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This paper presents a kind of new definition of fractional difference, fractional summation,
and fractional difference equations and gives methods for explicitly solving fractional difference
equations of order (2, q).

1. Introduction

As is well known, there is a large quantity of research on what is usually called integer-order
difference equations and integer-order differential equations. Since the study is started very
early by many famous mathematicians, such as Leibniz, Bernoulli, Euler, and Lagrange, many
systematic works were established, and much classical content was included in the textbooks
[1-3]. Moreover, it is also well known that the theory of integer-order difference equations
have many similar performances to the theory of integer-order differential equations.
However, the study on the ordinary fractional differential equations is just a beginning
of exploration in the recent two decades. For example, in their encyclopedic monograph
[4] on the fractional integrals and derivatives, Samko et al. summed up the results of the
fractional calculus and established the existence and uniqueness of the solution of ordinary
fractional differential equations and so on. Miller and Ross [5] made a significant contribution
to the solution of ordinary fractional differential equations by using the transcendental
function and Laplace transform, as well as fractional Green function method; they researched
linear fractional differential equations with constant coefficients skillfully and systematically
and obtained a great deal of excellent results. These results have aroused a great interest
for mathematicians [6-11]. After then, two new comprehensive monographs [12, 13] on
fractional differential equations have been published one after another.
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It is natural to ask whether the corresponding fractional difference theory and frac-
tional summation theory can be established or what is the corresponding theory on fractional
difference equations. These problems have been researched by many mathematicians, such
as Samko et al., who gave the definition for the fractional difference with series type in
Section 21 of their book [4]. This definition is useful for solving the numerical solution of the
fractional differential equations. However, this definition has some limitations: for example,
when the order v is negative, this definition is unable to guarantee its convergence. Moreover,
such a series type of definition, even the most simple fractional difference equations, cannot
give their exact solution. Without doubt, they have not obtained the similar performance for
the fractional differential equations.

The purpose of this paper is to give the new definitions of fractional difference, and
fractional summation, as well as fractional difference equations. In particular, making use of
our definitions, the fractional difference equations can be solved successfully, and its theory
has a miraculous analogy with the theory on fractional differential equations. Limited to the
length of the paper, we only give the explicit solution of the fractional differential equations
of order (2,q). Nevertheless, this method for solving fractional difference equations is not
trivial. For another further systemic results, one can see our monograph [14].

2. Definitions of Fractional Difference and Fractional Summation

Let x(n) be a real-valued sequence, n € Z. Let us start from backward difference and give
some basic definitions.

Definition 2.1. One calls

Vx(n) =x(n)-x(n-1) (2.1)
one-order backward difference of x(n) and calls

VEx(n) = VV*Vx(n) (2.2)

k-order backward difference of x(n), where k is a positive integer.

Definition 2.2. One calls
Vlx(n) = D x(r) (2.3)
r=0

one-order summation of x(n) and calls

V*x(n) = VIV *Dx(n) (2.4)

k-order summation of x(n), where k is a positive integer.
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Definition 2.3. Set

(x)™ 2 x(x+1)---(x+n-1),

(2.5)

where 7 is a positive integer, x is real, and (x)™ is called rising factorial function. And define

n n!

[x]éx(x+1) (x+n-— 1)

For backward difference of order m, where m is positive integer, we have

Lemma 2.4. Assume that m is a positive integer, then

V™ "x(n) = il: mr:Ix(r) = [’:] * x(n),

r=0 |11 —

where [ 2,1 =m(m+1)---(m+n-r—-1)/(n—-r)!, and x is convolution symbol.

Proof. By Definition 2.2, we have V'x(n) = 3" x(r), and then

n

V2x(n) = v-1<v-lx(n)) = v lx(r)

r=0
Z x(s) = ZZx(s) Z(n—s+1)x(s)
r=0s=0 s=0r=s

V3x(n) = V! <V‘2x(n)> = zn:V‘zx(r) = ii(f -s+1)x(s)
r=0

r=0s=0

n n

ZZ -s+1)x(s) = 2'Z(n—s+l)(n—s+2)x(s)

5=07=5

Vix(n) = Z(n—s+1)(n—s+2)(n—s+3)x(s)
*5=0

By recursion, we have

V™"x(n) = =

;wi(n—s+1)(n—s+2)---(n—s+m—1)x(s).
“s=0

(2.6)

(2.7)

(2.8)

(2.9)
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Since [, ] =m(m+1)---(m+n-s-1)/(n-s)! = (m+n-s-1)/(n-3s)l(m-1)! =
(m-s+1)(n-s+2)---(n—s+m-1)/(m—-1)!, by Definition 2.3 we can rewrite the above
form as follows:

V"x(n) = ﬁ%(n —s+1)™ Vx(s)

(2.10)

n m m
=§|:n_s]x(s): [n] * x(n). -

Now we extend formula (2.7) to the general positive real number. It is obvious that
the right side of (2.7) is also meaningful for any positive real number v > 0; based on this
observation we give the definition of the fractional summation as follows.

Definition 2.5. Leting v > 0 be an arbitrary positive real number, one calls

Vx(n) = [:] ex(m)= 3 [n 1: r] x(r) @2.11)

r=0

v-order summation of x(n), where * is the convolution symbol.
Next, we give the definition of the fractional difference as follows.

Definition 2.6. Let m be the smallest positive integer which is greater than y > 0. Then the
fractional difference of x(n) of order y is defined by

VHx(n) = V"V~ x(n). (2.12)

For example, we set again x(n) = [ ;] (v > 0, 4 > 0), then

m-u+v
VP (n) = [ 3 ]

n

Lo

_(m-p+v)(m-p+v+1)--(m-p+v+n-1)
- n!

(m-p+v)(m-p+v+1)---(m-—p+v+n-1-1)
N (n-1)!
(m-1-p+v)(m-p+v)---(m-1-p+v+n-1)

n!
m-pu+v-1
= ; )

(2.13)
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By induction, it is not difficult to verify that

V’"[m_”w]:[v_”]. (2.14)
n n

Then by Definition 2.6, we have

v V-
w[ ] [ “]. 215)
n n
Definition 2.7. One calls

ix(n)z‘", (lz] > R) (2.16)
n=0

a Z-transform of x(n) and denotes it by X(z) or Z[x(n)], where R is the absolutely convergent
radius of complex series.

Definition 2.8. Leting f(n), g(n) be two sequences, one calls

n

> f(r)gn-r) (2.17)

r=0

an convolution of the f(n) and g(n) and denotes it by
fm)xg(n) = f(r)g(n-r). (2.18)
r=0

Firstly, the following convolution theorem is well known.

Theorem 2.9. Let Z[f(n)] = F(z), Z[g(n)] = G(z), then
Z[f(n) xgm)] = Z[f(n)] Z[g(n)] = F(2)G(=). (219)

Secondly, we have the Z-transform of function [X].

z< [:D - (1 - z‘1>_k. (2.20)

Lemma 2.10. If k > 0, then
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Proof. By the Taylor expansion, one has

-1 _k= & (k) (~k-1)(-k=2)---(-k-n+1) _1 -n
SRR )

n! z
(2.21)

n! z

:1+ik(k+l)(k+2)-~-(k+n—1)<1>‘"‘
n=1

Hence

z<[:]> i ik(k+1)(k+2}2!--~(k+n—1) (%) - (1-21)" (2.22)

n=0

As an application, let v > 0, p >0, set x(n) = [ ], then we have

Vhx(n) = [Z ] . m - [v:l” ] (2.23)

because of

AL LD -ALDALD - ]) e

O

In general, the law of exponents V#V”x(n) = V#*Vx(n) is not necessarily valid for
arbitrary real numbers p and v. For example, let x(n) = 1, then Vx(n) = 0 and V'Vx(n) =0,
while V-x(n) = n and VV~1x(n) = 1. But with additional caveats, the law of exponents can
also hold. For y, v > 0 we have

Proposition 2.11. One has V#V™x(n) = V-0 x(n).

Proof. From the definition of fractional summation and convolution theorem we have

VHYVx(n) = [”] . <[V] *x(n)>
n n

_ [v + ‘u]  x() (2.25)

n

= V- x(n).
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Proposition 2.12. One has V*V~™7x(n) = V¥ x(n).

Proof. By the definition of fractional difference, we get

VEV ™ x(n) = V"V "MV x(n)
= VY- mE) x (1) (2.26)
= V) x(n).

Proposition 2.13. One has VV™x(n) = V¥ (Vx(n)) + x(-1)[ ,,].

VV™7x(n) :V< S [ Y ]x(r)>
r=0 |1 —T

n p ] n-1 v
n—r x(r)—Z[n_l_r:Ix(r)

Proof. We have

r=0 L § r=0
-y n”r x(r)—z[n’ir]x(r—l) (2.27)
r=0 | 1T~ 7] r=1
n[ v ] v
= 25 | O XDy D [n]
n[ v ] v
= ZO ] Vx(r) +x(-1) [n]

v
=V (Vx(n))+ x(—l)[ ]

" O
Proposition 2.14. If0 < y + v < 1, then V¥V?x(n) = V**Vx(n).

Proof. We have
VEV x(n) = VFVV UV x(n)

= yH (V_(l_”)x(n) +x(~1) [1 - VD
n

—u- 2.28
= V6V x(n) + x(-1) [1 a v] (229
n

- Vv—(l—(#+V))x(n)

= V*"*x(n).
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3. Fractional Difference Equations

An ordinary difference equation is an equation involving difference of a function, and the
basic problem is to find a function that satisfies this equation. For example,

<v2 +av + bV0>x(n) =0 (3.1)

(where a and b are constants and a + b + 1#0) is a second-order ordinary linear difference
equation with constant coefficients. The problem is to find nonidentically zero function x ()
that satisfies (3.1). Therefore, it come as no surprise that we define a fractional difference
equation as an equation involving fractional difference of a function. In particular, if k and g
are positive integers and v = 1/, then we call

L=V 4+ g, VED 4 g, vE27 4y gy V0 (3.2)

a fractional difference operator of order (k, q), where a; are constants,i =0, 1,..., k. Of course,
there exist more complicated fractional difference operators, but (3.2) is more than sufficiently
complex. Although we can solve the general equation L(x(n)) = 0, but limited to the length of
this paper, we will only focus our attention on equations of order (2, q), that is, on equations
of the form

<V2” +av’ + bVO)x(n) = 0. (3.3)

Our problem, of course, is to find a function x(n) that satisfies (3.3). Let us briefly review some
results in ordinary difference equations theory that may give us a hint as how to proceed.

In the difference equation (3.1), we already know that if a#1, f#1 are the different
roots of the indicial equation p(t) = 0, where

p(t) = >+ at +b, (3.4)

then the solution of (3.1) is x(n) = (1/(1-a))" or x(n) = (1/(1-p))", thatis, to say, the solution
is an exponential function. If a # 3, then we have two linearly independent solutions. If a = 3,
then a is a double root of p(t) = 0, and (1/(1-a))" and n(1/(1-a))" are linearly independent
solutions of (3.1).

Let us now attempt to use the above arguments in solving (3.3).

Define some special functions as follows:

N\, () =vear, A\ (0,4) =" (3.5)
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It follows from Proposition 2.14 that

VA, O0,0) = A (v, 1),
VA0 = N\ (20,0,

(3.6)
VAL (@-2v0) =\, (=(a- 1w, ).
Making use of qv = 1 and Proposition 2.13, we have
0
VV/\H(_(q -I)v,A) = /\n(—l, A) + [n]
(3.7)

- <1 - %)/\n(o,A) + [2]

From [{] = 0 we clearly see that

1
VA (=12 = (1-7 ) A, 0.0 39
The significance of these applications is that if we apply the operator V” to

N, O, N\ (v A),..., \ (=(g-1)v,1), (3.9)

then we get a cyclic permutation of the same functions. That is, no new functions are
introduced.

Therefore, we will choose a linear combination of these functions as a candidate for a
solution of (3.3), say

x(n) =By \ (O,1) + B\ (=¥, 1) +---+ By [\ (-(g-1)», 1), (3.10)

where B;, i = 1,2,...,9 — 1, A are arbitrary constants for the moment. From our preceding
arguments, we have

V¥x(n) = <1 - %)B(q_l)/\n(o, N+ B\ (v, ) +---+ B\ (-(g-1)v,1).  (3.11)

Now, if V#x(n) has the same cyclic property, then we may calculate (V* + aV” +
bV x(n). It will be a linear combination of A,(0,1), A,(-v,1),..., Ay(-(q - 1)v, 1) whose
coefficients are functions of the B's and A. Then perhaps we can choose By, By, ..., B4-1, A such
that the coefficients of the A, (—kwv, \) functions vanish. If so, we will have a solution of (3.3).
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Let us calculate V*x(n); it follows from Proposition 2.14 that

V¥x(n) = B\ (-2v,1) + Bi\ (-3v,1) +---+ Bz /\ (—(g-1)v, 1)

(3.12)
+ B2V, (=(g-2)v, 1) + By VPN (=(g-1)v, ).

From the definition of fractional difference and Propositions 2.12 and 2.13 we clearly see that

VA (=(g-2)v,4) = \ (-1, 1) + x(-1) [:] = (1 - %)/\n(o,)t),

(3.13)

VZV/\n(_(q -1y, \) = <1 _ %)/\n(—v,)») e [_nv:I
Thus

V¥x(n) = (1 - %)B(H) N, 0L + (1 - %)B(q,l) N\, (=70 +Bo/\ (-2v,1)
- (3.14)
+B1/\,(-3v, 1) +---+ By \ (-(g - 1)v, 1) + Bpad ™! [ ; ]

We note that V2”x(n) have cyclical property, that is, only the terms of the form A, (-kv, 1), k =
0,1,...,9—1appeared; we also have the unwanted term A71[77]. Now, we deal with the later
term. From (3.10)-(3.14), we may compute (V2" + aV” + bV?)x(n). From the coefficients of
Ay (=kv, L) terms, we get

(Vz” +av’+ bVO>x(n) = A, ©0.1)

1 1
<1 - X)B(q,z) + a<1 - X)B(q,l) + bBO

1
. <1 _ X) B(g1) + aBo + bBi | \ (-v,1) (3.15)

k=0

q-3 -
+ > [Bk + aBia + bBiia] \ (—(k +2)v,4) + By L™ [ ]
n

Since a is a root of the indicial equation p(t) = 0, hence

a’ +an+b=0. (3.16)
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Comparing (3.16) with the terms under the summation sign in (3.15), we see that if Bx
represent decreasing powers of a, then all these terms will vanish. Let

By = AaF, (3.17)
where A is an arbitrary nonzero factor independent of k. Then

By + aBys1 + bBiso = A(a‘k +aa 1y ba‘k_2>
(3.18)
= Aak2 (a2 +aa + b) =0.

Therefore, (3.15) reduces to

1 1
2v v 0 _ I P ) _Z -g+1
<V +aV” +bV >x(n)—A|<1 A)a +a<1 A)u +b /\n(O,)L)

A [(1 - %)“ﬂm +a+ brxfl] N\, D) + Aa+iy [—nv]. (3.19)

But the constant A is still at our disposal. If we take 1 -1/ = a9, then A =1/(1 - af),
and the above expression reduces to

(V2 +av” +bV)x(n) = Aa~1 (1 - ) [_v] . (3.20)
n

Since A is arbitrary, we choose A = a7 /(1 — a9) such that the term on the right-hand side of
(3.20) is independent of a.

From the choices of By, By, ..., B;-1), A and A we clearly see that x(n) and (3.20) can
be rewritten as

1 ! 1
_ q-k-1 _
Ay (n) = 1= kzo(x /\< kv, T >, (3.21)

(VZV +av’+ bV0>Aa(n) - [_v], (3.22)
n
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respectively, where a is a zero of p(t). If a = 0, then we choose
v
Ao(n) = [ ] . (3.23)
n

Of course, A,(n) is not a solution of (3.3), since we still have the term [ )] on the right-
hand side of (3.22), but we are getting close. We recall that p(t) = 0 have two zeros; let  be
another zero. Set

q-

1
: _1 5 Dt /\(—kv, 1_#&) (3.24)

k=0

Ap(n) =

then similar arguments show that
-v

(vz" +av’+ bvo)xﬂ(n) - [ ] (3.25)
n

Thus
¥(n) = Ay(n) — Ap(n) (3.26)

is the solution of (3.3).
Therefore, we have the following theorem.

Theorem 3.1. If a #f, then
¥(n) = Ay(n) = Ap(n) (3.27)

is the solution of (3.3).

If a # B, then (3.27) represents a nonidentically zero solution of (3.3). Of course, if a = 3,
then we have the trivial solution ¥(n) = 0. However, we recall the same phenomenon in
ordinary difference equation theory. If a = §, then n\" is a solution of (3.1). For (3.3), using a
similar but more sophisticated argument, one has

gq-1

= 5w, () + 5 B () 62

k:—(q—l) k:—(q—l)
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Noting that (n + 1)(1/(1 — a7))" is zero at n = -1, Proposition 2.14 is also valid for function
(n+1)(1/(1-a7))" evenif p+v = 1. Setting A;1 = 0 and B,_1 = 0, calculating V”x(n) and
V2 x(n) as before, we know that no new functions are introduced. We obtain

<V2" -2aV” + a2V0>x(n)

1 1
=’ A /\, ((q —1)v, m) + <—2“Af<q—1> + “ZA—<q—2>>/\n <(q -2)v, m)

[y

1
+ 2 (Ao = 20A o + @A)\, ((q —k)v, 1= a,,)
3

K

>~
]

+

/N

Ao -2aA4 + A +aTAg s+ (1-a)Bo) \, (0, ﬁ)

-1
+ (Ak_2 - ZaAk_1 + vczAk>/\n <—kv, ﬁ)

K

>~
]
—_

(- 1 \"
+ @By VI (n+ 1)(1 - aq)

1 n
+ (-2aB (g + @?Bo(g0) ) VD (n +1) < — aq)

—_

(o~ 1 \"
+ (B—(q—k+2) - 2aB_(q_k+1) + OCZB_(q_k)> \Y% (a-k)v (TL + 1) < 1= aq)

K~

i
(e8]

+

/N

1 n
B, - 2aB_; + a®By + anq_z) Vo(n+1) < >

1-a
< 2 k Iy
_ v
+ é(Bk_z 2aBy_; +a Bk>V (n+ 1)(1 _aq> .
(3.29)
Let A_(g_i) = (1 —a?) (k + D)aT® 1D 1 < k < g-1, then
A,(q,]ﬁz) - ZRA,(q,kH) + azA,(q,k) =0. (330)
Let Ay = (1-a9)(g— (k+1))a**1V 0 < k < g-1, then
Ay —2aAx 1 + a®Ar = 0. (3.31)

Let B_(g_x) = (k +1)a?i=®1) 1 < k < g -1, then

B,(q,kﬂ) - ZOLB,(q,kH) + zxZB,(q,k) =0. (332)
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Let By = (29 — (k +1))a~**1) 1 < k < g - 1, then when k > 3 we have

Bi_» —2aBx_1 + a’*Bx =0,

(3.33)
A -2aAq +a*Ag+alAg s+ (1-a®)By, =0.
Let us set B, —2aB_; + a’By + aB,_, = 0, then By = ga9™". Thus we can rewrite
<V2" -2aV¥ + a2V0>x(n)
=2(1-a®at/\ ((g-1)v ! ~1-aha®' )\ ((q-2)v Lt
n\ M "1-a4 n\ "1-ad
(3.34)
2 (g-1)v " 2q-1 (g-2)v 1 "
p—  glg-(g-
+2a1V (n+1)<1—a7) a” v (n+1)<1_aq>
—2aqV”(n+1)<L>n+aq1v2"(n+1)< ! >n
1-af 1-ai)
But
Vﬂ(n+1)<L>n=vv<1ﬂ>(n+1)< ! )n
1-a 1-ad
(1-p) 1\
—y-(-u
-V V(n+1)<l_aq> (3.35)
= (1—0{‘7)/\ <1—/4 L) +aqV‘(l‘”)(n+1)< ! )n.
n "1-ad 1-a1
Thus

(v” —2aV” + a2V0>x(n) = 0. (3.36)
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Therefore, we get a nontrivial solution of (V?” = 2aV” + a?V%)x(n) = 0. Substituting Ax and
By into x(n), we get

x(n) = :z_zak(q ~ k) vy <a‘7(n + 1)(1 _1M)" - aq)<1 jaq)n>

ral(g-1) [a‘i(n+1)<1_1aq>n+ (1—aq)<1_1aq>n] +aq—1(n+1)<1_1aq>n

Fr o (o) wo-( L))

Ty (k+1) Iy
_ _ —(k+1)v
_kzz;)a (q-k)V V(n+1)<1_aq>

+al(qg-1)V(n+ 1)<1 _1aq>" +a® 'V (n + 1)<1 _laq>”

q-1 1 n
+Da*(q- k)VEDYY (1 + 1)(1 — a‘1>
k=2

q-1

1 n
= [xk(q—|k|)V1’(k+1)”<(n+1)<1_aq> )
k=—(q-1)
(3.37)
Thus
q-1 1 n
Y(n) = ak(q - |k[)Vi-tDy <(n +1) ( > ) (3.38)
1-ad
k:—(q—l)
is a nontrivial solution of (3.3).
Theorem 3.2. If a = p#0, then
q-1 1 n
Y(n) = ak(q - |k|) Vi <(n +1) ( ) > (3.39)
1-a9
k=f(q—1)

is the solution of (3.3).
Besides, if a = p = 0, then (3.3) becomes

V?x(n) =0, (3.40)
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and its solution is

x(n) = |:2v] . (3.41)
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