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We consider the following additive functional equation with n-independent variables: f (3,1, x;) =
>y f(x)+ 3% f(xi—x-1) in the spaces of generalized functions. Making use of the heat kernels,
we solve the general solutions and the stability problems of the above equation in the spaces of

tempered distributions and Fourier hyperfunctions. Moreover, using the mollifiers, we extend
these results to the space of distributions.

1. Introduction

The most famous functional equation is the Cauchy equation
fx+y)=f0)+f(v) (1.1)

any solution of which is called additive. It is well known that every measurable solution of
(1.1) is of the form f(x) = ax for some constant a. In 1941, Hyers proved the stability theorem
for (1.1) as follows.

Theorem 1.1 (see [1]). Let Eq be a normed vector space, E, a Banach space. Suppose that f : E; —
E, satisfies the inequality

Ifx+y) - f - fW)ll <e (12)
forall x,y € Ey, then there exists the unique additive mapping g : E1 — Ej such that
f(x) - g(x)| <e, (1.3)

forall x € E;.
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The above stability theorem was motivated by Ulam [2]. As noted in the above
theorem, the stability problem of the functional equations means how the solution of the
inequality differs from the solution of the original equation. Forti [3] noticed that the theorem
of Hyers is still true if E; is replaced by an arbitrary semigroup. In 1950 Aoki [4] and in 1978
Rassias [5] generalized Hyers’ result to the unbounded Cauchy difference. Thereafter, many
authors studied the stability problems for (1.1) in various settings (see [6, 7]).

During the last decades, stability problems of various functional equations have been
extensively studied and generalized by a number of authors (see [8-17]). Among them, the
following additive functional equation with n-independent variables:

f<in> = D fx) + D f (i — xi1) (1.4)
in1 in1 in1

was proposed by Nakmahachalasint [18], where n is a positive integer with n > 1 and xg = x,,.
He solved the general solutions and the stability problems for the above equation. Actually,
he proved that (1.4) is equivalent to (1.1).

In this paper, in a similar manner as in [19-23], we solve the general solutions and the
stability problems for (1.4) in the spaces of generalized functions such as the space S'(R") of
tempered distributions, the space F'(R™) of Fourier hyperfunctions, and the space ®'(R™)
of distributions. Making use of the pullbacks, we first reformulate (1.4) and the related
inequality in the spaces of generalized functions as follows:

n n
uoA=>uoP,+>ucBh, (1.5)
i=1 i=1

qu—iuoPi—iuoBi
i=1 i=1

<g, (1.6)

where A, P;, and B; are the functions defined by

A(xl,...,xn) =X1+- -+ Xy,
Py(x1,...,X,) =x;, 1<i<n, (1.7)

Bi(x1,...,xp) = xi = xi-1, 1<i<m.

Here o denotes the pullback of generalized functions, and the inequality ||v|| < € in (1.6)
means that [(v, ¢)| < e[|l for all test functions ¢.

In Section 2, we will prove that every solution u in $'(R™) or F'(R™) of (1.5) has the
form

u=a-x, (1.8)
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where a € C™. Also, we shall figure out that every solution u in S'(R™) or ¥'(R™) of the
inequality (1.6) can be written uniquely in the form

u=a-x+pu(x), (1.9)

Subsequently, in Section 3, these results are extended to the space ®'(R™).

where p is a bounded measurable function such that ||u|,.. < ((10n - 3)/(2(2n - 1)))e.

2. Stability in ¥'(R™)

We first introduce the spaces of tempered distributions and Fourier hyperfunctions. Here,
we use the m-dimensional notations, || = a3 + -+ + ay, a! = ay!---ay!, {* = g;“ <o Com - and
0% =97 -0y, for & = (G1,...,4m) € R™, a = (my,...,an) € NJ', where Ny is the set of
nonnegative integers and 0; = 0/0¢;.

Definition 2.1 (see [24, 25]). We denote by S(R™) the Schwartz space of all infinitely
differentiable functions ¢ in R™ satisfying

ol = sup [+ 9 0)| < oo, (2.1)
xeR™

for all a, p € N{'. A linear functional u on S(R™) is said to be tempered distribution if there
exist a constant C > 0 and a nonnegative integer N such that

[{(w )| <C Z sup|x"‘6ﬁ(p|, (2.2)

|a\,|ﬂ|5N x€R™

for all ¢ € S(R™). The set of all tempered distributions is denoted by S'(R™).

Note that tempered distributions are generalizations of LP-functions. These are very
useful for the study of Fourier transforms in generality, since all tempered distributions have
a Fourier transform. Imposing the growth condition on || - || in (2.1), a new space of test
functions has emerged as follows.

Definition 2.2 (see [26]). We denote by F(R™) the set of all infinitely differentiable functions
¢ in R™ such that

x*0Pep(x)
ol = sup | | 3)

—— <
D AliBHap =%

for some positive constants A, B depending only on ¢. The strong dual of (R™), denoted by
F'(R™), is called the Fourier hyperfunction.



4 Abstract and Applied Analysis

It can be verified that the seminorm (2.3) is equivalent to

[0%p(x)| exp k|x]|
”‘P”h,k = Sjjf h|“|a! <® (24)

for some constants h, k > 0. It is easy to see the following topological inclusions:
FR) = 3R), SR —=F®). (2.5)

Taking the inclusions (2.5) into account, it suffices to consider the space ¥ (R™). In order
to solve the general solutions and the stability problems for (1.4) in the spaces ¥'(R™)
and S'(R™), we employ the m-dimensional heat kernel, fundamental solution of the heat
equation,

2
dort) /2 Y, €ER™, t>0,
Ey(x) = E(x, t) = 4 47D eXP< af x (2.6)
0, xeR™, t<0.
Since for each t > 0, E(-,t) belongs to the space ¥(R™), the convolution
i(x,t) = (u*xE)(x,t) = (uy, E/(x-y)), xeR", t>0 (2.7)

is well defined for all u in F'(R™), which is called the Gauss transform of u. Subsequently, the
semigroup property

(Ey * Es)(x) = Ey(x), x€R™, t,s>0 (2.8)

of the heat kernel is very useful to convert (1.5) into the classical functional equation defined
on upper-half plane. We also use the following famous result, so-called heat kernel method,
which states as follows.

Theorem 2.3 (see [27]). Let u € S'(R™), then its Gauss transform i is a C*®-solution of the heat
equation

<% - A)ii(x,t) =0, (2.9)

satisfying the following:

(i) there exist positive constants C, M, and N such that

|ii(x, )| < CEMA + |x)N  in R™ x (0,6), (2.10)
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(ii) u(x,t) — wast — 0% in the sense that for every ¢ € S(R™),
(u, ) = tlirgl+ fﬁ(x, t)p(x)dx. (2.11)

Conversely, every C*®-solution U (x, t) of the heat equation satisfying the growth condition (2.10) can
be uniquely expressed as U (x,t) = ti(x, t) for some u € S'(R™).

Similarly, we can represent Fourier hyperfunctions as a special case of the results as in
[28]. In this case, the estimate (2.10) is replaced by the following.

For every € > 0, there exists a positive constant C, such that

|x|

[tu(x, t)] < C, exp<e<T + 1>> in R x (0,6). (2.12)

We need the following lemma in order to solve the general solutions for the additive
functional equation in the spaces of F'(R™) and $'(R™). In what follows, we denote xy = x,
and ty = t,,.

Lemma 2.4. Suppose that f : R™ x (0,00) — C is a continuous function satisfying

f<ixi,iti> = if(xi, ti) + if(xi - Xi-1,ti + ti—l)r (213)
i=1 i=1 i=1 i=1

forall x1,...,x, € R™, t1,...,t, > 0, then the solution f has the form

fx,t)=a-x, (2.14)

for some a € C™.

Proof. Putting (x1,...,x,) = (0,...,0) in (2.13) yields

f<0,iti> = if(O, ti) + if(O, t; + ti—l)/ (215)
i=1 i=1 i=1

forall ty,...,t, > 0. In view of (2.15), we see that

c:= tlin&f(o, t) (2.16)
exists. Letting t; = --- = t, — 0% in (2.15) gives ¢ = 0. Setting (x1,x2,...,x,) = (x,0,...,0)
and letting ty =t,t, =--- =t, — 0" in (2.13), we have

f(=x,t) ==f(x,1), (2.17)
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for all x € R™, t > 0. Substituting (x1,x2,x3,...,%,) with (x,y,0,...,0) and letting t; = t,
ty=s,t3=---=t, — 0"in (2.13), we obtain from (2.17) that

flx+yt+s)+f(x-yt+s)=2f(xt), (2.18)

for all x,y € R™, t,s > 0. Putting y = 0 in (2.18) yields

flx,t+s) = f(x,1), (2.19)

which shows that f(x,t) is independent with respect to t > 0. For that reason, we see from
(2.18) that F(x) := f(x,t) satisfies

F(x+y)+F(x-vy) =2F(x), (2.20)

for all x, y € R™. Replacing x by (x + y)/2 and y by (x — y) /2 in (2.20), we have

F(x+y) =F(x) +F(y), (2.21)

for all x, y € R™. Given the continuity, we obtain

fx,t)=F(x)=a-x, (2.22)

for some a € C™. O

From the above lemma, we can solve the general solutions for the additive functional
equation in the spaces of F'(R™) and S'(R™).

Theorem 2.5. Every solution u in F'(R™) (or S'(R™), resp.) of (1.5) has the form

u=a-x, (2.23)

for some a € C™.
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Proof. Convolving the tensor product E;, (x1) - - - E¢, (x,,) of the heat kernels on both sides of
(1.5), we have

[(o A)* (Ep (x1) - Ep, (x0))]1 (1, - -, &n)
=(uoA,Ey (& —x1) - Et, (& — xn))

= ([ [ B = ) - ) B - v e )
= <u’J‘mJ‘Et‘(§1 Fo - X —.--—xn)Etz(xz)~--Etn(xn)dx2-~-dxn>

=(u, (Etyx -+ % Ep, ) (&1 + -+ &n — x1))
= (U, Bty (G1 - + &)

=UE + -+ E& i+ + Ey),

[(wo Py) % (Ep (x1) -+~ Ep, (X)) (61, - -, &n) = U(Si, 1),

[(uoB;) * (Ep (x1) -+ Ep, (X)) (&1, - -+, &) = U(&i = &ia, ti + tio1),
(2.24)

where # is the Gauss transform of u. Thus, (1.5) is converted into the following classical
functional equation:

n n n n
ﬁ<lei, _thi> = Z;ﬁ(xi/ t;) + Zlﬁ(xi - Xi—1, ti +tic1), (2.25)
1= 1= 1= 1=

for all x1,...,x, € R™, ty,...,t, > 0. It follows from Lemma 2.4 that the solution # of (2.25)
has the form

u(x,t) =a-x, (2.26)

for some a € C™. Letting t — 0" in (2.26), we finally obtain the general solution for (1.5). [

We are going to solve the stability problems for the additive functional equation in the
spaces of ¥ (R™) and S'(R™).

Lemma 2.6. Suppose that f : R™ x (0,00) — C is a continuous function satisfying

’f(ixi,iti> - if(xi, ti) - if(xi - X1, b+ tifl) <eg, (227)
i=1 i=1 i=1 i=1

forall x1,...,x, € R™, t1,...,t, > 0, then there exists a unique a € C™ such that

10n -3
If(x,t)—a x| < 2(%_1)(-:, (2.28)

forall x e R™, t > 0.



8 Abstract and Applied Analysis

Proof. Putting (x1,...,x,) = (0,...,0) in (2.27) yields

'f <o, in) O - SOk )| <6 (229)
i=1 i=1 i=1

for all ty,...,t, > 0. In view of (2.29), we see that

c:=lim sz)upf(O, t) (2.30)
t—0t
exists. Letting t; =--- =t, — 0" in (2.29) gives
€
< . .
el < 5 (231)
Setting (x1,x2,...,x,) = (x,0,...,0) and letting t; = ¢t,t, =--- =t, — 07 in (2.27), we have
|f(x,t) + f(=x,t) + 2n - 3)c| <e, (2.32)

for all x € R™, t > 0. Substituting (x1,x2,x3,...,%,) = (x,x,0,...,0) and letting t; = t, = ¢,
t3=---=t, — 0%in (2.13), we obtain

|f(2x,2t) = 3f(x,t) = f(~x,1) — £(0,2t) — 2n = 5)c| < ¢, (2.33)

for all x € R™, t > 0. Adding (2.33) to (2.32) yields

| f(2x,2t) = 2f (x,t) = £(0,2t) + 2¢| < 2e, (2.34)
forall x e R™,t > 0. Letting t; =t, =t, t3=--- =t, — 0" in (2.29) gives
|4f(0, t)+(2n - 5)c| <eg, (2.35)

for all > 0. Combining (2.31), (2.34), and (2.35), we have

10n -3

£(2x,2t)
P52 - | < gonpye (236)

for all x € R™, t > 0. Making use of induction argument in (2.36), we obtain

10n -3

_f(x/t) < me/

f(2kx, 2kt)
‘ A (2.37)
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for all k € N, x € R™, t > 0. Replacing x, t by 2'x, 2/t in (2.37), respectively, and dividing the
result by 2! we see that fork >1> 0,

2k+l 2k+lt 21 zlt _
Dk+l 2l 21+1 (zn — 1)

Since the right-hand side of (2.38) tends to 0 as | — oo, the sequence {27% f(2kx,2kt)} is a
Cauchy sequence which converges uniformly. Thus, we may define

f(2kx, 2kt)

S (2.39)

A(x,t) = klim

for all x € R™, t > 0. Now, we verify from (2.27) that the function A satisfies

A(ixi, iti> = iA(xi, ti) + iA(xi - Xi_1,t + t,'_l), (240)

i=1 i=1 i=1 i=1

for all x1,...,x, € R™, t,...,t, > 0. As observed in Lemma 2.4, the continuous solution of
(2.40) has the form

Alx,t)=a-x, (2.41)

for some a € C™. It follows from (2.37) that A is the unique function in R™ x (0, o0) satisfying

10n -3

|f(x, t) - A(x, t)l < m€, (242)

forall x e R™, t > 0. ]

From the above lemma, we have the following stability theorem for the additive
functional equation in the spaces of ¥ (R™) and $'(R™).

Theorem 2.7. Suppose that u in F' (R™) (or S'(R™), resp.) satisfies the inequality (1.6), then there
exists a unique a € C™ such that

10n -3

— . < —— €. .
[u—a- x| _2(211—1)6 (2.43)

Proof. Convolving the tensor product E;, (x1) - - - E;, (x,,) of the heat kernels on both sides of
(1.6), we have

n n n n
ﬁ<_§;xir _thz) - .Zlﬁ(xi’ ti) - leﬁ(xi - xi1,ti +ti1)| <€, (2.44)
1= 1= 1= 1=
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forall xi,...,x, € R™, t,...,t, > 0, where # is the Gauss transform of u. By Lemma 2.6, we
have

~ 10n -3
_g-xl< ——
[ti(x,t) —a-x| < 30n - 1)e, (2.45)
for all x € R™, t > 0. Letting t — 0" in (2.45), we obtain the conclusion. O

3. Stability in ' (R")

In this section, we shall extend the previous results to the space of distributions. Recall that
a distribution u is a linear functional on C(IR™) of infinitely differentiable functions on R™
with compact supports such that for every compact set K C R™, there exist constants C > 0
and N € Nj satisfying

|[(u, )] < C >, sup|o™p], (3.1)

lal<N

for all ¢ € CZ(R™) with supports contained in K. The set of all distributions is denoted by
D' (R™). It is well known that the following topological inclusions hold:

CZ([R™) — S(R™), S'(R™) — D'(R™). (3.2)

As we see in [19, 20, 23], by the semigroup property of the heat kernel, (1.5) can be controlled
easily in the spaces F'(R™) and S'(R™). But we cannot employ the heat kernel in the space
@' (R™). For that reason, instead of the heat kernel, we use the regularizing functions. We
denote by ¢ the function on R™ satisfying

) = 4P <_ (1- |x|2>_1>’ xl <1, (3.3)
0, lx| > 1,

where

A= <le exp<—(1 - |x|2>_1>dx> _1. (34)

It is easy to see that ¢ is an infinitely differentiable function supported in the set {x : [x| < 1}
with [ ¢(x)dx = 1. For each t > 0, we define ¢ (x) := t "¢ (x/t), then ¢ has all the properties
of ¢ except that the support of ¢; is contained in the ball of radius t with center at 0. If
u € D'(R™), then for each t > 0, (u * ¢5)(x) = (uy, ¢t (x — y)) is a smooth function in R” and
(u*g¢)(x) — u as t — 0% in the sense of distributions, that is, for every ¢ € C*(R™),

(s g, 9) = [ ) p)dx — (u,g) ast—0" (35)
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For each t > 0, the function u* ¢ is called a regularization of 1, and the transform which maps
u to u * ¢ is called a mollifier. Making use of the mollifiers, we can solve the general solution
for the additive functional equation in the space ®'(R™) as follows.

Theorem 3.1. Every solution u in ®'(R™) of (1.5) has the form
u=a-x, (3.6)

for some a € C™.

Proof. Convolving the tensor product ¢, (x1) - - - ¢, (x,) of the regularizing functions on both
sides of (1.5), we have

[(wo A)* (g1, (x1) -+~ o1, (%)) ] (Gt -, En)
=(uo A, ¢, (& —x1) - o1, (&n — xn))

_ <u’J‘mJ‘%(§1 —x +x2+...+xn)q;t2(§2—xz)-~qftn(§n—xn)dx2~~-dxn>

=<%f“j%@um~%wwrm~mw%Wﬁ“ﬂﬂ%ﬂb~dﬂ>
= (u, (@, %k gy ) (G + -+ & —x1))
= (u*()uﬁ *"'*‘I’tn)(§1+"'+§n)/

[0 ) % (g (1) g, ()] @ ) = (v 45 (8),

[(uo B;) * (g, (1) -+~ oy, (n)) | (1, - -, &n) = (5 gy, % gy ) (& — &ic1)-
(3.7)

Thus, (1.5) is converted into the following functional equation:

n

(s - xgy )0+ +x,) = Z(u * gr, ) (i) + Z(u* @y * g ) (xi — xic1), (3.8)
i=1

i=1

for all xq,...,x, € R™, t1,...,t, > 0. In view of (3.8), it is easy to see that, for each fixed
x € R™,

fx) 1= Jim (u 1) (x) (39)
exists. Putting (x1,...,x,) = (0,...,0) and letting t = --- = f, — 0" in (3.8) yield f(0) = 0.
Setting (x1,x2,...,x,) = (x,0,...,0) and letting t; = ¢, t, =--- =t, — 0" in (3.8) give

(uxg) (—x) = —(u* gp) (x), (3.10)
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for all x € R™, t > 0. Substituting (x1,x2,x3,...,%,) with (x,y,0,...,0) and letting t; = t,
tr=s,t3=---=t, — 0" in (3.8), we obtain from (3.10) that

(ux g x ) (o + ) + (ux g o) (X = y) = 2(u x g) (%), (3.11)
forall x,y € R™, t,5 > 0. Letting t — 0% in (3.11) yields
(rgs) (x+y) + (uxgs) (x ~y) = 2f (x), (3.12)
forall x,y € R™, s > 0. Putting y = 0 in (3.12) gives
fx) = (uxgs)(x), (3.13)
for all x € R™, s > 0. Applying (3.13) to (3.11), we see that f satisfies
fx+y)+ f(x-y) =2f(x), (3.14)

which is equivalent to the Cauchy equation (1.1) for all x, y € R™. Since f is a smooth function
in view of (3.13), it follows that f(x) = a - x for some a € C™. Letting s — 0 in (3.13), we
finally obtain the general solution for (1.5). O

Now, we shall extend the stability theorem for the additive equation mentioned in the
previous section to the space @'(R™).

Theorem 3.2. Suppose that u in D' (R™) satisfies the inequality (1.6), then there exists a unique
a € C™ such that

10n -3

—a-x|]| < ——e. :
|[u—a x||_2(2n_1)e (3.15)

Proof. 1t suffices to show that every distribution satisfying (1.6) belongs to the space $'(R").
Convolving the tensor product ¢, (x1) - - - ¢, (x,) on both sides of (1.6), we have

(s gy, gy ) (1 + -+ Xp) — Z(u * gy, ) (%) — Z(u * gy x g ) (xi —xi1)| <€, (3.16)

i=1 i=1

forall xy,...,x, € R™, t1,...,t, > 0. In view of (3.16), it is easy to see that for each fixed x,

f(x) := lim soup(u * ¢t (%) (3.17)
t— 0t
exists. Putting (x1,...,x,) = (0,...,0) and letting t; =--- =, — 0" in (3.16) yield
€

|fO <5 — (3.18)
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Setting (x1,x2,...,x,) = (x,0,...,0) and letting t; = ¢t,t, =--- =t, — 07 in (3.16), we have

| (u* @) (x) + (u*gy)(-x) + 2n=3)f(0)| <e, (3.19)

for all x € R™, t > 0. Substituting (x1,x2,x3,...,%,) with (x,¥,0,...,0) and letting t; = t,
th=s,t3=---=t, — 0%in (3.16), we have

| (ot goeox gss) (x +y) = (ux g % 455) (v = x)
“2(ux ) (x) = (ux ) (y) = (ux ) (-y) - 2n=5)f(0)| < e,

(3.20)
forall x,y € R™, t,s > 0. It follows from (3.19) that the inequality (3.20) can be rewritten as
[(u* g *gs)(x+y) — (u* g *gs) (y—x) = 2(u*gy) (x) + 2 (0)] < 2e, (3.21)
forall x,y € R™, t,s > 0. Letting t — 0% in (3.21) yields
|(uxgs)(x+y) — (uxgs)(y—x) —2f(x) +2f (0)| < 2e, (3.22)
for all x,y € R™, s > 0. Using (3.19) we may write the inequality (3.22) as
| (uxge) (et y) + (ux o) (x —y) = 2f(x) + @n =1 f(0)] <3¢, (3.23)
for all x,y € R™, t,s > 0. Putting y = 0 in (3.23) and dividing the result by 2 give

(wrg) @ -+ PV f0)] < 3, (3.24)

for all x € R™,s > 0. From (3.23) and (3.24), we have
|f(x+y) + f(x—y) —2f(x)] < be, (3.25)

which is equivalent to

'2f<x;y> ) —f(y)‘ < 6e, (3.26)

for all x,y € R™. Thus, by virtue of the result as in [29], there exists a unique function g :
R™ — C satisfying

g(x+y) =gx) +g(y) (3.27)
such that

|f(x) - g(x)] < 6e +|g(0)], (3.28)
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for all x € R™. It follows from (3.18), (3.24), and (3.28) that

| (u % g5s) (x) = g(x)] < 8e+|g(0)], (3.29)

for all x € R™, s > 0. Letting s — 0" in (3.29), we obtain

||z — g(x)|| < 8e+|g(0)]. (3.30)

Inequality (3.30) implies that h(x) := u — g(x) belongs to (Ll), = L*®. Thus, we conclude that
u = g(x)+h(x) € S(R™). O

References

[1] D.H. Hyers, “On the stability of the linear functional equation,” Proceedings of the National Academy of
Sciences of the United States of America, vol. 27, pp. 222-224, 1941.
[2] S. M. Ulam, Problems in Modern Mathematics, Wiley, New York, NY, USA, 1964.
[3] G. L. Forti, “The stability of homomorphisms and amenability, with applications to functional
equations,” Abhandlungen aus dem Mathematischen Seminar der Universitit Hamburg, vol. 57, pp. 215-
226, 1987.
[4] T. Aoki, “On the stability of the linear transformation in Banach spaces,” Journal of the Mathematical
Society of Japan, vol. 2, pp. 64-66, 1950.
[5] T. M. Rassias, “On the stability of the linear mapping in Banach spaces,” Proceedings of the American
Mathematical Society, vol. 72, no. 2, pp. 297-300, 1978.
[6] Z. Gajda, “On stability of additive mappings,” International Journal of Mathematics and Mathematical
Sciences, vol. 14, no. 3, pp. 431434, 1991.
[7] G. Isac and T. M. Rassias, “On the Hyers-Ulam stability of ¢-additive mappings,” Journal of
Approximation Theory, vol. 72, no. 2, pp. 131-137, 1993.
[8] L. P. Castro and A. Ramos, “Hyers-Ulam-Rassias stability for a class of nonlinear Volterra integral
equations,” Banach Journal of Mathematical Analysis, vol. 3, no. 1, pp. 36-43, 2009.
[9] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific Publishing, River
Edge, NJ, USA, 2002.
[10] D. H. Hyers, G. Isac, and T. M. Rassias, Stability of Functional Equations in Several Variables, Birkhduser,
Boston, Mass, USA, 1998.
[11] K.-W. Jun and H.-M. Kim, “On the stability of an n-dimensional quadratic and additive functional
equation,” Mathematical Inequalities & Applications, vol. 9, no. 1, pp. 153-165, 2006.
[12] S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Nonlinear Analysis, vol. 48 of Springer
Optimization and Its Applications, Springer, New York, NY, USA, 2011.
[13] Pl. Kannappan, Functional Equations and Inequalities with Applications, Springer Monographs in
Mathematics, Springer, New York, NY, USA, 2009.
[14] G.H.Kim, “Stability of the pexiderized lobacevski equation,” Journal of Applied Mathematics, vol. 2011,
Article ID 540274, 10 pages, 2011.
[15] M. S.Moslehian and D. Popa, “On the stability of the first-order linear recurrence in topological vector
spaces,” Nonlinear Analysis, vol. 73, no. 9, pp. 2792-2799, 2010.
[16] B. Paneah, “Some remarks on stability and solvability of linear functional equations,” Banach Journal
of Mathematical Analysis, vol. 1, no. 1, pp. 5665, 2007.
[17] T. Trif, “On the stability of a general gamma-type functional equation,” Publicationes Mathematicae
Debrecen, vol. 60, no. 1-2, pp. 47-61, 2002.
[18] P. Nakmahachalasint, “On the Hyers-Ulam-Rassias stability of an n-dimensional additive functional
equation,” Thai Journal of Mathematics, vol. 5, no. 3, pp. 81-86, 2007.
[19] J. Chung and S. Lee, “Some functional equations in the spaces of generalized functions,” Aequationes
Mathematicae, vol. 65, no. 3, pp. 267-279, 2003.
[20] J. Chung, S.-Y. Chung, and D. Kim, “The stability of Cauchy equations in the space of Schwartz
distributions,” Journal of Mathematical Analysis and Applications, vol. 295, no. 1, pp. 107-114, 2004.



Abstract and Applied Analysis 15

[21] J. Chung, “A distributional version of functional equations and their stabilities,” Nonlinear Analysis,
vol. 62, no. 6, pp. 1037-1051, 2005.

[22] Y.-S. Lee and S.-Y. Chung, “The stability of a general quadratic functional equation in distributions,”
Publicationes Mathematicae Debrecen, vol. 74, no. 3-4, pp. 293-306, 2009.

[23] Y.-S. Lee and S.-Y. Chung, “Stability of quartic functional equations in the spaces of generalized
functions,” Advances in Difference Equations, vol. 2009, Article ID 838347, 16 pages, 2009.

[24] L. Hormander, The Analysis of Linear Partial Differential Operators I, vol. 256, Springer, Berlin, Germany,
1983.

[25] L. Schwartz, Théorie des Distributions, Hermann, Paris, France, 1966.

[26] J. Chung, S.-Y. Chung, and D. Kim, “A characterization for fourier hyperfunctions,” Publications of the
Research Institute for Mathematical Sciences, vol. 30, no. 2, pp. 203-208, 1994.

[27] T.Matsuzawa, “A calculus approach to hyperfunctions. III,” Nagoya Mathematical Journal, vol. 118, pp.
133-153, 1990.

[28] K. W. Kim, S.-Y. Chung, and D. Kim, “Fourier hyperfunctions as the boundary values of smooth
solutions of heat equations,” Publications of the Research Institute for Mathematical Sciences, vol. 29, no.
2, pp- 289-300, 1993.

[29] S.-M. Jung, “Hyers-Ulam-Rassias stability of Jensen’s equation and its application,” Proceedings of the
American Mathematical Society, vol. 126, no. 11, pp. 3137-3143, 1998.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



