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By means of the fixed point theory of strict set contraction operators, we establish a new existence
theorem on multiple positive solutions to a singular boundary value problem for second-order
impulsive differential equations with periodic boundary conditions in a Banach space. Moreover,
an application is given to illustrate the main result.

1. Introduction

The theory of impulsive differential equations describes processes that experience a sudden
change of their state at certain moments. In recent years, a great deal of work has been done
in the study of the existence of solutions for impulsive boundary value problems, by which a
number of chemotherapy, population dynamics, optimal control, ecology, industrial robotics,
and physics phenomena are described. For the general aspects of impulsive differential
equations, we refer the reader to the classical monograph [1]. For some general and recent
works on the theory of impulsive differential equations, we refer the reader to [2-14].
Meanwhile, the theory of ordinary differential equations in abstract spaces has become a new
important branch (see [15-18]). So it is interesting and important to discuss the existence of
positive solutions for impulsive boundary value problem in a Banach space.

Let (E,|| - ||) be a real Banach space, ] = [0,27], 0 = ty) < t; < fp < +++ < tp <
tma = 27, Jo = [0,t1], and J; = (t;,ti1], 1 = 1,...,m. Note that PC[J,E] = {u : uis a
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map from J into E such that u(t) is continuous at ¢ ##, and left continuous at t = t; and
u(t;) exist, k = 1,2,...,m}, and it is also a Banach space with norm

[ullpc = supllu(®)]]. (1.1)

te]

Let the Banach space E be partially ordered by a cone P of E; that is, x < y if and only
if y —x € P,and PC[], E] is partially ordered by K = {u € PC[]J,E] : u(t) e P,t€ J} :u < vif
and only if v — u € K; thatis, u(t) < v(t) forall t € J.

In this paper, we consider the following singular periodic boundary value problem
with impulsive effects in Banach E

—u"(t) + M2u(t) = f(t,ut)), te], t#t,

Aul,y = Ix(u(ty)),
7 (1.2)
Aullt:tk =-Ii(u(ty)), k=12,...,m,

u(0) = u(2r), u'(0) = ' (2or),

where M > 0is constant, f (¢, 1) may be singular att =0 and/or ¢ = 2o, f € C[(0,2) x P, P],
I, I € C[P, P], Auli=y, = u(ty) —u(ty), Avd|s=r, = /() - u’(t;), k=1,2,...,m and ui(t;)
(resp., u'(t;)) denote the right limit (resp., left limit) of u'(t) att = t,i=0,1.

In the special case where E = R* = [0, +00), and I} = Iy =0,k=1,2,...,m, problem
(1.2) is reduced to the usual second-order periodic boundary value problem. For example, in
[19], the periodic boundary value problem:

—u"(t) + Mu(t) = f(t,u(t)), te(0,2),
1.3
u(0) = u(2x), u'(0) = u'(2), (1.3)

was proved to have at least one positive solution, by Jiang [19] .

In [20], the authors studied the multiplicity of positive solutions for IBVP(1.2) in E =
R*; the main tool is the theory of fixed point index.

In [21], the author considers the following periodic boundary value problem of
second-order integrodifferential equations of mixed type in Banach space:

—u' = f(t,u,Tu,Su), te(0,2r),
Aul,y = Ix(u(ty)),
7 (1.4)
Aul't:tk =-Ii(u(ty)), k=12,...,m,

u(0) = u(2r), u' (0) = ' (20),
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where f € C[J x E x E x E,E], I, I € C[E, E], and the operators T, S are given by

201

Tu(t) = JZ k(t, s)u(s)ds, Su(t) = . ki(t, s)u(s)ds, (1.5)

with k € C[D,R], D = {(t,s) € R? : 0 < s <t < 27}, ky € C[J x J,R]. By applying
the monotone iterative technique and cone theory based on a comparison result, the author
obtained an existence theorem of minimal and maximal solutions for the IBVP(1.4).

Motivated by the above facts, our aim is to study the multiplicity of positive solutions
for IBVP(1.2) in a Banach space. By means of the fixed point index theory of strict set
contraction operators, we establish a new existence theorem on multiple positive solutions
for IBVP(1.2). Moreover, an application is given to illustrate the main result.

The rest of this paper is organized as follows. In Section 2, we present some basic
lemmas and preliminary facts which will be needed in the sequel. Our main result and its
proof are arranged in Section 3. An example is given to show the application of the result in
Section 4.

2. Preliminaries

LetT, = {x € E: ||x|| <71}, B, = {u € PC[J,E] : ||lullpc < v} (r > 0); for D c PC[],E],
we denote D(t) = {u(t) : u € D} C E(t € J).a denotes the Kuratowski measure of non-

compactness.
Let PC'[J,E] = {u | ube a map from ] into E such that u(t) is continuously
differentiable at t#t; and left continuous att = t, and u(ty), u'(t,), u'(t;) exist, k =

1,2,...,m}. Evidently, PC'[],E] is a Banach space with norm
lullpcr = max{||u||pc, ”u,”pc}' (2.1)

Let J' = J\ {ti,t2,...,tm}; amap u € PC[J,E] N C?[]', E] is a solution of IBVP(1.2) if
it satisfies (1.2).
Now, we first give the following lemmas in order to prove our main result.

Lemma 2.1 (see [17]). Let K be a cone in real Banach space E, and let Q be a nonempty bounded

open convex subset of K. Suppose that A : Q — K is a strict set contraction and A(Q) C K. Then
the fixed-point index i(A, Q, K) = 1.

Lemma 2.2 (see [21]). u € PC![J,E] n C?[J',E] is a solution of IBVP (1.2) if and only if u €
PC[], E] is a solution of the impulsive integral equation:

20 m
u(t) = fo G(t,9)f(s,u(s)ds + Y} [G(t )Tk (u(t) + HE b L ()], (22)
k=1
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where
M (2or—t+s) M(t-s)
1)e +e , 0<s<t<2m,
G(t,s) = <2M<62”M - 1))
eM(ZJz'+t—s) + eM(s—t), 0 <t<s< 2ﬂ',
(2.3)
MQ2r—t+s) _ ,M(t-s)
g le e , 0<s<t<2m,
H(t,s) = (2(62"'M - 1))
eM(s—t) _ eM(27r+t—s), 0 <t<s< 27r.
By simple calculations, we obtain that for (t,s) € | x ],
eﬂ'M eZJrM +1
lp=——<G(t,s) < ———— =1, 2.4
0 M(e¥™ -1) ~ (t,) 2M(e?™ - 1) ! 24)
1
|H(t,s)| < X MG(t,s)+ H(t,s) > 0. (2.5)

To establish the existence of multiple positive solutions in PC'[],E] n C?[]J', E] of
IBVP(1.2), let us list the following assumptions:

(AD) |If(t,x)|| < g®)||h(x)]], t € (0,2), x € P, where g : (0,2or) — (0, o0) is continuous
and

h:P — Pisbounded and continuous and satisfies f;’r g(s)ds < +oo.

(A2) h(x) in (A1) satisfies

N PWITEDY
ch g(s)ds+11 ) hg+ - > ck <1,
0 k=1 2 k=1
(2.6)
27T m 1 m
dl . g(s)ds+1 kz::lek + EkZ:ldk <1,
where
e 163 I 1 169)
Ixi—o [lx| =+ lx]l
o = Tim Ml = Tim Ml
Il =0 [|x[| el =0 || ]| (27)
7 S

k= k= .
<o ||| * el = +oo [|2¢]|
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(A3) Forany r > 0 and [a, b] C (0,27), f is uniformly continuous on [a, b] x T,.

(A4) There exist L, Ly, He > 0 such that a(f(t,D)) < La(D), a(Ix(D)) < Lxa(D),
a(Ii(D)) < Hya(D) (k=1,...,m),and 4Ll +1; 3% Hie + (1/2) 3%, Li <1, for
t € (0,2or),and D C P is bounded.

(A5) Forany x € P, Ti(x) > MIk(x);

(A6) P is asolid cone, and there exist ug € P, J| = [a/,b'] C J such thatt € ]y, x > uy
0 0

imply f(t,x) > h(t)uo, h € C(J}, [0,+0)), and I := Iy [* h(s)ds > 1.
Define an operator A as follows:

27 m
(Au)(t) = fo G(t,9)f(s,u(s)ds + 3} [Glt b T (u(t) + H(E b L (k)| te .

k=1
(2.8)

Lemma 2.3. Assuming (A1) and (A4) hold, then, for any r >0, A: PC[],P]nB, — PC[],P] is
bounded and continuous.

Proof. According to (A1) and (A4), we obtain that A is a bounded operator. In the following,
we will show that A is continuous.

Let {u,}, {u} c PC[], P]NB,, and |lu, — u||pc — 0. Next we show that ||Au, — Aul/pc —
0. By (A1), {(Au,)(t)} is equicontinuous on each J; (i = 0, ...,m). By the Lebesgue
dominated convergence theorem and (2.4), we have

(| Aun () — Au(t)||

<

20
fo G(t, ) (f (s, un(s)) — F(5,u(s)))ds

b 3Gl ) [Tt t) = TeCut)|
k=1
+ 2 HH (BT (un () = Te(u(ti) |
k=1
201 m. _
<h fo £ s, un(9)) = f(s,u(s)) s + b || T aen (80) = Tt |
k=1

5 S lklun(t0) = Tt — 0 (n— o)
k=1

(2.9)

In view of the Ascoli-Arzela theorem, {Au,} is a relatively compact set in PC[], E]. In the
following we will verify that ||Au, — Aullpc — 0 (n — o).

If this is not true, then there are gy > 0 and {uy;} C {u,} such that ||Au,; — Aullpc >
g (i = 1,2,...). Since {Au,} is a relatively compact set, there exists a subsequence of
{Au,;} which converges to v € PC[]J, P], without loss of generality, and we assume that
lim;_, o, Auy; = v, that is, lim; || Auy; — 0||pc = 0, so v = Au, which imply a contradiction.
Therefore A is continuous. O
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Lemma 2.4. Assuming (A1), (A3), and (A4) hold, then, for any R > 0, A : PC[],P] N B —
PC[], P] is a strict set contraction operator.

Proof. Forany R >0, S ¢ PC[], P] N Bg, by (A1), AS is bounded and equicontinuous on each
Ji,i=0,...,m, and by [17],

apc(AS) = su})zx((AS)(t)), (2.10)

where (AS)(f) = {Au(t) :u e S,te J}.
Let

D= {J‘ZJr G(t,s)f(s,u(s))ds:u e S},
0

- (2.11)
Ds = {J G(t,s)f(s,u(s))ds:uGS}, 0 <6 <min{ur, ty,27 —t,}.
6
By (Al) and (2.4), foranyu € S,
27-6 271
f G(t,s)f(s,u(s))ds - G(t,s)f(s,u(s))ds
° ’ (2.12)

6 2T
< hmax bl | g(o)ds + hmaxiholl | g(s)ds.
x€TR 0 ueTR 20—6

In view of (2.12) and (A1), we have dy(Ds, D) — 0 (6 — 0%), where dyg(Ds, D) denotes the
Hausdorff distance of D and Dsg.
Therefore,

6lirr01+zx(D6) =a(D). (2.13)
Next we will estimate a(Ds). Since

-6
JQ G(t,s)f(s,u(s))ds € (2 - 26)co({G(t,s) f (s, u(s)) : s € [6,2r - 6]}), (2.14)
6

thus

276
a(Ds) = a<{J‘6 G(t,s)f(s,u(s))ds:ue S}>

<2(r - 6)a(co{G(t, s)f (s, u(s)) : s € [6,2r - 6], u € S}) (2.15)
<2ra({G(t,s)f(s,u(s)) : s € [6,2r —6],u € S})
<2rha(f(Is x S(Is))),

where Is = [6,20 — 6], S(Is) = {u(t) : t € Is,u € S}.
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By (A3) and (A4), it is not difficult to prove that

a(f s x S(1s))) = maxa(f(t,S(1s)) < La(S(Ls)) < La(S())). (2.16)

By [17], we have

La(S(J)) < 2Lapc(S). (217)

Let 6 — 0%, and making use of the fact that lims_.¢+a@(Ds) = a(D), we obtain

LI(D) < 2Jr112Lapc(S) = 4.71'Lllllpc(5). (218)

It is clear that

zx({ iG(t, b Te(u(te)) tu € s}> < <112Hk>apc(5), (2.19)

m
k=1 k=1

a<{iH(t, t) I (u(ty)) :u € S}> < <%iLk>(ch(S). (2.20)
k=1

k=1

Hence, according to (2.18)—(2.20), we have

apc(AS) < (4,7le1 +1 D Hy + %Z Lk> apc(S). (2.21)
k=1 k=1

By (A4) and Lemma 2.3, A is a strict set contraction operator from PC[], P] into
PC[]J, P]. O

3. Main Result

Theorem 3.1. Assuming that (A1)—(A6) hold, then the IBVP (1.2) has at least two positive solutions
uy and uy satisfying

wi(t) > lug(t), forte Jy=[d,b], 1>1, (3.1)

where 1 was specified in (A6).

Proof. First we verify that there exists 6 > 0 such that ||v|| > 6 for v > ug. If this is not true,
then there exists {v,} C Ewhich satisfies v, > ug and ||v,|| < (1/n) (n =1,2,...), so we have

uy < 0, which is a contradiction with ug € P.
By (A2), there exist ¢’ > ¢, ¢ > ¢k, d' > d, d|_ > di, hj_ > hy, and e} > ek, and

0<r <6, ry > max{6, l||uol|} (3.2)



8 Abstract and Applied Analysis

satisfy
27 m 1
L | g(s)ds+h D h+ EZC; <1, (3.3)
0 k=1 k=1
20T m 1
bi=dl| g(s)ds+hL D e+5D.d <1 (3.4)
0 k=1 2 k=1
ForxeT, NP,
Ikl <elxll, @< clixl, [|Te@)|| < Adixl. (3.5)
For ||x|| > and x € P,
Il <dlal, Il <dlixll, [T < el (3.6)

Therefore, for any x € P, we have
Ikl < dllxll+ M, L)l < dilixll+ M, T < efdixl+ M, 37)

where
M’ = max{My, My,..., My, Ky,...,Kn}, M, = supf{||h(x)|| : x € T,, N P},
My = sup{|[lc(x)|| : x €T, NP}, Ki= sup{||7k(x)|| xeT, mp} (k=1,2,...,m).
(3.8)

Letrs =+ (1-b)"'G, G = M'[l [Z" g(s)ds + ml; + m/2], U; = {u € PC[],P] :
lullpc <71}, Uz = {u e PC[],P] : lullpc < 13}, Us = {u € PC[],P] : |lullpc < 13, u(t) > lug for
te ](’) and [ > 1}. It is clear that U, U,, U3z are nonempty, bounded, and convex open sets in
PC[J,P],and U = PC[],P]NB,,, U, = PC[],P] NB,,, and U3 = {u € Uy : u(t) > lug,t € J}.

From (3.2), we obtain

U4 C Uy, U3 C Uy, U,nUs= 0. (39)

According to Lemma 2.4, A : ﬁz — PC[],P] is a strict set contraction operator, and for
uel,, by (2.4) and (3.7), we obtain

[(Aw) ()] =

20T m
fo G(t,5)f(s,u(s))ds + 3. [G(t, te)Ti(u(ti)) + H (i) e (u(ti)| H

k=1

27 m _ 1
<h [ gasthal+ X (nT] + 31
0 k=1



Abstract and Applied Analysis 9

20T

I ! & I ! 1 & I !
<h | g(s)ds(d|lull + M) + llz (e llull + M) + EZ (i |lul + M)
0 k=1 k=1

) 27 m ) 1 m : ) 2 m
:[dz1 i g(s)ds+llkzzlek+§édk llull + M'| 1y O g(s)ds+mll+7

=blul|+G

< bT‘g +G< 3.
(3.10)

Hence

A(@) c U (3.11)

Similarly, A : U; — PC[], P] is a strict set contraction operator, and for u € U, by
(3.3) and (3.5), we obtain

27 m
I(Aw)(t)| = jo G(t,s)f(s,u(s))ds + [G(t, te) T (u(t)) + H(t, tk)Ik(u(tk))] H
k=1
) 27T m , 1 ,
<ch i g(s)ds|ul| + %(llhkllull + EcklluH) (3.12)
20r m m
= [c/ll g(s)ds + llzh;( + %ZCL:I [Jaa|
0 k=1 k=1
<|lul <m,
SO
A(ﬁl> cu;. (3.13)

Let u € U3, by (3.11), we have || Aul|pc < 73.
By (2.5), (A5), and (A6), for t € J|,

27 m
(Au)(t) = fo G(t,s)f (s, u(s))ds + >, [G(f, tie) T () + H (t, ti) T (b))

k=1

27 m
> IO G(t,s)f(s,u(s))ds + D [MG(t, tx) + H(t, tx) Ix (u(t))
k=1

27T

> | Gt s)f(s,u(s))ds
0
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2o [ fsu(o)ds

b’_
> I h(s)dsug

= lug.
(3.14)
So Au € U3, and
A(U3) c Us. (3.15)
According to (3.11)—(3.15) and Lemma 2.1, we have
i(A,U;,PC[J,P]) =1 (j=1,2,3). (3.16)
Hence
i(4, U\ (Uyuls), PC[J,P))
= i(A,U,, PC[], P]) —i(A, U4, PC[], P]) —i(A, U3, PC[], P]) (3.17)

=-1.

Thus, A has two fixed points u; and u; in Uz and U, \ (ﬁl U 53), respectively, which
means u;(t) and u,(t) are positive solution of the IBVP (1.2), where u;(t) > luy, for t € Jj and
I>1. O

4. Example
To illustrate how our main result can be used in practice, we present an example.

Example 4.1. Consider the following problem:

1 1
A nle= =3Xn\ 5 )/
Tlie1/s = g <3> (4.1)

1 /1
Axyl s = —;xn<§>/

xn(o) = xn(ZJZ'), x;(O) = xln(z-ﬂ-)/

where x,,., = x, (n=1,2,...,m).
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Conclusion

IBVP (4.1) has at least two positive solutions {x1,(t)} and {x2,(t)} such that x;,(t) > 1 for
telm2r],n=1,2,...,m

Proof. Let | = [0,2x], E = R" = {x = (x1,x2,...,%m) : X, € Ron = 1,2,...,m};
then, E is a Banach space with norm ||x|| = maXi<pcm|xn|- Let P = {(x1,x2,...,xp) :
X, 2 0, n=1,2,...,m}; then, P is a solid cone in E. Compared to IBVP (1.2), f(t,x) =
(fi, for-s fm), fa(t,x) = (1/VH[3(2 + (999/7)t) In(1 + fol) + Xx,,/3)] is singular at t = 0.
I(x) = (Ii(x), I2(x),..., In(x)), and I,(x) = (1/8)x,(1/3). I(x) = (I1(x),...,Im(x)), and
I.(x)=01/4)x,(1/3),n=1,2,...,m.

Next we will verify that the conditions in Theorem 3.1 are satisfied.

Let g(t) = 1/vt, h(x) = (h1(x), ha(x), ..., hyu(x)), and h,(x) = 6000 In(1 + xfm) +x,/3.
Itis clear that || f(t, x)|| < g(t)||h(x)||, for t € (0,2or) and x € E, so (Al) is satisfied.

By simple calculations, we have M =2, c =d =1/3,¢c1 =dy =1/8, h1 = e; = 1/4,
T g(s)ds = 5.01326, I = 0.00093, and I; = 0.25. Hence, 11 [;” g(s)dsc+Lih + (1/2)c; < 1; that
is, (A2) is satisfied.

Since E is a finite-dimensional space, it is obvious that (A3) and (A4) are satisfied.

It is clear that I,,(x) = (1/4)x,(1/3) and MI,(x) = 2 x (1/8)x,(1/3) = (1/4)x,(1/3),
s0 I,(x) = MI,(x); that is, (A5) is satisfied.

Letuy=(1,1,...,1) € Pand J = [a,20r] C [0,27]; for t € J and x > uy, we have

Fult, x) = % [<3<2+ 9792_—9t> In(1+x2,) + %)] > %. (4.2)

Let E(t) = 3000In2/+/t; then, for t € Jy and x > ug, we obtain that f(t,x) > E(t)uo and
Iy Lz:r h(s)ds > 1. Therefore (A6) is satisfied.

By Theorem 3.1, IBVP (4.1) has at least two positive solutions {x1,(t)} and {x2,(t)}
and satisfies x1,(t) >1,n=1,2,...,m. O
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