points of a finite family of asymptotically pseudocontractive mappings in the intermediate
sense are established in a real Hilbert space.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-,-) and the norm || - ||. Let C be a nonempty closed convex subset of H and
T :C — Camapping. We denote F(T) by the fixed point of the mapping T.

Recall that T is said to be uniformly L-lipschitz if there exists a positive constant L such
that

|T"x -T"y|| <L||x-y|, VxyeC n>1 (1.1)

T is said to be nonexpansive if

ITx =Tyl < [lx -y

, Yx,yeC (1.2)
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T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
k, — 1lasn — oo such that

[T =Ty || < kallx -y

, Yx,yeC n>1 (1.3)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [1]
in 1972. It is known that if C is a nonempty bounded closed convex subset of a Hilbert space
space H, then every asymptotically nonexpansive mapping on C has a fixed point. Since 1972,
a host of authors have been studing strong and weak convergence problems of the iterative
processes for such a class of mappings.

T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous
and the following inequality holds:

limsup sup (||T"x - T"y|| - ||lx-y||) <O. (1.4)

n—ow x,yeC

Putting
gn:max{O, su%(”T"x—T”y”—||x—y||)}, (1.5)
x,y€

we see that ¢, — 0asn — oo. Then, (1.4) is reduced to the following:
|T"x =T y|| < ||x-y|| +& VYx,yeC n>1 (1.6)

The class of asymptotically nonexpansive mappings in the intermediate sense was introduced
by Kirk [2] (see also Bruck et al. [3]) as a generalization of the class of asymptotically
nonexpansive mappings. It is known [4] that if C is a nonempty bounded closed convex
subset of a Hilbert space space H, then every asymptotically nonexpansive mapping in the
intermediate sense on C has a fixed point.

T is said to be strictly pseudocontractive if there exists a constant x € [0,1) such that

|Tx = Ty|]*> < ||x - y||* + || -T)x - I -T)y|>, V¥x,yeC. (1.7)

For such a case, T is also said to be a x-strict pseudocontraction. The class of strict
pseudocontractions was introduced by Browder and Petryshyn [5] in 1967. It is clear that
every nonexpansive mapping is a 0-strict pseudocontraction.

T is said to be an asymptotically strict pseudocontraction if there exist a sequence
{kn} C[1,00) withk, — 1asn — oo and a constant x € [0, 1) such that

IT7"x = T"y||> < kal|x = y||* + || (I - T")x = I -T"y|>, V¥x,yeC n>1 (1.8)

For such a case, T is also said to be an asymptotically x-strict pseudocontraction. The class
of asymptotically strict pseudocontractions is introduced by Qihou [6] in 1996. It is clear that
every asymptotically nonexpansive mapping is an asymptotical O-strict pseudocontraction.
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T is said to be an asymptotically strict pseudocontraction in the intermediate sense if
there exists a sequence {k,} C [1,00) with k, — 1asn — oo and a constant « € [0,1) such
that

lim sup sup <||T”x - T"y”2 — knul|x - y||2 || -T"x—- (I - T”)y||2> <0. (1.9)

n—oo x,yeC

For such a case, T is also said to be an asymptotically x-strict pseudocontraction in the
intermediate sense. Putting

én = max{O, su%(”T"x - T"y”2 — k|| x - }/”2 —x||(I-T")x - (I- T")y”z) }’ (1.10)
x,y€

we see that ¢, — 0asn — oo. Then, (1.9) is reduced to the following:
|T"x - T"y”2 < knllx - y||2 +x||(I-Tx- I - T")y”2 +¢&, VYx,yeC n>1. (111)

The class of asymptotically strict pseudocontractions in the intermediate sense was
introduced by Sahu et al. [7] as a generalization of the class of asymptotically strict
pseudocontractions, see [7] for more details. We also remark that if k,, = 1 for each n > 1 and
x = 01in (1.9), then the class of asymptotically x-strict pseudocontractions in the intermediate
sense is reduced to the class of asymptotically nonexpansive mappings in the intermediate
sense.

T is said to be pseudocontractive if

>, vx,yeC (1.12)

(Tx-Ty,x-y) <|[lx-y
It is easy to see that (1.12) is equivalent to

|Tx-Ty||> < |x-y|*+ | -T)x- I -T)y|]>, Vx,yeC. (1.13)

T is said to be asymptotically pseudocontractive if there exists a sequence {k,} C [1, o)
with k, — 1asn — oo such that

(Tx-Ty,x-vy) < kn; ! > Vx,yeC (1.14)

llx -y
It is easy to see that (1.14) is equivalent to

IT"x - T"y|)> < kallx - y||* + | T -THx - A -TYy|]*>, Vx,yeC n>1. (1.15)

We remark that the class of asymptotically pseudocontractive mappings was introduced by
Schu [8] in 1991. For an asymptotically pseudocontractive mapping T, Zhou [9] proved that if
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T is also uniformly Lipschitz and uniformly asymptotically regular, then T enjoys a nonempty
fixed point set. Moreover, F(T) is closed and convex.

T is said to be an asymptotically pseudocontractive mapping in the intermediate sense
if there exists a sequence {k,} C [1,00) with k, — 1asn — oo such that

lim sup sup <||T"x - T”y”2 =k ||x - y||2 | -T"x- T - T")y”z) <0. (1.16)

n—o x,yeC

It is easy to see that (1.16) is equivalent to

lim sup sup ((T"x -T'y,x-y) - o + 1 [|x - y||2> <0. (1.17)

n—ow x,yeC 2

Put

& = max{O, supc<||T"x =Ty | = Kl = y || = 11 = T")x = (1 - Ty } (1.18)
X, Y€

Then, (1.16) is reduced to the following
T'x - T'y||* < kallx = y|* + [T -THx - I -T)y||* +&, VYn>1, x,yeC. (1.19)
Y Y Y Y

It is easy to see that (1.19) is equivalent to

k,+1 én

(T"x - T"y,x —y) < ||x—y||2+?, vn>1, x,yeC. (1.20)

The class of asymptotically pseudocontractive mappings in the intermediate sense which
includes the class of asymptotically pseudocontractive mappings and the class of asymp-
totically strict pseudocontractions in the intermediate sense as special cases was introduced
by Qin et al. [10].

In 2001, Xu and Ori [11], in the framework of Hilbert spaces, introduced the following
implicit iteration process for a finite family of nonexpansive mappings {11, T>,...,Tn} with
{an} areal sequence in (0, 1) and an initial point xy € C:

x1 = arxg + (1 —ap)Tixq,

X2 = ax1 + (1 — ) Tox,

(1.21)
xN = anxn-1 + (1 —an)TNnxn,

XN+l = ana XN + (1= an)Tixnaa,
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which can be written in the following compact form
Xn =Xy + (1 —ay)Tyx,, VYn>1, (1.22)

where T,, = Tyymod Ny (here the mod N takes valuesin {1,2,...,N}).
They obtained the following weak convergence theorem.

Theorem XO. Let H be a real Hilbert space, C a nonempty closed convex subset of H, and
T :C — C be a finite family of nonexpansive mappings such that F = (Y, F(T;) #0. Let {x,} be
defined by (1.22). If {a,} is chosen so that a, — 0asn — oo, then {x,} converges weakly to a
common fixed point of the family of {T;} Y.

Subsequently, fixed point problems based on implicit iterative processes have been
considered by many authors, see [9, 12-23]. In 2004, Osilike [18] considered the implicit
iterative process (1.22) for a finite family of strictly pseudocontractive mappings. To be more
precise, he proved the following theorem.

Theorem O. Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
(TN, be N strictly pseudocontractive self-maps of C such that F = (\~, F(T;) #0. Let xo € C and
let {a,} be a sequence in (0,1) such that a, — 0asn — oo. Then, the sequence {x,} defined by
(1.22) converges weakly to a common fixed point of the mappings {T;} Y.

In 2008, Qin et al. [20] considered the following implicit iterative process for a finite
family of asymptotically strict pseudocontractions:

x1 = arxg + (1 —ar)Tixy,

x2 = ax1 + (1 — ) Tox,

xN = anxn-1+ (1 —an)TNnxn,

XN = ana XN + (1= ana) TExna, (1.23)

2
XN = aanXon-1 + (1 — aan) T XN,

_ 3
XoN+1 = N+ XN + (1= aon+) Ty XoN+,

where x is an initial value, {a,} is a sequence in (0, 1). Since for each n > 1, it can be written
asn = (h—1)N +i, wherei = i(n) € {1,2,...,N}, h = h(n) > 1 is a positive integer and
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h(n) — oo asn — oo. Hence, the above table can be rewritten in the following compact
form:

X = tpxnr + (1= )Ty 2y, ¥n> 1, (1.24)

A weak convergence theorem of the implicit iterative process (1.24) for a finite family of
asymptotically strict pseudocontractions was established.

We remark that the implicit iterative process (1.24) has been used to study the
class of asymptotically pseudocontractive mappings by Osilike and Akuchu [19]. They
obtained strong convergence of the implicit iterative process (1.24), however, there is no weak
convergence theorem.

In this paper, motivated by the above results, we reconsider the implicit iterative
process (1.24) for asymptotically pseudocontractive mappings in the intermediate sense.
Strong and weak convergence theorems of common fixed points of a finite family of
asymptotically pseudocontractive mappings in the intermediate sense are established. The
results presented in this paper mainly improve and extend the corresponding results
announced in Chang et al. [24], Chidume and Shahzad [13], Gérnicki [25], Osilike [18], Qin
et al. [20], Xu and Ori [11], and Zhou and Chang [23].

In order to prove our main results, we need the following conceptions and lemmas.

Recall that a space X is said to satisfy Opial’s condition [26] if, for each sequence {x; }
in X, the convergence x,, — x weakly implies that

liminf||x, - x|| < liminf||x, - y||, Yy €E (y#x). (1.25)

Recall that a mapping T : C — C is semicompact if any sequence {x,} in C satisfying
limy, —, oo||xn — Txy|| = 0 has a convergent subsequence.

Lemma 1.1 (see [27]). In a real Hilbert space, the following inequality holds

>, Vael0,1], x,ye H. (1.26)

lax + (1 - a)y|* = allxl* + 1 - a)|y||* - a(1 - @)||x — ¥

Lemma 1.2 (see [28]). Let {a,}, {bn}, and {c,} be three nonnegative sequences satisfying the
following condition:

ans < (1 +by)a, +cy, Yn2>mny, (1.27)

where ny is some nonnegative integer, > o1 b, < oo and Y771 ¢, < oo. Then, the limit lim,, _, i ay
exists.
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2. Main Results

Theorem 2.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bea
uniformly L;-Lipschitz continuous and asymptotically pseudocontractive mapping in the intermediate
sense with the sequence {ky;} C [1,00) such that 3, (kni — 1) < oo for each 1 < i < N, where
N > 1 is some positive integer. Let ¢ = max{0, supx,yGC(HTi”x— Ti"y||2 — knpllx —y||2 -
(I -TM")x~- I —Tl.")y||2)} foreach 1 < i < N. Assume that the common fixed point set F =
NY, E(Ty) is nonempty. Let {x,}, be a sequence generated in (1.24). Assume that the control
sequence {a,} in [0, 1] satisfies the following restrictions:

(@)0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>1;
(b) X2y én < oo, where &, = max{{m,i: 1 <i < NJ.

Then, {x,} converges weakly to some point in .

Proof. First, we show that the sequence {x,} generated in the implicit iterative process (1.24)
is well defined. Define mappings R, : C — C by

Ry(x) = axy 1 + (1 - )Ty x, Vx€C, n>1. (2.1)

1

Notice that

1Ru(0) = Ru @) || = || (a1 + (1 = ) T x) = (uvas + (1= ) Ty )|
<(1-a)Lllx -y 22)
<(A-a)llx-y|, VYxyeC

From the restriction (a), we see that R, is a contraction for each n > 1. By Banach contraction
principle, we see that there exists a unique fixed point x, € C such that

Xp = QpXpq + (1 - an)T.}(lfg)xn, Vn > 1. (2.3)

1

This shows that the implicit iterative process (1.24) is well defined for uniformly Lipschitz
continuous and asymptotically pseudocontractive mappings in the intermediate sense. Let
k, = max{ky; : 1 <i < N}.In view of the assumption, we see that >,>°, (k, — 1) < co. Fixing
p € F, we see from Lemma 1.1 that

h
T.(fg)xn — Xp1

2+§n>

[l = P|I” = |21 = p||* + (1 = atn)

|2

N 2
Ti(fg)xn - p” —ay(1-ay)

< |01 _p”z+<1_an)(k,,<n)||xn_p||z+ | Tty 0 = 20

|2

T

—an(l-an) i(n) Xn = Xn-1
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2

h(n)
Tl.(n) Xy — Xp

< an”xn—l —P“2 +(1- an)kh(n)”xn —Pllz +(1-ay)

Th(n)

2
i(n) Xn — Xn-1 | + én

—a,(1—ay)

h 2
T = ||+ &

< an”xn—l —P“2 +(1- an)kh(n)”xn —Pllz -(1- an)zan

(2.4)
From the restriction (a), we see that there exists some ny such that
(I-awknm <Q<1, Vn>mny, (2.5)
where Q = (1 -a)(1 + a/(2(1 - a))). It follows that
e - pll* < #Wllxn—l -pl*+ m
(2.6)

Knm) =1 2, ¢
§<1+ s )||xn,1—p|| s Vnzm.

In view of the restriction (b), we obtain from Lemma 1.2 that lim, _, . ||x, — p|| exists. Hence,
the sequence {x,} is bounded. Reconsidering (2.4), we see from the restriction (a) that

2
(1= 0)a|| T %0 = || < a (flxcs =PI = 120 = PI7) + (Ko = 1) [ =PI + &0

(2.7)
This implies that
. h
nlgl}o Ti(f:;)xn - Xy | =0. (2.8)
Notice that
h
6 = 0l < | T 2 = | (29)
It follows from (2.8) that
lim ||x, — x,-1]| = 0. (2.10)
n— oo
Observe that
h(n) h(n) h(n) h(n)
| Xp-1— Tim) Xp-1 ” < | Xp-1— Tim) Xl + ”Ti(n) Xy — Tl.(n) Xp-1 ”
(2.11)
h
< | Xt = Th x| + Ll = 2l
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In view of (2.8), and (2.10), we obtain that

: h(n)
nlgr;o Xp-1— T,<n) Xn-1

| = 0. (2.12)

Since for any positive integer n > N, it can be written as n = (h(n) — 1)N + i(n), where
i(n) € {1,2,...,N}. Observe that

5 T

”xn—l - Tnxn—ln < i(n)

Xn-1— xn 1

<

RO

h(n)
Xn-1 — T( n) Xn-1 (n)

h(n)

< xp-1 — T()xnl

| (2.13)
L[| T dnes = T | + | T 0 = onya|

i(n—-N) i(n-N)

#xeny 1 = 2 ])-

Since for each n > N, n = (n — N)(mod N), on the other hand, we obtain from n = (h(n) -
1)N +i(n) thatn— N = (h(n) = 1) =1)N +i(n) = (h(n — N) = 1)N +i(n— N). That is,

h(n-N)=h(n) -1,  i(n-N)=i(n). (2.14)
Notice that
|65 = Tty = [Ty ea = T |
< Lijxp-1 = xn-n |, (2.15)
[T = x| = [T 50 = |

Substituting (2.15) into (2.13), we arrive at

Xp1—T, <n)xn—1 ||

l1xn-1 = Tnn-1| < | itn)

+L<L||xn Xn-N|| + ”Tl (n-N) ) XnoN = XN 1” + || x(n-ny-1 _xn—1”>-
(2.16)

In view of (2.8), (2.10), and (2.12), we obtain from (2.16) that

lim ||xp-1 — Txp-1]] = 0. (2.17)
n—oo
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Notice that

||xn - Tnxn” < ”xn - xn—l” + ”xn—l - Tnxn—ln + ”Tnxn—l - Tnxn”

(2.18)
S L+ D)|Jxn = xn-ll + [|2n-1 = Tuxp-1]]-
From (2.10) and (2.17), we arrive at
lim ||x, — Tuxu|| = 0. (2.19)
n— oo
Notice that
ll6n = Tosjnll < lloen = X | + [| %) = Tovjns | + | Tovjnsj = Tosja|
(2.20)
< (1 + L) ||xn = Xn+j ” + ”anr]' - Tn+]-xn+]- , V] € {1,2, .. ,N}
It follows from (2.10) and (2.19) that
lim ||x, — Tyejxn|| =0, Vje({1,2,...,N} (2.21)

n—oo

Note that any subsequence of a convergent number sequence converges to the same limit. It
follows that

lim ||x, - T,x4]| =0, VYre{l,2,...,N}. (2.22)
n— oo

Since the sequence {x,} is bounded, we see that there exists a subsequence {x,,} C {x,}
such that {x,,} converges weakly to a point x € C. Choose « € (0,1/(1 + L)) and define
Yamyr = (1 —a)x + aT}"x for arbitrary but fixed m > 1. Notice that

+o+ [ TP ey, — Ty,

r

6, = T 1 < Wen, = Ty + || Ty, = TPy

(2.23)
<1+ (m-1)L]||xp, — Trxy|l, Vre{l,2,...,N}.

It follows from (2.22) that

lim ||x,, — T"x, || =0, Vre({1,2,...,N}. (2.24)
1— 00
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Note that

= m
<x ~YamrsYamr — Tr ya,m,r>
=(x-x -T" + (xp, — -T"
nis yu,m,r r yu,m n; y a,m,;xrs yd,mﬂ‘ r y a,m,r
_ /= m m m
= <x = Xn;, Yamr — Iy ya,m,r> + <lei = Yamr, I} xn, = T} }/a,m,r>

- <xni - yu,m,r/ xni - yu,m,r> + <xni - yu,m,r/ xni - T;nxn>

— 1+k
(5 = Y T Wams) + 22— [+ 2
= N1 = YamrlI* + 1120, = Ym0, = T
- (x m m—1 2 ‘.zm
- <x = Xnis Yamr = Ty ya,m,r) + T ”xn,- - }/a,m,r” + D)
+ 1, = Yamr|[ll%n, = T2l ¥re{1,2,..., N}
Since x,, — x and (2.24), we arrive at
— km -1
<x_ya,mrl/a,m_T;ﬂ}/a,m>S = ”xn,-_ya,m,rnz'f'é?m, Vr e {1,2,,N}

On the other hand, we have
<y - yu,m,r/ (y - Trmi) - (yu,m,r - Trm]/u,m,r)>
< (1 +D)||X = Yapms||” = A + L)?|X - T"%|?, Vre{1,2,...,N}.
Notice that

1% - T"%|* = (% - T/"%, % - T}"X)

1, _ _
= ;(x ~ Yamyr, X — T}'X)
1 v ~ m— m
= ;<x —Yamr, (x - Tr x) - (ya,m,r - Tr ya,m,r)>

1,
+ (T~ Yamr Yamr =T Yame), Vr€{1,2,...,N).

Substituting (2.26) and (2.27) into (2.28), we arrive at

km—1
2

afl - (1+ Lya]|% - T/ < o

”xm _yu,m,r”2+ 7, Vr e {1,2,...,N}, m > 1.

11

(2.25)

(2.26)

(2.27)

(2.28)
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Letting m — oo in (2.29), we see that T)"x — X for each 1 < r < N. Since T, is uniformly
L,-Lipschitz, we can obtain that ¥ = T;x for each 1 < r < N. This means that x € F.

Next we show that {x,} converges weakly to X. Supposing the contrary, we see that
there exists some subsequence {xy;} of {x,} such that {x,} converges weakly to x* € C,
where x* #x. Similarly, we can show x* € ¥. Notice that we have proved that lim,, _, .|| x, —p||
exists for each p € ¥. Assume that lim,, _, ;||x, — X|| = d where d is a nonnegative number. By
virtue of the Opial property of H, we see that

d = liminf||x,, — X|| < lim inf]|x,, — x|
n; — oo n; — oo

(2.30)
= liminf Xn; — x*” < liminf Xn; —E” =d.
nj—oo nj— oo
This is a contradiction. Hence X = x*. This completes the proof. O

For the class of asymptotically pseudocontractive mappings, we have, from
Theorem 2.1, the following results immediately.

Corollary 2.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be a
uniformly Li-Lipschitz continuous and asymptotically pseudocontractive mapping with the sequence
{kni} C [1,00) such that 3, (kni—1) < co foreach1 < i < N, where N > 1 is some positive integer.
Assume that the common fixed point set F = NN, F(Ti) is nonempty. Let {x,}%, be a sequence
generated in (1.24). Assume that the control sequence {a,} in [0, 1] satisfies the following restrictions
0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>1.Then, {x,} converges
weakly to some point in F.

For the class of asymptotically nonexpansive mappings in the intermediate sense, we
can obtain from Theorem 2.1 the following results immediately.

Corollary 2.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let T;

C — C be a uniformly L;-Lipschitz continuous and asymptotically nonexpansive mapping in
the intermediate sense for each 1 < i < N, where N > 1 is some positive integer. Let &) =
max{0, supx/yGC(HTi"x - Tl.”y||2 = |lx - y||2)} foreach 1 < i < N. Assume that the common fixed

point set F = ﬂgl F(T;) is nonempty. Let {x, },., be a sequence generated in (1.24). Assume that the
control sequence {ay} in [0,1] satisfies the following restrictions:

(a)0<1-1/L<a<a,<b<1, whereL=max{L;:1<i< N}, foralln>1;

(b) D2y én < oo, where &, = max{{m,i : 1 <i < NJ.
Then {x,} converges weakly to some point in F.

For the class of asymptotically nonexpansive mappings, we can conclude from
Theorem 2.1 the following results immediately.

Corollary 2.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be an
asymptotically nonexpansive mapping with the sequence {ky;} C [1, 00) such that 3,7 (kyi—1) < o0
foreach1 <i < N, where N > 1 is some positive integer. Assume that the common fixed point set
F = NN, F(T;) is nonempty. Let {x,)2, be a sequence generated in (1.24). Assume that the control



Abstract and Applied Analysis 13

sequence {ay} in [0,1] satisfies the following restriction 0 < 1 -1/L < a < a, < b < 1, where
L = max{sup, . {kni} : 1 <i < N}, foralln > 1. Then, {x,} converges weakly to some point in ¥.

Next, we give strong convergence theorems with the help of semicompactness.

Theorem 2.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bea
uniformly L;-Lipschitz continuous and asymptotically pseudocontractive mapping in the intermediate
sense with the sequence {ky;} C [1,00) such that 3, (kni — 1) < oo for each 1 < i < N, where
N > 1 is some positive integer. Let ¢,y = max{0, supx,yGC(HTi"x— Ti"y||2 — k@ llx - ylI* -
(I -T")x~- (I —Tl.")y||2)} foreach 1 < i < N. Assume that the common fixed point set F =
NY, E(Ty) is nonempty. Let {x,},, be a sequence generated in (1.24). Assume that the control
sequence {a,} in [0, 1] satisfies the following restrictions:

(a)0<1-1/L<a<a,<b<1, whereL=max{L;:1<i< N}, foralln>1;

(b) >2y én < 0o, where &, = max{{mi: 1 <i < NJ.

Ifone of {T1, T, ..., Tn} is semicompact, then the sequence {x,} converges strongly to some point in

.

Proof. Without loss of generality, we may assume that T; is semicompact. From (2.22), we
see that there exists a subsequence {x,,} of {x,} that converges strongly to x € C. For each
re{l,2,...,N}, we get that

[l = Traxll < llx = 2| + 1o, = Tren || + [ Tr-2n, = Trx]|- (2.31)

Since T, is Lipschitz continuous, we obtain from (2.22) that x € ﬂi\il F(T;) = ¥. In view
of Theorem 2.1, we obtain that lim,, . ||x, — x|| exists. Therefore, we can obtain the desired
conclusion immediately. O

For the class of asymptotically pseudocontractive mappings, we have from
Theorem 2.5 the following results immediately.

Corollary 2.6. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be a
uniformly Li-Lipschitz continuous and asymptotically pseudocontractive mapping with the sequence
{kni} C [1,00)suchthat > (kni—1) < oo foreach1l <i < N, where N > 1 is some positive integer.
Assume that the common fixed point set F = N\, F(T;) is nonempty. Let {x,}%, be a sequence
generated in (1.24). Assume that the control sequence {a,} in [0, 1] satisfies the following restrictions:
0<1-1/L<a<a, <b<1,whereL=max{L;:1<i< N}, foralln>1.Ifoneof {T1,To,...,Tn}
is semicompact, then the sequence {x,} converges strongly to some point in F.

For the class of asymptotically nonexpansive mappings in the intermediate sense, we
can obtain from Theorem 2.5 the following results immediately.

Corollary 2.7. Let C be a nonempty closed convex subset of a Hilbert space H. Let T;

C — C be a uniformly L;-Lipschitz continuous and asymptotically nonexpansive mapping in
the intermediate sense for each 1 < i < N, where N > 1 is some positive integer. Let &, =
max {0, supx/yec(llTi"x - Tl."y||2 —llx = ylI*)} for each 1 < i < N. Assume that the common fixed
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point set F = ﬂfﬁl F(T;) is nonempty. Let {x, },, be a sequence generated in (1.24). Assume that the
control sequence {ay} in [0,1] satisfies the following restrictions:

(@)0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>1;
(b) D2y én < oo, where &, = max{{m,i: 1 <i < NJ.

Ifoneof {T1, T, ..., Tn} is semicompact, then the sequence {x,} converges strongly to some point in

7.

For the class of asymptotically nonexpansive mappings, we can conclude from
Theorem 2.5 the following results immediately.

Corollary 2.8. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be an
asymptotically nonexpansive mapping with the sequence {ky;} C [1, 00) such that 3,7 (kyi—1) < 0
foreach1 <i < N, where N > 1 is some positive integer. Assume that the common fixed point set
F = NN, F(T;) is nonempty. Let {x,}2, be a sequence generated in (1.24). Assume that the control
sequence {ay,} in [0, 1] satisfies the following restriction: 0 < 1 -1/L < a < a, < b < 1, where
L = max{sup,.,{kni} : 1 <i < N}, foralln > 1. Ifone of {T1, Ty, ..., Tn} is semicompact, then the
sequence {x,} converges strongly to some point in F.

In 2005, Chidume and Shahzad [13] introduced the following conception. Recall that
a family {T; }fﬁl :C - Cwith¥¥ = nﬁl F(T;) #0 is said to satisfy Condition (B) on C if there
is a nondecreasing function f : [0,00) — [0, 00) with f(0) =0and f(m) > 0 for all m € (0, o0)
such that for all x € C

{ggﬁ{llx—ﬂxll} > f(d(x,¥))- (2.32)

Next, we give strong convergence theorems with the help of Condition (B).

Theorem 2.9. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bea
uniformly L;-Lipschitz continuous and asymptotically pseudocontractive mapping in the intermediate
sense with the sequence {k,;} C [1,00) such that 3 ;> (kni — 1) < oo for each 1 < i < N, where
N > 1 is some positive integer. Let ¢,y = max{0, supx/yec(HTi"x— Ti"y||2 — kil ~y|* -
(I -T")x~- I —Tl.”)y||2)} foreach 1 < i < N. Assume that the common fixed point set F =
ﬂf\zfl F(T;) is nonempty. Let {x,},-q be a sequence generated in (1.24). Assume that the control
sequence {a,} in [0, 1] satisfies the following restrictions:

(a)0<1-1/L<a<a,<b<1, whereL=max{L;:1<i< N}, foralln>1;

(b) D21 én < oo, where &, = max{{m,i : 1 <i < NJ.
If {1, Ty, ..., TN} satisfies Condition (B), then the sequence {x,} converges strongly to some point

in S.

Proof. In view of Condition (B), we obtain from (2.22) that f(d(x,, ¥)) — 0, which implies
d(x,, F) — 0. Next, we show that the sequence {x,} is Cauchy. In view of (2.6), for any
positive integers m, n, where m > n > ny, we obtain that

o~ pll < Bllxu—pll + B S —5~ 4 Sm

oo (2.33)
i=n+1
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where B = exp{ 31 ((knmy —1)/(1 - Q))}. It follows that

I = 2l < [0~ pll + [~ € (4 B~ pl) + B 3, 5+ -2

ratio (2.34)
i=n+1

It follows that {x,} is a Cauchy sequence in C,s0 {x,} converges strongly to some g € C.
Since T, is Lipschitz for each r € {1,2,..., N}, we see that ¥ is closed. This in turn implies
that g € . This completes the proof. O

For the class of asymptotically pseudocontractive mappings, we have from
Theorem 2.9 the following results immediately.

Corollary 2.10. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bea
uniformly Li-Lipschitz continuous and asymptotically pseudocontractive mapping with the sequence
{kni} C [1,00)suchthat 37 (kyi—1) < oo foreach1l <i < N, where N > 1 is some positive integer.
Assume that the common fixed point set F = N\, F(T;) is nonempty. Let {x,}%, be a sequence
generated in (1.24). Assume that the control sequence {a,} in [0, 1] satisfies the following restrictions:
0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>11f{T,T,,...,Tn}
satisfies Condition (B), then the sequence {x,} converges strongly to some point in .

For the class of asymptotically nonexpansive mappings in the intermediate sense, we
can obtain from Theorem 2.9 the following results immediately.

Corollary 2.11. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be
a uniformly L;-Lipschitz continuous and asymptotically nonexpansive mapping in the intermediate
sense for each 1 < i < N, where N > 1 is some positive integer. Let ¢u; = max{0,
supx,yGC(HTi"x— Ti"y||2 —|lx=yl*)} for each 1 < i < N. Assume that the common fixed point

set F = NN, F(T;) is nonempty. Let {x,)2, be a sequence generated in (1.24). Assume that the
control sequence {a,} in [0, 1] satisfies the following restrictions:

(@)0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>1;

(b) X2y én < oo, where &, = max{{m,i : 1 <i < NJ.

If {1, Ty, ..., TN} satisfies Condition (B), then the sequence {x,} converges strongly to some point

in .

For the class of asymptotically nonexpansive mappings, we can conclude from
Theorem 2.9 the following results immediately.

Corollary 2.12. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bean
asymptotically nonexpansive mapping with the sequence {ky;} C [1, 00) such that 3,7 (kyi—1) < o0
foreach1 <i < N, where N > 1 is some positive integer. Assume that the common fixed point set
F = NN, F(T;) is nonempty. Let {x,)2, be a sequence generated in (1.24). Assume that the control
sequence {ay,} in [0, 1] satisfies the following restriction: 0 < 1-1/L < a < a, < b < 1, where
L = max{sup,.,{kni} : 1 <i < N}, foralln > 1. If {T1,T>,...,Tn} satisfies Condition (B), then
the sequence {x,,} converges strongly to some point in F.
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Finally, we give the following strong convergence criteria.

Theorem 2.13. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — Cbea
uniformly L;-Lipschitz continuous and asymptotically pseudocontractive mapping in the intermediate
sense with the sequence {k,;} C [1,00) such that 3 ;. (kni — 1) < oo for each 1 < i < N, where
N > 1 is some positive integer. Let ¢,y = max{0, supx/yec(HTi"x— Ti"y||2 — kil —y||2 -
(I -T")x -1 —Tl.”)y||2)} foreach 1 < i < N. Assume that the common fixed point set F =
NY, F(Ty) is nonempty. Let {x,)%, be a sequence generated in (1.24). Assume that the control
sequence {a,} in [0,1] satisfies the following restrictions:

(@)0<1-1/L<a<a,<b<1 whereL=max{L;:1<i< N}, foralln>1;

(b) o2y én < 0o, where &, = max{{m,i: 1 <i < NJ.
Then, the sequence {x,} converges strongly to some point in F if and only if im inf,, _, ..d(x,, F) = 0.

Proof. The necessity is obvious. We only show the sufficiency. Assume that

liminfd(x,, ¥) = 0. (2.35)
n—oo

In view of Lemma 1.2, we can obtain from (2.6) that lim,, _, ,,d(x,,, F) = 0. The desired results
can be obtain from Theorem 2.9 immediately. O

For the class of asymptotically pseudocontractive mappings, we have from
Theorem 2.13 the following results immediately.

Corollary 2.14. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bea
uniformly Li-Lipschitz continuous and asymptotically pseudocontractive mapping with the sequence
{kni} C [1,00)suchthat > (kyi—1) < oo foreach1l <i < N, where N > 1 is some positive integer.
Assume that the common fixed point set F = N\, F(T;) is nonempty. Let {x,}%, be a sequence
generated in (1.24). Assume that the control sequence {a, } in [0, 1] satisfies the following restrictions
0<1-1/L<a<a, <b<1 where L =max{L;:1<i< N}, foralln> 1. Then, the sequence
{xn} converges strongly to some point in F if and only if liminf, _, ,d(x,, F) = 0.

For the class of asymptotically nonexpansive mappings in the intermediate sense, we
can obtain from Theorem 2.13 the following results immediately.

Corollary 2.15. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C be
a uniformly L;-Lipschitz continuous and asymptotically nonexpansive mapping in the intermediate
sense for each 1 < i < N, where N > 1 is some positive integer. Let ¢y = max{0,

supx/yec(HTi"x - Ti"y||2 —|lx=yl*)} for each 1 < i < N. Assume that the common fixed point

set F = NN, F(T;) is nonempty. Let {x,)2, be a sequence generated in (1.24). Assume that the
control sequence {a,} in [0, 1] satisfies the following restrictions:

(a)0<1-1/L<a<a,<b<1, whereL=max{L;:1<i< N}, foralln>1;

(b) D21 én < oo, where &, = max{{m,i : 1 <i < NJ.

Then, the sequence {x,} converges strongly to some point in F if and only if im inf,, _, ..d(x,, F) = 0.
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For the class of asymptotically nonexpansive mappings, we can conclude from
Theorem 2.13 the following results immediately.

Corollary 2.16. Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C — C bean
asymptotically nonexpansive mapping with the sequence {ky;} C [1, 00) such that 3,7 (kyi—1) < o0
foreach1 <i < N, where N > 1 is some positive integer. Assume that the common fixed point set
F = NN, F(T;) is nonempty. Let {x,)2, be a sequence generated in (1.24). Assume that the control
sequence {ay,} in [0, 1] satisfies the following restriction: 0 < 1 -1/L < a < a, < b < 1, where
L = max{sup,.,{kni} : 1 <i < N}, forall n > 1. Then, the sequence {x,} converges strongly to
some point in 9-'_1'fand only if liminf, _, d(x,, ¥) = 0.
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