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A systemic study of some families of the modified g-Bernoulli numbers and polynomials with
weight a is presented by using the p-adic g-integration Z,. The study of these numbers and
polynomials yields an interesting g-analogue related to Bernoulli numbers and polynomials.

1. Introduction

Let p be a fixed prime number. Throughout this paper Z,,Q,, C, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex
number field, and the completion of the algebraic closure of Q,. Let v, be the normalized
exponential valuation of C, with [p|, = p™®) = 1/p. When one talks of g-extension, g is
variously considered as an indeterminate, a complex g € C, or a p-adic number q € C,,. If
g € C, one normally assumes |gq| < 1. If g € C,, then we assume |q — 1|, < p~/#~V so that
q* = exp(xlogq) for |x|, < 1.
The g-number [x], is defined by

1-g*
1-q’

[x], = (11)

see [1-10].
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We say that f is a uniformly differentiable function at a point a € Z, and denote this
property by f € UD(Zy,), if the difference quotients

fx) - f(y)
x-y

Fr(x,y) = (1.2)

have a limit !/ = f'(a) as (x,y) — (a,a). c.f. [11].
For f € UD(Zy,C,) = {f | f : Z, — C, is uniformly differentiable functions}, the
p-adic g-integral on Z,, is defined by

pN-1
107 = 50 - dim i S0 (13)
(see [3]).
From (1.3), we can easily derive the following:
n-1 -1 n-1
9"l (fn) = 15(f) + (4 - 1)lZf(l)q’ + fOE IZq’f’(l), (14)
=0 =0

where f,(x) = f(x +n), (see [5,12]).
In [1, 2], Carlitz defined a set of numbers By, inductively by

By, =1 (gB,+1)"-B boarke=, (1.5)
0,g — 1, q + — Dk, g = .
! ! "o, ifk>1,

with the usual convention about replacing B’q( by By 4.
These numbers are the g-extension of ordinary Bernoulli numbers. But they do not remain
finite when g = 1. So, Carlitz modified (1.5) as follows:

1, ifk=1,

-1, D= B = 1.6
Pog q(aP+1)" — Prg {0’ N (1.6)

with the usual convention of replacing ¥ by fy ..
In [1], Carlitz also considered the extension of Carlitz’s g-Bernoulli numbers as follows:

h K 1, ifk=1,
Boy=rr 4 (af"+1) -p, = (1.7)
%4~ Th], ( ) P 0, ifk>1,

with the usual convention of replacing (f")* by pr i
In this paper, we construct the modified g-Bernoulli numbers with weight a, which
are different Carlitz’s g-Bernoulli numbers, by using p-adic g-integral equation. From (1.4),
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we derive some interesting identities and relations on the modified g-Bernoulli numbers and
polynomials.

2. The Modified g-Bernoulli Numbers and Polynomials with Weight o

In this section, we assume a € Q. Now, we define the modified g-Bernoulli numbers with
weight a (= Bft .q ) as follows:

B = [ a0l dp (o)

P

(2.1)
1 n n 1 al
- — (1)
(1-9%) 12—0:<l> [a1],
Thus, by (2.1), we have
S 1 gq-1 o a & -1
5= ey e =
Therefore, by (2.1) and (2.2), we obtain the following theorem.
Theorem 2.1. Forn € Z, = NU {0}, one has
B - i( > !
= [l
(2.3)

0

]. q - ]. a n-1
= — -n [m]g".
G gy oga "l 20

Let us define the generating function of the modified g-Bernoulli numbers with weight
a as follows:

(@) S 5@t
F7 (1) = %Bmm. (2.4)
Then, by (2.3) and (2.4), we get
(ﬂ (t) = e/ (="t Zq"‘m [mlgat, (2.5)

logq [a]qm =
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In the viewpoint of (2.1), we define the modified g-Bernoulli numbers with weight a as
follows:

BG = [ el di ()

Zy

— lzz(; <1;> [x]q -1 ale(”l) (26)

- <[x]qa + q”‘xﬁgx)y, forneZ.,,

with the usual convention of replacing (E;a))n by E,(,“q)

From (2.6), we note that
n
< > ( 1)l alx
=0 \! ]q

B (x) = 7 —

(2.7)
-1 n-1
= q~ Mm+ x]le .
(- q) oga "], mzoq g
Therefore, by (2.7), we obtain the following theorem.
Theorem 2.2. Forn € Z,, one has
no/n
B(“)( ) nZ( >( 1)1 alx
1=0 l ]q
(2.8)

]' 1
= ax Mm+ x|
e q) oga ™ [“qu ,;ﬂ T

Let F;”) (t,x) = X 0B (x)(t” /n!) be the generating function of the modified g-
Bernoulli polynomials with welght a.
Then, by (2.7), we get

(@) _q9- 1 (1/(1-g*)t a < a(m+x) | [m+x]at
F/(t,x)= —e TP —p— e P~ (2.9)
! logq [a]q%q

Therefore, by (2.9), we obtain the following corollary

Corollary 2.3. Let F,(,“) (t,x) = Zfzogfﬁ; (x)(t"/n!). Then one has

1
F (¢, x) = 9= a7a-¢nt _y a(me+x) p[mx] ot (2.10)
I logq® [ahmzzﬂ

In particular, P,;“)(t,O) = Fé”‘) (t).
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From Corollary 2.3, we can derive the following equation:

(24 [24 — a
FE(t,1) — FA(t) =t

[a],
By (2.5) and (2.11), we get
a .
I L (T 0 T
4 logq ' "o, a1
Therefore, by (2.12), we obtain the following theorem.
Theorem 2.4. For n € Z,, one has
a .
U LA I o A
4 logq 0, ifn>1l

By using (2.6), we obtain the following corollary.

Corollary 2.5. For n € Z,, one has

ifn=1,

0, ifn>1.

with the usual convention of replacing (E;‘x))n by B,

From (1.4), we can derive the following equation:

-1 n-1
I flx+n)g™ dug(x) = I fl)g™ dpg(x) + d .
z, z, 1=0

log g€

Thus, by (1.6), (2.6), and (2.15), we get

—

~ ~ a _
B\ (n) - BS) = szz [17'g%, neN, meL..
q =0

Therefore, by (2.16), we obtain the following theorem.

Theorem 2.6. For n € N,m € Z,, one has

—_

~ ~ a _
By (m) = By = om0 e
q 1=0

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)



6 Abstract and Applied Analysis

From (2.6), we note that

B (x) = f [x+ y0ea ™ dug (y)

pN-1

1
= lim —— [x+y].
CN—w[pN] yzo T

pN-1

1-4%
hm a+x+dy (2.18)
T1-gl5 N*‘”[P 4 yzo[ le

[d]Za le‘ [a+x
[d]y 552

_ [d]le d_lg(a) (X + a>
= [d]q — nq 1)

Therefore, by (2.18), we obtain the following distribution relation for the modified g-
Bernoulli polynomials with weight a.

+y] q " dpge (y)

Theorem 2.7. For d € N,n € Z,, one has

[d ]n i xX+a
B(a) Z ()
P = 7, T, 20 () 219

To derive the relation of reflection symmetry of the modified g-Bernoulli polynomials
with weight a, we evaluate the following p-adic g-integral on Z,:

nq,l(l x) = f [1-x+x1]5+g™" dpg (x1)

Zy

- l alx 1“_1
(1 q_a) Z( > [al], (2.20)
_ (_1)71 qan O 1 _alx al
‘q<1—a>§<>“) fall,

= ¢ (-1)"Byy (%)

Therefore, by (2.20), we obtain the following reflection symmetry relation of the
modified g-Bernoulli polynomials with weight a.

Theorem 2.8. For n € Z.., one has

BY. (1 —x) =g (-1)"B}j (x). (2.21)
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From (1.3), we note that

o s = g [ 1 dpo

q)z, .

_ (_1)nqan—1 E}(ﬁl‘; (-1) (2.22)

= E,(;:;q (2)/

and, by (2.6), we get

= By + nq*(q"By” + 1>1 + i <7> G 1>l (2.23)

Let n € N with n > 2. Then, by (2.12) and (2.23), we obtain the following theorem.
Theorem 2.9. For n € N with n > 2, one has

~ o ~ no o~
Big(@) - ng* = (a°By +1) = B (2.24)
q

In particular,

1 n _-x H(a n a ~(a
5’[ [1- x]q_aq dug(x) = Bi/;fl ()= —— (a)
ZP

aTal, B (2.25)
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