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We study the half-linear differential equation (r(#)@(x’))’ + c(t)@(x) = 0, where ®(x) = |x|P2x,
p > 1. Using the modified Riccati technique, we derive new nonoscillation criteria for this equation.
The results are closely related to the classical Hille-Nehari criteria and allow to replace the fixed
constants in known nonoscillation criteria by a certain one-parametric expression.

1. Introduction

In this paper we consider the equation
L[x] := (r(h®@(x'))" + c(t)D(x) = 0, (1.1)

where @(x) = [x|P2x, p > 1,7 € C((ty, ), R*), c € C((ty, ), R) for some ty. Under a solution
of this equation, we understand every continuously differentiable function x such that r®(x’)
is differentiable and (1.1) holds on (¢, o0). This equation is called half-linear, since a constant
multiple of any solution is also a solution of (1.1).

If p = 2, then (1.1) reduces to the linear equation

(r(t)x) +c(t)x = 0. (1.2)

For detailed discussion related to general theory as well as applications, we refer to [1].
According to [1], the classical linear Sturmian comparison theory extends to (1.1) and hence,
if a solution has infinitely many zeros in a neighborhood of infinity, then the same is true for
every solution. In this case, we say that (1.1) is oscillatory. In the opposite case, we say that
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(1.1) is nonoscillatory, as the following definition shows. Note that due to homogeneity of the
set of all solutions, we can restrict ourselves to solutions which are positive in a neighborhood
of infinity.

Definition 1 (nonoscillatory equation). Equation (1.1) is said to be nonoscillatory if there exist
number T > t; and solution x of (1.1) which satisfies x(t) > 0 for every t > T.

Dogly and Reznitkova [2] viewed (1.1) as a perturbation of another nonoscillatory
half-linear differential equation

L[x] == (r()@(x')) +E(t)D(x) = 0 (1.3)

and proved the following result. Note that g denotes the conjugate number to p in Theorem
A and in the whole paper, thatis, (1/p) + (1/gq) = 1 holds.

Theorem A (see [2, Theorem 2]). Let h € C! be a positive function such that h'(t) > 0 for large t,
say t > T, [ r~ () h2(t) (W ())*Pdt < oo, and denote

A0 rmar o
Suppose that
lim Fy ()r (Yh(HD(H (1)) = oo, (1.5)
lim F2(0)r ()R (t) (W ()P *L[R] (1) = 0. (1.6)
If

t
liltlls:;p Fi(t) L(c(s) —c(s))hP(s)ds < %,

(1.7)

t
litnig}f Fy(¢) L(c(s) —¢(s))hP(s) ds > —;—q

for some T € R sufficiently large, then (1.1) is nonoscillatory.

Theorem A is sharp in the sense that a convenient choice of the function h allows
to prove explicit sharp nonoscillation criteria. As a particular example, choosing h(t) =
tP-D/PIn*Pt and &(t) = ((p—1)/p)Pt P, Dosly and Reznitkova derived the following result
for the perturbed Euler differential equation

(@(x')) + <<’”P%1>pt-r’ - 6(t)>(I)(x) =0. (1.8)
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Theorem B (see [2, Corollary 1]). If

1 1/p-1\""!
i — P=11n2 (2=
hrtlls::plnt_[ 6(s)sP " In sds<2< ; > ,
, . (1.9)
—1\""
Jim inf —— f 5(s)s" s ds > —§<’°—> ,
t—o Int 2\ p
then (1.8) is nonoscillatory.
The constants in this criterion are optimal in some sense. Really,
t -1 p-1
Jim inf—— f 5(s)s" M In®sds > 1(”—) (1.10)
t—o Int 2\ p

guarantees oscillation of (1.8) (see [2, Theorem 1]).
A variant of Theorem A without convergent integral of r'h2(1')** is the following.

Theorem C (see [3, Theorem 2]). Let h € C! be a positive function such that h'(t) > 0 for large t,
say t > T,

t ds
B = L r(s)R2(s) (W (s))P 2 (L1

Suppose that (1.5) and (1.6) with F; replaced by F, hold. If the integral fm(c(s) —c(s))hP(s)ds is
convergent, and

limsup F>(t) 00(c(s) —¢(s))hP(s)ds < 21_q’
t

t— o0

o (1.12)
timin P2 (1) [~ (e(s) ~E(s)(5)ds >~

then (1.1) is nonoscillatory.

If we take &(t) = ((p - 1)/p)Pt? + (1/2)((p - 1) /p)P '+ PInt and h(t) = tP-D/PIn'/Pt,
then Theorem C can be applied to the perturbed Riemann-Weber equation

-1
(@(x')) + ((”%)pw + %(’%)p £PIn"2t + 6(t)>(I)(x) -0 (1.13)

and we obtain the following statement.
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Theorem D (see [3, Corollary 2]). If [ 6(s)sP* Insds converges and

. *® . 1/p-1 p-1
limsupIn(Int) | 6(s)s" " Insds < = (—) ,
t— o0 t 2 P

(1.14)

®© -1 p-1
liminfln(lnt)j 6(s)s" ! Insds > —§<p—> ,
t— oo t 2 p

then (1.13) is nonoscillatory.

The aim of this paper is to improve Theorems A, B, C, and D and show that the
constants in the inequalities involving lim sup and liminf can be replaced by a certain one-
parametric expression. Roughly speaking, these theorems claim that the nonoscillation is
preserved if the perturbation which is measured by the expressions

Fi(t) fT<c<s> _Es)P(s)ds,  Eat) j :O (c(s) — E(s)P(s) ds (1.15)

is bounded in a strip between 1/2q and -3/2q for large t. We show that there is a possibility
to shift this strip down. In other words, we show that if the inequality involving limes
inferior is not satisfied, it can be relaxed provided the condition involving limes superior is
strengthened properly. Together with these results, we prove also similar results of a different
type, where (1.1) is viewed as a standalone equation and not as a perturbation of another
equation (Theorems 3.1 and 3.2).

2. Preliminary Results

The main tool used in the paper is the method based on the Riccati equation
Rlw] :=w' +c(t)+ (p - 1)r(H)|w| = 0 (2.1)

which can be obtained from (1.1) by substitution w = r®(x'/x). Our results are obtained
from the following necessary and sufficient condition for nonoscillation of (1.1) which can be
found, for example, in [1, Theorem 2.2.1].

Lemma 2.1. Equation (1.1) is nonoscillatory if and only if there exists a differentiable function w
which satisfies the Riccati type inequality

R[w](t) <0 (2.2)

for large t.

Our results heavily depend on the following relationship between the Riccati type
differential operator R[-] and the so-called modified Riccati operator (the operator on the
right-hand side of (2.3)).
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Lemma 2.2 ([4, Lemma 2.2]). Let h and w be differentiable functions and v = hw - G, G =
rh®(H'), then one has the identity

WR[w] =v' +hL[h] + (p-1)r" W TH(t,v), (2.3)

where H(t,v) = [v + G|1 — q®1(G)v - |GJ“.

3. Main Results

In contrast to Theorems A and C in the first pair of theorems, we do not consider (1.1) as
a perturbation of a nonoscillatory equation, but we consider this equation as a standalone
problem.

Theorem 3.1. Let h be a function such that h(t) > 0 and h'(t) # 0, both for large t. Suppose that the
following conditions hold:

J‘°° dt <o
r(t)R2 () (D]

(3.1)
ds
Tim () ()| D (I (t))|f vETETTRT
If
hrtrlsc}jp L r(s)hZ(s)Ih’( )P —[ R(S)LIR](s)ds < q< o m>' (32)
L *® ds t 1 .
lim inf J: TR f h(s)L[h](s) ds > 5(—01 - \/271>
for some a > 0, then (1.1) is nonoscillatory.
Proof. Denote G := rh®(h'), R := rh?|W'|P~? and
© -1 t
- “ -1 _ _ 3.3
o(t) p (L R7Y(s) ds> f h(s)L[h](s)ds (3.3)
We have
(p-D)r IR (D H(t, 0 (b))
= (p~)r'(HR(B) [[o) + G(1))7 - g (G(B)o (1) - GBI (3.4)

1+ﬂ

= p- ol or |

v(t)
- qm - 1] .
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Consider the function F(x) = |1 + x|7 — gx — 1. This function satisfies F(0) = 0 = F'(0)
and F"(0) = g(g — 1). Hence, by the Taylor formula, the function F(x) can be approximated
by (q(q - 1)/2)x? in a neighborhood of x = 0.

Conditions of the theorem imply that

o(t) _—(a/q) - [ R (s)ds [ h(s)L[k](s)ds

= 0 t , 3.5
G(t) G(t) [ R (s) ds Y miTre 3.5)
hence, for every € > 0, there exists T € R such that
v(t) q(qg-1) ( q ) v (t)
< 1+e— 3.6
F(&m) <™ Ve (30

holds for t > T. At the same time ¢ can be taken so small (will be specified later how) and T
so large that for t > T we have

£- g - */727‘ < f R7l(s)ds f h(s)L[h](s)ds < -g + */TT“ —e. 3.7)

Consequently,

o*(t)
G (t)

(p - V)r- (ORI H(E, v(t)) < %’ <1 + s%a)r(t) 20

®© - 2
_ ﬂ<1+gi> ((a/q) + [ R(s) dsjth(s)Lz[h](s) ds)
2\ e R()([Z R (s) ds)

(a/2)(1+ e(a/ V) (v2a/q) -¢)

<
R(t) ([ R-1(s) ds)’
(3.8)
Letw = h"P(v + G). By Lemma 2.2, we have
2
% -2 /2)(1 / V2a/q) -

W (HR[w(t)] < —5<f R7l(s) ds) R(t) + (@/2)(1+<la ﬁ))« zx2 q> £>
qa\J¢ R(t) ([ R1(s) ds) 59
3.9

@)+ e(arva)((vaa/q) <) - (a/q)
R(t)(J° R1(s) ds)’ '
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Consider the function in the numerator of the last fraction

We have f(0) = 0 and by a direct computation

2
f'(e )_2f<£_5> —q(l+e%><€—s>,

and hence f'(0) = (1 — v2)+/a < 0. This means that & can be taken so small that

1- \f

fle) < eva.

Combining (3.9) and (3.12) we have

((1-v2)/2)eva _

h’(H)R t
R < e ey

for t > T and (1.1) is nonoscillatory by Lemma 2.1.

(3.10)

(3.11)

(3.12)

(3.13)

Theorem 3.2. Let h be a function such that h(t) > 0 and h'(t) #0, both for large t. Suppose that

f h(t)L[h](t) dt is convergent,

Tim r(H)h(8)|( h’(t))|f o s()1|sh/(s)|r’ S =
If
. ! ds b 1
hrtrLsoljp’[ ORGP J h(s)L[h](s)ds < a(—cx + \/271),

.. ! ds
hmmff -
t=o ) r(s)h*(s)|H (s)|"

J h(s)L[h](s)ds>117( \/271)

for some a > 0, then (1.1) is nonoscillatory.

Proof. With R := rh?|l'|P~2 we take

1 -
v(t)=g<fR—1(s)ds> +L h(s)L[H](s) ds

and the proof is the same as the proof of Theorem 3.1.

(3.14)

(3.15)

(3.16)
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The following theorems are variants of Theorems 3.1 and 3.2. In these theorems we
view (1.1) as a perturbation of another (nonoscillatory) equation (1.3).

Theorem 3.3. Let h be a function such that h(t) > 0 and h'(t) #0, both for large t. Suppose that (3.1)
and

- 2
li OO ds - 3.17
imsup (O (O L) < |, s (S)lp2> 0 (317)
hold. If
* ds ! 1
li —C(s))hP(s)ds < = (-
o), r(s)h2(s)|H (s) [P f (€(s) = cleDhi(s)ds < ‘1< o \/271>’ (3.18)
I ds ! ~ 1 '
im e L r(s)h2(s)|H (5) [ e as 7 (e v2)
for some a > 0, then (1.1) is nonoscillatory.
Proof. Denote G := rh®(h'), R := rh?|l'|P~2 as in Theorem 3.1. Further
) -1 t
— -1 - —&(s))H , 3.19
o(t) . (L R'(s) ds) f (c(s) — c(s))hP(s) ds (3.19)
Similarly as in the proof of Theorem 3.1 we get (3.4),
o(t) _ ~(a/q) ~ 7 R(s)ds ['(c(s) - &(s))1"(s) ds 320
o - G(t) [ R (s)ds 0 ast— oo (3.20)
and for sufficiently small € > 0, there exists T € R such that
2
/2)(1+e(g/va))((V2a/q) -
(p-1)r" Rt H(t, (1)) < (a72) A +ea/va)) << i q) £> (3.21)

R(t) ([ R(s) ds)’

holds for t > T. Using this estimate and Lemma 2.2, we see that the function w = h™” (v + G)
satisfies

(a/2) (1 +e(a/va))((vVaa/q) —¢) - (a/q)

W (HR[w(t)] < h(t)L[h(£)] + ~ : (3.22)
R(t)(f,” R7'(s) ds)
fort > T. From (3.17) it follows that
o 2
h(t)L[h(t)]R(t) <f R7Y(s) ds) < ﬁz_lgﬁ (3.23)
t
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for large t. Using this and (3.12) we get

(1-+v2)/2)eva

W (HR[w(t)] < h(t)L[h(t
(HR[w(t)] < h(t)L] ()]+R(t)(jf°R*1(s)ds)2

0 2
= 1 5 [1 fgf +h(HL[h(t)]R(t) (I R"l(t)dt> ]
R()([7 R (s)ds)” [ 2
< ! 2[1_ﬁeﬁ+ﬁ_le\/§]:0
R ([P R(s)ds)* [ 2 2
(3.24)
for large t. Hence (1.1) is nonoscillatory by Lemma 2.1. O
Corollary 3.4. If there exists a > 0 such that
—1\P1
hmsup1 J 5(s)sPIn*sds < <P7> <—a+ \/27(),
e (3.25)

t p-1

! . p-1
- =112 L —a—
htrr_1>g1f1nt 6(s)sP In"sds > ( " ) ( a 2a>,

then (1.8) is nonoscillatory.

Proof. Choose h(t) = tP-D/PIn?Pt and &(t) = ((p—-1)/p)PtP. The fact that (3.1) and (3.17)
hold has been proved in [2, Corollary 1]. Further,

“ 1 _ p p ZL
Jt T(S)h2(5)|h’(s)|l‘"2 ds = <P _ 1) Int (3.26)

as shown also in [2] and the statement follows from Theorem 3.3. O

Theorem 3.5. Let h be a function such that h(t) > 0 and h'(t) #0, both for large t. Suppose that the
following conditions hold:

Iw(c(t) — C(t))hP (t) dt is convergent,

Jim r(6)h( t)|(I)(h’(t))|f RTETE )|sh’(s)|’” - = oo, (3.27)

, 2
| \ e ds -
11rtrlsspr(t)h GILAG) L[h(t)]<f r(s)hz(s)lh'(5)|p_2> -
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If

i t ds - _ (s P 1
hmsupf r(s)h2(s)|h’(s)|”_2 L (c(s) —c(s))hP(s)ds < l]< a+ 2a>,

t—o0
(3.28)
o ds * - 1
lim inf 5 | (c(s) —c(s))hP(s)ds > —<—a - \/271)
tme ) r(s)R2(s)| ()P q
for some a > 0, then (1.1) is nonoscillatory.
Proof. Denote R := rh?|l/|P=2 as in the proof of Theorem 3.1. We take
t -1 o
o(t) = g<f R (s) dS> +’[ (c(s) —c(s))hP(s)ds, (3.29)
t
and the proof is the same as the proof of Theorem 3.3. O
Corollary 3.6. If [ 6(s)sP™' In's ds converges and there exists a > 0 such that
o p- 1 p-1
limsupIn(lnt) | &(s)s” ' Insds < <T> <—0c + \/2?),
e t (3.30)

oo p _ 1 p—l
lim inf In(In £) f 5(s)sP 'Insds > <7> <—a -~ \/2?)
— 00 t

then (1.13) is nonoscillatory.

Proof. We take &(t) = ((p = 1)/p)Pt P+1/2((p - 1)/p)? 't PIn"*t and h(t) = tP"V/PIn"/Pt. Then,
as shown in the proof of [3, Corollary 2], all assumptions of Theorem 3.5 hold and

JE— (Y
ft r(s)h2(s) |l (s) P~ ds = <p - 1) In(Int). (3.31)

Hence, the statement follows from Theorem 3.5. O

In the following theorem we employ the technique used in previous results directly for
Riccati operator from (2.1) rather than for modified Riccati operator from (2.3). This method
yields a result which is (as far as we know) new even in the linear case (Theorem 3.7) and
offers also a simple and alternative proof of known results (see Remark 6).

Theorem 3.7. Let the following conditions hold:

foo ri7(t) dt < oo (3.32)
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and for some a > 0

) p-1 at
lim sup(f ri=i(s) ds> f c(s)ds < —a+a'/d,

t— oo t

1 (3.33)
© P- t
litminf<f ri=i(s) ds) J‘ c(s)ds > —a —al/d.

t

Then (1.1) is nonoscillatory.

Proof. From the assumptions of the theorem it follows that there exist € and T such that 0 <
/9 and
€<a’/lan

) p-1 at
—a—a/l+e< (J 7 (s) ds> f c(s)ds < —a+a/i—¢ (3.34)

t
for every t > T. Define w(t) = —oc(jtOo r1=4(s) ds)l_p - _[t ¢(s) ds. Direct computation shows

w'(t) +c(t) + (p=1)r () |w(t)|?

=—a(p-1)r'(t) (Iw ri=i(s) ds> !

t

a riP(s)ds _ + | c(s)ds
(I rroas) "+ f
=(p-1)r'() <ij ri=i(s) ds>_p <—a + |+ <fo ri=a(s) ds)p_1 ft c(s)ds

<(p-1)r'() <foo r'=i(s) ds> p(—a + |a1/‘7 - s'q>

<0

q
+(p—1)r'a(t)

)

(3.35)

for every t > T. The nonoscillation of (1.1) follows from Lemma 2.1. O

Corollary 3.8. For A < 0 denote by pu(\) the positive root of the equation z'/9 + z + A = 0. Denote

A, = liminf(f r'=9(s) ds)"™" ['c(s) ds,

A* =limsup (J‘Oo ri=4(s) ds)p1 ft c(s) ds.

t— oo t

(3.36)
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If (3.32) holds and

2p-1/p-T\ . g _ 3.37
A, < . < ; ) , A < (u(AY) H(AL), (3.37)

then (1.1) is nonoscillatory.

Proof. It follows from the fact that y = p'/49(x) — p(x) is for x < —((2p - 1)/p)((p - 1)/p)”"1
explicit formula for the curve given parametrically by x = —a—al/9, y = —a+a'/9 fora > g*.
This curve is increasing for &« > g7 and (3.33) means that the point (A., A*) is below this
curve. The same is ensured by inequalities (3.37). O

4. Concluding Remarks and Comments

Remark 1. If we put & = 1/2 in Theorems 3.3 and 3.5, we get Theorems A and C. The constant
—a + +/2a from the condition with limes superior is maximal with this choice. As far as we
know, Theorems 3.3 and 3.5 are new if a #1/2 and Theorems 3.1 and 3.2 are new for every
a > 0. Similarly, if we put a = 77 in Theorem 3.7, then we get [1, Theorem 3.1.5].

Remark 2. If @ > 1/2, then both —a + v/2a are decreasing functions of the variable « and thus
the bounds for Fi(t) f;(c(s) —¢(s))hP(s) and Fy(t) ftw(c(s) — ¢(s))h?(s) ds which guarantee
nonoscillation in Theorems 3.3 and 3.5 also decrease. Closer investigation shows that the
bound for limes inferior decreases faster and thus the maximal allowed difference between
limes superior and inferior is allowed to be bigger if both are small. A similar remark applies
also to the results from Theorems 3.1 and 3.2.

Remark 3. The nonoscillation criteria in the previous theorems are written in the form

limsupf(t) < %(—a + \/27x>, litrrlglff(t) > %(—zx - \/27{), (4.1)

t— oo

where the definition of f(t) varies for each particular theorem. Note that if inequalities (4.1)
hold for some a which satisfies 0 < & < 1/2, then they hold also for a = 1/2. In view of this
fact it is reasonable to suppose a > 1/2.

Remark 4. Denote

fe=liminf f(£),  f*= lirtn sup f (f). (4.2)

It is easy to show that the parametric curve x = (1/q)(-a — V2a), y = (1/9)(-a + V2a), a >
1/2, is an increasing function with nonparametric equation y = x — (2/q) + (2/9)\/1 — 2gx.
Since (4.1) expresses the fact that the point (f., f*) is below this curve, inequalities (4.1) are
satisfied if

3 2 2
f*S_Z/ f*<f*_a+5 1—2qf* (43)
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Remark 5. Let us compare our results with known results on a particular example of
perturbed Euler equation (1.8). Let us denote

(PN (5o
g(t) = <P—1> lntf 6(s)s?"In“sds,

(4.4)
g = litm inf g(t), g" =limsup g(t),
—® t— oo
and rewrite the conditions from Corollary 3.4 into
g > —a—\2a, g <-a++V2a. (4.5)

It is easy to see that every equation in the form (1.8) can be associated with some point in the
plane g, and g*. On the other hand, for every point in this plane which satisfies g* > g., we
can construct an equation in the form (1.8) which is associated with this point.

As mentioned before, Dogly and Reznitkova [2] proved that (1.8) is oscillatory if g, >
1/2 and nonoscillatory if g. > —-3/2 and ¢* < 1/2. This gives two regions in g.g* plane
with resolved oscillation properties of (1.8): the unbounded region of oscillation has the form
of the angle with vertex [1/2,1/2], rays g. = 1/2 and g, = g*, open up and the bounded
region of nonoscillation has the form of triangle with vertexes [1/2,1/2], [-3/2,1/2], and
[-3/2,-3/2]. Corollary 3.4 allows us to extend the region of nonoscillation by the unbounded
region which is between the line ¢* = g, and the curve given for a > 1/2 parametrically by
g = —a—+/2a, g* = —a ++/2a or, equivalently, given by ¢* = g, —2 +24/1 - 2g, for g, < -3/2.
All these regions are shown on Figure 1.

In particular, if 6(t) = k((p — 1)/p)P’1t’Pln’2(t), then g, = ¢* = k and (1.8) is oscillatory
if k > 1/2 and nonoscillatory if k < 1/2. This observation has been made already by Elbert
and Schneider in [5] and has a close connection with the so-called conditional oscillation, see
[6] for more details related to conditional oscillation.

Remark 6. If the integral f°° c(s) ds is convergent and if we use the method from Theorem 3.7

and Corollary 3.8 with w(t) = a(ft rl=a(s) ds)71 + LOO c(s) ds, we get the second part of [1,
Theorem 3.3.6], which is originally due for p < 2 to Kandelaki et al. ([7, Theorem 1.6]).

Remark 7. If &« = 1/4 and p = 2, then Theorem 3.7 reduces to well-known Hille-Nehari
nonoscillation criteria. In this case the constants from (3.33) reduce to 1/4 and -3/4.

Remark 8. If we use the additional condition

litrg infr(fHh()O(H (1)) >0, (4.6)

then the conclusion related to that of Theorems 3.2 and 3.5 can be derived from known results.
Really, denote R = rh?|W'|P~2 and C = hL[h], where h is a positive function such that b’ #0
and suppose that | “ RI(t)dt = oo and f°° C(t)dt is convergent. Under these conditions, an
alternative version of Theorem 3.2 can be derived using the so-called linearization technique.
This technique is based on comparison of the (non)oscillation of (1.1) with that of a certain
linear equation. The relation between these equations is hidden in identity (2.3) which (after
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Figure 1: Regions of oscillation and nonoscillation of perturbed Euler equation.

the quadratization of the last term on the right-hand side) relates the associated Riccati
operators. More precisely, nonoscillation of (1.1) is implied by nonoscillation of the linear
equation

(Rhy') + ?C(t)y =0, (4.7)

where ¢ > 0 is arbitrary. Applying the linear version (p = 2) of the criteria discussed
in Remark 6 to the above linear equation, we obtain the conditions for limes inferior and
superior from Theorem 3.2. Similarly if C = (c — ¢)h”, where h is a positive solution of (1.3),
then we get the conditions for limes inferior and superior from Theorem 3.5. Note thatif p = 2,
then R(t) and C(t) are the coefficients of the equation which results from (1.2) (the special case
of (1.1) for p = 2) upon the transformation x = hy. We refer to [8-10] for results concerning
the linearization technique and for the half-linear Hille-Nehari type criteria derived using
this technique from the classical criteria mentioned in Remark 7.
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