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This paper is devoted to the study of mild solutions for the initial and boundary value problem of
stochastic viscous Cahn-Hilliard equation driven by white noise. Under reasonable assumptions

we first prove the existence and uniqueness result. Then, we show that the existence of a stochastic
global attractor which pullback attracts each bounded set in appropriate phase spaces.

1. Introduction

This paper is devoted to the existence of mild solutions and global asymptotic behavior for
the following stochastic viscous Cahn-Hilliard equation:

A((1 - a)u — adu) + <A2u - Af(u))dt =dW, (x,t) €G x (ty, o), (1.1)

subjected to homogeneous Dirichlet boundary conditions

u(x, ) =0,  (x,t) €9G x [ty, ), (1.2)
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in dimension n = 1,2 or 3, where G = []",(0,L;) in R", and a € [0,1] is a parameter, f is a
polynomial of odd degree with a positive leading coefficient

2p-1

f(x) = > axx*, azy1>0. (1.3)
k=1

In deterministic case, the model was first introduced by Novick-Cohen [1] to describe
the dynamics of viscous first order phase transitions, which has been extensively studied in
the past decades. The existence of global solutions and attractors are well known; moreover,
the global attractor &/, of the system has the same finite Hausdorff dimension for different
parameter values a. One can also show that <4, is continuous as a varies in [0, 1]. See [2] for
details and [1] for recent development.

While the deterministic model captures more intrinsic nature of phase transitions in
binary, it ignores some random effects such as thermal fluctuations which are present in any
material. In recent years, there appeared many interesting works on stochastic Cahn-Hilliard
equations. Cardon-Weber [3] proved the existence of solution as well as its density for a class
of stochastic Cahn-Hilliard equations with additive noise using an appropriate convolution
semigroup (in the sense of that in [4]) posed on cubic domains. The authors in [5] derived the
existence for a generalized stochastic Cahn-Hilliard equation in general convex or Lipschitz
domains. The main novelty was the derivation of space-time Holder estimates for the Greens
kernel of the stochastic problem, by using the domains geometry, which can be very useful
in many other circumstances. In [6], the asymptotic behavior for a generalized Cahn-Hilliard
equation was studied, which can also act as a very good toy model for treating the stochastic
case.

Instead of deterministic viscous Cahn-hilliard equation, here, we consider the general
stochastic equation (1.1) which is affected by a space-time white noise. In such a case,
new difficulties appear, and the resulting stochastic model must be treated in a different
way. Fortunately, the rapidly growing theory of random dynamical systems provides an
appropriate tool. Crauel and Flandoli [7] (see also Schmalfuss [8]) introduced the concept
of a random attractor as a proper generalization of the corresponding deterministic global
attractor which turns out to be very helpful in the understanding of the long-time dynamics
for stochastic differential equations. In this present work, we first establish some existence
results on mild solutions. Then, by applying the abstract theory on stochastic attractors
mentioned above, we show that the system has global attractors in appropriate phase spaces.

In case & = 0, (1.1) reduces to the stochastic Cahn-Hilliard equation which was studied
in [9], where the authors obtain the existence and uniqueness of the weak solutions to the
initial and Neumann boundary value problem in some phase spaces under appropriate
assumptions on noise. Here, we make slightly stronger assumptions on noise and prove
existence and uniqueness of mild solutions with higher regularity. Furthermore, we show
the existence of random attractors in appropriate phase spaces.

This paper is organized as follows. In Section 2, we first make some preliminary works,
then we state our main results. In Section 3, we consider the solutions of the the linear part
of the system (1.1)-(1.2) and stochastic convolution. Regularities of solutions will also be
addressed in this part. Section 4 consists of some investigations on the Stochastic Lyapunov
functional of the system. The proofs on the existence results for mild solutions and global
attractors will be given in Sections 5 and 6, respectively. Finally, the last section stands as an
appendix for some basic knowledge of random dynamical system(RDS).
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2. Preliminaries and Main Results

In this section, we first make some preliminary works, then we state explicitly our main
results.

2.1. Functional Spaces

Let (-,-) and |- | denote respectively the inner product and norm of H = L*(G). We define the
linear operator A = —A with domain D(A) = H*(G) Hg(G). A is positive and selfadjoint.
By spectral theory, we can define the powers A® and spaces Hs = D(A%/?) with norms |u|s =
|As/24] for real s. Note that Hy = L?(G). It is well known that H is a subspace of H*(G)
and |- |, is on H®(G) a norm equivalent to the usual one. Moreover, we have the following
Poincare inequality and interpolation inequality:

< .)LI(SZ_Sl)/2|

|ul, ul,,, Vsi1,82 €R, s1<sy, Yu€ Hy, (2.1)

<ulllulL?, oel0,1], (2.2)

|u| Sy 7/

os1+(1-0)s;

where \; is the first eigenvalue of A.
We can define A™ : H — D(A) to be the Green’s operator for A. Thus,

v=A'lw e Av = w. (2.3)

By Rellich’s Theorem, we know that A™ is compact, and A : D(A) — H is a linear and
bounded operator. Finally, we introduce the invertible operator B, : H;, — Hj, s € R defined

by

By=al+(1-a)A™. (2.4)

For each a € (0,1] and p > 0, we know that Bg : Hy — H, is bounded and has a bounded
inverse (see [10, 11]). We also define the operator A, := B,' A with domain

D(A) ifa>0,
D(A,) = (2.5)
D(Ap) = Hy
By definition, it is clear that D(A,i/ %) = H, in case a > 0.
Lemma 2.1. For a > 0, there exist My, M,, and M3y such that
a'?|o| < [olp, < M?0], veH, (2.:6)
a'lo|; < o]y, < M;/2|v|1, v € Hy, (2.7)

)‘1 1/2
<0£.)L +1 a) ol < [vlp;: < Mol wveH, (2.8)
L+1-
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where
[v]s, = (v, Ba0)'"?,

[0l1 8, = <A1/27J B,AY?v ) v , (2.9)
[v]p1 = (v, B;lv>1/2.

Proof. Here, we only verify (2.8) is valid; the proofs of (2.6) and (2.7) can be found in [11].

2
Since B;l/ 2 is bounded, there exists M3 >0, such that |B;1/ 2| < Mj3. Then, for any v € H, we
have

(v.B;'0) = (B;'%0, B,/ *0) = |B;l/2u|2 < Msjol, (2.10)

which completes the right part of (2.8).
Now, we proof the left part of (2.8) let

0<A <A< <A <eee (2.11)

denote the eigenvalues of A, repeated with the respective multiplicity, and the corresponding
unit eigenvector is denoted by {wy };2,, which forms an orthonormal basis for H. We have

Ak S A
alg+1l-a " ali+1-a’

<wk,B;1wk> = ke (Z). (2.12)

Since v € H, there exist {bx}o; C R, such that v = 3% bywi. Consequently,

(v, B;lv> = (Zbkwk,B Zbkwk> Z(bkwk/ B;lbkwk>

k=1
S YL f 2 (2.13)
k:1“)‘k+1_“ _m\1+1 af
e
ali+1—-a' '’
which finishes the proof. O

2.2, Assumptions on the Noise

The stochastic process W (t), defined on a probability space (2, ¥,P), is a two-side in time
Wiener process on H which is given by the expansions

W) = S tw, (2.14)
k=0
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where {wy};2; is a basis of H consisting of unit eigenvectors of A, {ax};2, is a bounded
sequence of nonnegative numbers, and

P (t) = W(W(t) ,wi), keN (2.15)

is a sequence of mutually independent real valued standard Brownian motions in a fixed
probability space (€2, ¥, P) adapted to a filtration {F} .
For convenience, we will define the covariance operator Q on H as follows:

ka =arwi, keN. (2.16)

The process W (t) will be called as the Q-Wiener process. We need to impose on Q one of the
following assumptions:

(Q1) Tr[B;' 9 A2**Q] < oo (for some 0 < 6 < 1),
(Q1%) Tr[B,2A'Q] < o, and Tr[B;2A2Q] < 2D,
(Q2) Tr[B;' 9 A™*%Q] < oo (for some0 < 6 < 1), Tr[B;>Q] < oo, and Tr[B;2A2Q] < 2D,
) Tr[
(B

(Q2*) Tr[B;' °A1*°Q] < oo, Tr[B;2A°Q] < oo (for some 0 < 6 < 1 and ¢ > 0), and
Tr[B-2A-2Q] < 2D,

where D is given in Section 4. It is obvious that

(Q2") = (Q2), (Q1) = (Q1). (2.17)

2.3. Main Results

We will assume throughout the paper that the space dimension 7 and the integer p in (1.3)
satisfy the following growth condition:

(2.18)

any positive integer, if n=1or 2,
p =
2, if n=23.

Under the above assumptions on the noise, we can now put the original problem (1.1)-
(1.2) in an abstract form

du + <Aau + B! f(u))dt = BlAaw, (2.19)
with which we will also associate the following initial condition:
u(to) = Uyp. (220)

Note that since B;! is bounded from Hj into itself for each a > 0, (2.19) is qualitatively of
second order in space for a > 0 although it also has a nonlocal character. In contrast, for « = 0
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the equation is of fourth-order in space and local in character. Thus, & = 0 is a singular limit
for the equation.

Definition 2.2. Let I := [ty,top + T) be an interval in R. We say that a stochastic process
u(t, w; ty, up) is a mild solution of the system (2.19)-(2.20) in Hj, if

u(-,w; ty,uy) € C(I; Hy), P-as. weQ, (2.21)

moreover, it satisfies in H; the following integral equation:

t
u(t, w; to, ug) = e A=ty ’[ g Aa(t=s) (B;lf(u) - ﬁWA(s)>ds +Wu(t), P-as. weQ,
to
(2.22)

where W 4 (t) is called stochastic convolution (see Section 3 for details), f is a positive constant
chosen in Section 3 and vy = 1y — W ().

The main results of the paper are contained in the following two theorems.

Theorem 2.3. (i) Let a = 0, and, the hypothesis (Q2) be satisfied. Then for every ug € Hy, there is a
unique maximally defined mild solution u(t, w; to, up) of (2.19)-(2.20) in H, for all t € [ty, o0).

(ii) Let a € (0,1], and, the hypothesis (Q1) be satisfied. Then for every uy € Ha, there is a
unique maximally defined mild solution u(t, w; to, up) of (2.19)-(2.20) in Hy for all t € [ty, o0).

Theorem 2.4. (i) Let a = 0, and, the hypothesis (Q2*) be satisfied. Then the stochastic flow associated
with (2.19)-(2.20) has a compact stochastic attractor HAy(w) C Hy at time 0, which pullback attracts
every bounded deterministic set B C Hy.

(ii) Let & € (0,1], and, the hypothesis (Q1*) be satisfied. Then the stochastic flow associated
with (2.19)-(2.20) has a compact stochastic attractor HA,(w) C Hy at time 0, which pullback attracts
every bounded deterministic set B C H;.

3. Stochastic Convolution

Let W4 (t) be the unique solution of linear equation

du+ (As + p)udt = B! A dW, (3.1)

where f is a positive constant to be further determined. Then, W4 (t) is an ergodic and
stationary process [9, 12] called the stochastic convolution. Moreover,

t
Wa(t) =J e~ t-9AAP BT ATLGWY (). (3.2)

Some regularity properties satisfied by W4 (t) are given below.

Lemma 3.1. Assume that (Q1) holds. Then, VW 4(t) has a version which is y-Holder continuous
with respect to (t,x) € R x G for any y € [0,6/2).
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Proof. We only consider the case n = 3. For the sake of simplicity, we also assume that G =
[T2.,(0, 7). The eigenvectors of A can be given explicitly as follows:

3/2
wi(x) = <;> cos k1x1 cos koxp cos ksxs, x = (x1,x2,X3) € RS, (3.3)

with corresponding eigenvalues
=k + K2+ k2= kP, ke (z*), (3.4)

where k = (k1, k», k3) varies in (Z*)®. Using (2.14), we find that

Walt,x)= 3 <¢a7f e-<f-s><ﬂk+ﬂ>;dﬁus))wk(x), (3.5)

ke @)’ ap+1-a

where i = pi / (apx + 1 — a), and hence,

VWA(t, x) — VWA(t, y)

t
Y < % J e_<t_s>(rzk+p><1/(aukn—a))dﬁk(S)>(Vwk(x)—Vwk(y)),

ke(z+)?
(3.6)
E([YWa(t,x) - VWa(t,y)]*)

Xk

t
o 2
< —ZI e 20 45| Vg (x) — Ve (v) |
ke(z+)? (ap+1-a)” )
For any y € [0, 1], one trivially verifies that there is a constant ¢, > 0 independent of k
such that for any k € (Z*)* and x,y € G

Ve (x) - Vo ()| < ey ™ -y (3.7)
Thus, we have

423 1 l+y

C2
E(|YWa(t, ) - VWa(ty)[) < Fx-y|” 37l H
ke (apk +1 - a)

ag apr +1-a 14
oM (38)
ke (apr +1-a) M

2
c 2
=5 lx-yl”
2

c

- 2y Z Hk ~2+y

_zlx_y| “ka#k+1—a‘uk :
ke(z+)®
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Now, let t, s € R. We may assume that t > s. Then,
E(|TWa(t,x) - VWa(s,0))

Xk

ke(z+)? (aps + 1~ “)2

t s 2 (39)
« < f o204 (-0) 45 4 f [ -0 _ o] d0>|Vwk(x)|2
S —00
Ak 1 -2( - 2
= Z 1 - e 29 v (x)]%
ke(z+)? (a/lk +1- “)2 2(11k + ﬁ) ( )
Let0<y<1/2 and let
o |e—r1 _e—rzl
Cy = SUp ————— (3.10)

71,1220 |7’1 - r2|2)’ .
Since the function g(r) = e™" is a Lipschitzoneon [0, o), we always have ¢/, < co. Observe that
g p y ¥

E(IVWa(t x) - VWa(s, x))

423

S (1 + B)7

4y

< et s 3,
T ke(z+)? (apc+1-a)

a - (3.11)

4y
< Selt-sP Y —
ke (apk +1-a)

4r s Hk 21+ -2+2y
= —c |t—s|7 ak<— .
a3y ke%)3 ap+1-a P

By (Q1), we know that Tr[B;'"° A"2*°Q] < oo for some 0 < 6 < 1. Therefore, by (3.8) and
(3.11), one deduces that there exists a constant c¥ > 0 such that

E(|VWa(t,x) - VWa(s,)[*) < cf(lx -yl +1t-sP)', ¥(tx),(s,y) €RxG.  (312)

As W (t,x) —Wa(s,y) is a Gaussian process, we find that for each m € Z~, there is a constant
c?i > 0 such that

my

E<|VWA(t,x) - VWa(s,y) |2m> < c¥“<|x - y|2 +t- s|2> (3.13)

Now, thanks to the well-known Kolmogorov test, one concludes that W4 (¢, x) is (y —2/m)-
Holder continuous in (£, x). Because y € [0,1/2] and m € Z* are arbitrary, we see that the
conclusion of the lemma holds true. The proof is complete. O
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Lemma 3.2. Assume (Q2) holds. Then, for any M > 0, there exists a o such that for all p > Py,
E(Wa(h) < M. (3.14)

Proof.

E(JAWA®P)

2
! 1
§ e —(m+p)(t=s) Aw
E( akf_c:e auk+1—ad‘6k(s) k(x)>

ke(z+)?
ag !
- Z —_— f 3—2(nk+ﬂ)(t—5)dS|Awk(x)|2
ke (ape +1-a)” /oo

(3.15)
245

1
< |
kezy (apr +1 - 2)” 2(1k + P)

Awy(x)?

M

< 1 Z ak( Mk )2
~2(m +P) ez ape+1-a

Since Tr[B,;2Q] < oo, one can now easily choose a f8 large enough so that E(|AW 4 (t)]*) < M,
and the proof is complete. O

Similarly, we can verify the following basic fact.

Lemma 3.3. Assume (Q2) holds. Then, AW 4 has a version which is y-Holder continuous with
respect to (t,x) € R x G forany y € [0,6/2).

Lemma 3.4. Assume that (Q2*) holds. Then, for any M > 0, there exists [y such that for all § > P,

E(IWa(h)h,o) < M. (3.16)

4. Stochastic dissipativeness in H;

It is well known that in the deterministic case without forcing terms,
Lo,
J(u) = §|Vu| + | F(wdx (4.1)
G

is a Lyapunov functional of the system (i.e. (d/dt)]J(u) < 0), where F(u) is the primitive
function of f(u) which vanishes at zero. In this section, we will prove a similar property for
the stochastic equation by adapting some argument in [9].
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Assume that u satisfies (2.19)-(2.20). As usual, we may assume in advance that u is

sufficiently regular so that all the computations can be performed rigorously. Applying the
It6 formula to J(u), we obtain

AJ(w) = (Ju(u), du) + %Tr [ ]uu(u)B;ZA‘ZQ]dt

(4.2)
= (Ju(w), B A7 dW) = (Ju(u), B;' Au+ By f(u) ) dt + %Tr B2 AZQ] dt,
where J,,, Ju, denote, respectively, the first and second derivative of J. Since
Ju(u) = Au+ f(u), (4.3)
there exists C; > 0 such that for a = 0,
(Julw), B Au+ B f(w)) = |Au+ f)[; = A3 Au+ f )|,
=22 <Au +f(u), u+ A’lf(u)>
(4.4)
= 31l + | f @)%, +2(f @), w))
> dﬁ<|u|§ +f F(u)dx> ~Cy=dA3J(u) - Cy,
G
where d = min{1, 4pay, 1}. And for0<a <1,
(Jutw), B'Au+ B f(w)) = (Au+ f(w), B, Au+ B;' f(u))
= |Au + f(u)ﬁa;l
A2 A ) (4.5)
2 i rima Al
d)tf C
2> m](”) -C1

where we have used (2.8). Simple computations show that

Juu(u) = A+ f'(u), (4.6)
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and hence,

Tr[Ju()B2APQ] = Te[AB2A2Q] + ) <Dl~J‘ f(w)w? dx>
i=1 G

(4.7)
=Tr [B;ZA‘lQ] + (Di_[ fww? dx),
i=1 G
where {w;}72; is the orthonormal basis of H as in (2.14), and D; = a;/(a); + 1 - a)?.
We infer from (3.3) that
[wil o < C2, (4.8)
where C; > 0 depends only on G. Therefore,
f f(ww?dx| < C%f |f' (u)|dx. (4.9)
G G
Set C;3 such that
lf'(s)| <2(2p-1)asy-15*2+C;, s€eR, (4.10)
then
U f'(ww? dx' <G <2(2p 1) azy f u? 2 dx + c3|c|>
¢ : ¢ 4.11)
< Eazp_l fG u® dx + Cy,
where C4 depends on f, p, and G. Let Cs satisfy
1 C
F(s) > Eazp_lszf’ - ﬁ s€ER, (4.12)
then
U f'(w)w?dx| < J(u) + Cy + Cs. (4.13)
G
Finally,

Tr [ ]W(u)B;ZA’ZQ] <Tr [B;ZA’lQ] +Tr [B;ZA’ZQ] (J(u) + Cy + Cs). (4.14)
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Since

E< Ju(u), Bj1A™! dw) -0, (4.15)
we have from (4.2) that
d 1
ZE( ) = E(Ju(w),~B;' A@w) - B () + 5B(Tr|Juu () B2AQ) ). (4.16)
Further, by (4.4), (4.5) and (4.14), it holds that

(5 )EU@)
(4.17)

< —<D - % Tr [B;ZA-ZQ] >E( J(u)) + Tr [B;ZA‘lQ] +Tr [B;ZA‘ZQ] (Cs+Cs) +C,

where D = min { d)n%, d.)L% /(ad; +1—a)}. This is precisely what we promised.
Now, by directly applying the classical Gronwall Lemma, we have the following
lemma.

Lemma 4.1. Let W be a H-valued Q-Wiener process with
Tr [B;zA‘lQ] <+oo, Tr [B;ZA‘ZQ] <2D, (4.18)
and let u(t) be the mild solution to (2.19)-(2.20). Then,
E(J(u(t))) <E(J(uo)) + Cq, t€ [to, ), (4.19)

where

Tr[B;2A7'Q] + Tr[B;2A72Q](Cs + Cs) + C4

Co = 4.20
Q D - (1/2) Tr[B2A2Q)] (4.20)
As a consequence, we immediately obtain the following basic result.
Corollary 4.2. Let W be a H-valued Q-Wiener process with
Tr [B;ZA-lg] <+o, Tr [B;ZA-ZQ] <2D. (4.21)

Then, there exists a continuous nonnegative function ¥(r) such that for any solution u(t) of
(2.19)-(2.20), one has

E(ju®)l?) < ¥(E(uol?)), Vte [to,0). (4.22)
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5. The Existence and Unique of Global Mild Solutions

In this section, we study the existence and unique of global mild solutions of the problem
(2.19)-(2.20). The basic idea is to transform the original problem into a nonautonomous one
by using the simple variable change below:

o(t) = u(t) - Wa(t). (5.1)

We observe that v(t) satisfies the following system:

% + (A - P)v+ B, f(v+Wa) =0, 52

v(ty) = uo — Wa(to).

Let
G(v,t)=-B'f(0+Wa) +pWa, v =1uy— Walt). (5.3)
Then, (5.2) reads
% + Av = G(,t), (5.4

’U(to) = 0p.

To prove Theorem 2.3, it suffices to establish some corresponding existence results for the
nonautonomous system (5.4).

Definition 5.1. Let I := [ty,top + T) be an interval in R. We say that a stochastic process
v(t, w; ty, vg) is a mild solution of the system (5.4) in H, if

v(-,w;ty,v9) € C(I; Hs), P-as.weQ, (5.5)

and satisfies in H; the following integral equation:
t
v(t, w; by, vy) = e Aaltt)y, —’[ e Aalt=9) (B;lf(u) - ﬁWA(s)>ds, P-a.s. w € Q. (5.6)
to

Theorem 5.2. Let a = 0. Suppose that the Hypothesis (Q2) is satisfied.
Then, for every uy € Hy, there is a unique globally defined mild solution v(t, w; ty, vo) of (5.4)
in Hy with

o(t, w; to, vo) € C([to, 0); Ha) N Crt " ((to, ); Har) N C((to, o0); Ha), (5.7)

loc

forall0<r<1.
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Proof. We only consider the case where n = 3. First, it is easy to verify that P-a.s.

G(v,t) € Curip; y(Hz x [to, 0), H). (5.8)

Indeed, by Lemma 3.3, we see that W (t) € H; is y-Holder continuous with respect to t € R
P-a.s. Recall that f is a polynomial of degree 2p — 1 with p = 2 (in case n = 3). One deduces
that there exist C1, C(w) > 0 such that

[(G(v1,11) = G(v2, £2))| < Ci(Jo1 — w2l + [Walt) - Walta)ln) (59)
< C(w)(jor - valy + [ — 1), P-as. ’

It then follows from [11, Lemma 47.4] that there is a unique maximally defined mild solution
v of (5.4) in H, on [ty, T) satisfying P-a.s.

o(t,w; o, vg) = e, - j e (Af (u(s)) - PWa(s))ds,
to (5.10)

v(t, w;to, v0) € C([to, T); Hz) Ny (b0, T); Har) N C(to, T); Ha),

for all 0 < r < 1. Furthermore, we also know that v is a strong solution in H,. Hence, it
satisfies in the strong sense that

‘;—7: + A+ Af(u)-pWa=0,  ov(t) = vy. (5.11)

In what follows, we show T = oo, thus proving the theorem.
Simple computations yields

[Af)| < |f/ )|l Aul + | £ ()| | Vul?s. (5.12)
Since f is a polynomial of degree 3, there exist x; and x; such that

1f)] <xi(1+157),  [f' ()| <xal+s]), VseR (5.13)

Therefore,

£ )] | Al < ey (1+ [l )| A
(5.14)
< 2k <1 +lof. + |WA|iw)(|AU| +|AWA]).
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By the Nirenberg-Gagiardo inequality, there exist C3, C4, Cs > 0 such that
[u?. < Cs|Auf’, ueH,,

1/3
[ulf < Cy|a%u| T2, we Hi, (5.15)

1/2
|Au| < c5|A2u| \Vu|'?, ue H,.
Hence,

| £ )] At < 200 (14 [0l + Wl ) (1A0] + AW 4])

1/3 1/2
§2K1<1+C4|A20| |v|§§3+c3|AWA|2> <c5|vU|1/2|A2v| + |AWA|>.
(5.16)

By (Q2) and Lemma 3.2, we know that for P-a.s. w € Q, there exists an Ry (w) > 0 such that
[AWA(t)| £ Ri(w) (for all t € R). On the other hand, by Lemma 3.2 and Corollary 4.2, we find
that P-a.s. v is bounded in H;. Thus, for P-a.s. w € Q, there exist C¢(w), C7(w) > 0 such that

(03 < Co(w),  [Vol'2 < Cr(w), (5.17)
where the continuous imbedding H'! < L° is used. Consequently, we have

K

|f’(u)|Lw|Au|§C8(w)<1+|AZU|1/3+R1(w)><|sz 2+R1(w)>, P-as. weQ. (518)

Similarly for P-a.s. w € Q, one easily deduces that there exists Co(w) > 0 such that
1/6 1/4
|f" ()| .| An| < cg(w)<1 + |A2v| + Rl(w)> <|A2v| + Rl(w)>. (5.19)
It then follows from (5.12) that for P-a.s. w € Q,

|Af ()| < Cs(w) (1 + |A2v|1/3 + Rl(w)> <|AZU|1/2 + Rl(w))
+ Co(w) <1 + L3|A2v|1/6 iR (w)) <|A2v|1/4 iR (w)> (5.20)

< Clo(w)<1 + |sz|5/6>.



16 Abstract and Applied Analysis

Now, taking the L? inner-product of equation (5.11) with A?v, one obtains

1d |Avf* + 'sziz <

2dt P

f A f(u) A*vdx
G

I WaA>vdx
G

< }I|sz|2 +|Afw)) + }I|sz|2 + AW AP (5.21)
< %'A%'Z +|Af@)| + AR AW
By (5.20), we deduce that P-a.s.
% |Av) + |sz|2 < Cu(w)<1 + |sz|5/3>. (5.22)

Furthermore, by Young’s inequality and |A%o|* > A2|Av|?, we know that there exists Cip (w) >
0 such that P-a.s.

d o Mo
= 180 <=2HAof* + Cio(w). (5.23)

Applying the gronwall lemma on (5.23), one gets

2C2(w)

|Aof? <
5

, P-as. weQ. (5.24)

This implies that the weak solution solution v does not blow up in finite time in the space H,.
Hence, T (vg) = oo, for all uy € H,. O

Theorem 5.3. Let a € (0,1], and let Hypothesis (Q1) be satisfied. Then, for every ug € Hj, there is
a unique maximally defined mild solution v(t, w; to, vo) of (5.4) in Hy for all t € [t, oo) with

o(t, w; to, v9) € C([to, 0); Hy) N CYt" ((to, o0); Hay) N C((to, 00); Ha), (5.25)

loc

for0<r<1
Proof. As noted above, —A, is a positive selfadjoint linear operator on H with compact

resolvent. The negative operator —A, generate an analytic semigroup e~“«!. It is easy to verify
by Lemma 3.1 that P-a.s.

G(v,1) € Crip; y(Hi x [to, 00), H). (5.26)

It then follows from [11, Lemma 47.4] that there is a unique maximally defined mild solution
v of (5.4) in Hy on [y, T) with

o(t, w; ty, vo) € C([to, T); Hi) N Ct " ((to, T); Hay) N C((to, T); Ha), (5.27)

loc
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where ty) < T = T(vy) < o0, and 0 < r < 1. Furthermore, v is a strong solution in H; and hence
solves (5.4) in the strong sense. To complete the proof of the theorem, there remains to check

that T (vg) = co.

Equation (5.4) is equivalent to

Ba% + Av = —f(U + WA) + ﬂBaWA, ’U(to) = 0. (528)

Multiplying (5.28) by Av, one gets

We observe that

1d
anﬁﬂa +[o3+ (f(v+Wa), Av) + B(B,Wa, Av) = 0. (5.29)

(flv+Wa), Av) = IG Vf(v+Wa)Vodx

(5.30)
- f F(0+ Wa) Vo dx + f o+ Wa)TWaTo dx.
G G

We take C) and C, such that

for all x € R. Then,

(f(v+Wy), Av) >

2p-1
"(x) > az1xP 2 - C,
/ 2 ’ ! (5.31)

|f'(x)| < 2(2p - 1)a2p_1 X2 4 C'y,

2p-1

arp-1 f [v + Wal?P2|Volrdx - C} f |Vol*dx
G G
-2(2p - 1)azy J [v + W2 |Vo||[VW4|dx — C) f |Vo||[VW4|dx
G G
1
> (2p - 1) azp f [v + Wa|*2|Vo*dx - 2C} f |Voldx
G G

-G, < f VWA dx + j |VWA|2dx>,
G G
(5.32)

where we have used Holder’s inequality, Young’s inequality, and the appropriate imbeddings
HY(G) < L"(G) in dimension n = 1 or 2 and 3. We also know by (2.6) that there exists
a < C, < Mj such that

(BaW 4, Av) < c(f VW a|* dx + J' |Vv|2dx>. (5.33)
G G
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Combining the last two inequalities together, we deduce that there exists constants C;, C; >0
such that

1d

1 §
anﬁﬁa + o + 1 (2p - 1)azy fG v+ WA 2|Voldx

(5.34)
< 2c;f |Volrdx + cg(f VWA dx +f |VWA|2dx).
G G G

In view of (2.7), there exists a < C}, < M such that

' 4

1 1 .
SCh— o] + |03 + = (2p - 1) azp f |v + Wa|?P2| Vo) dx
2 %4t 4 c

(5.35)
< 2C, |0} + cg(J‘ VWA dx + f |VWA|2dx>.
G G

Using the gronwall lemma on (5.35), the following inequality holds:

t
[0} < 2e*C/CeClylop2 + 2e4C’4/CZ'J‘ C <I |VWA(s)|2pdx+f |VWA(S)|2dx)ds.
to G G
(5.36)

Lemma 3.1 guarantees that P-a.s.
t t
f f VW A(s)|? dxds < +oo, J' I [VW A(s)[* dxds < +co. (5.37)
to G to G

This and (5.36) implies that the mild solution v does not blow up in finite time in the space
H;. It follows that T'(vp) = co. The proof is complete. O

Remark 5.4. The conclusions in Theorem 2.3 are readily implied in the above two theorems.

6. Attractors for Stochastic Viscous Cahn-Hilliard Equation

For convenience of the reader, some basic knowledge of RDS are summarized in the
Appendix at the end of this paper.

6.1. Stochastic Flows

Thanks to Theorem 2.3, the mapping ug — u(t, w; ty, 1) defines a stochastic flow S, (¢, s; w),

Sa(t,s;w)ug = u(t,w; s, up), a€[0,1]. (6.1)

Notice that P-a.s.
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(i) Su(t,s;w) = Su(t,1r;w) 0 Su(r, s;w), for all s <r <t

(ii) So(t, s; w) is continuous in Hy, and S,(t, s; w) is continuous in H; for0 < a < 1.

6.2. Compactness Properties of Stochastic Flow S,(t, s; w)

Lemma 6.1. (i) Under Assumption (Q2*), the stochastic flow Sy(t,s; w) is uniformly compact at
time 0. More precisely, for all B ¢ H, bounded and each ty < 0, So(0, to; w)B is v relatively compact
n Hz.

(ii) Under Assumption (Q1*), the flow S4(t, s;w), 0 < a < 1, is uniformly compact at time 0.
More precisely, for all B C Hy bounded and each ty < 0, S4(0, to; w)B is P-a.s. relatively compact in
H;.

Proof. (i) Let B C H; be a given bounded deterministic set. By Lemma 3.4, we know that
for P-a.s. w € Q, there exists Ry(w) > 0, such that |[W4(f)]216 < Ra(w), t € R. Define B =

BUB5.(0, Ro(w)), where By.5(0, Ry (w)) denotes the open ball centered at 0 with radius R, (w)
in Hy,,. Then, B ¢ H, is P-a.s. bounded, and

0
So(0,tg; w)B C {eAZtUUO —f

to

e5G(v(s), s)ds + W4(0), vy € B} C N1+ N+ N3+ Ny,

(6.2)
P-a.s., where
N7 = eAztOB,
o R
N, = {f et *G(v(s),s)ds, vy € B},
-5
(6.3)
-5
N3 = e A0 {f e G(v(s), s)ds, vy € B},
to
Ny = BZ+0’(0/ RZ((‘]))/
and 6 is an arbitrary constant satisfying 0 < & < —t,. O

Since for t > 0 fixed the operator et s compact, we see that Ny, N3, and Ny are

relatively compact sets in H,. Now, we show that P-a.s. Sy(0, t; w)B is relatively compact. To
this end, we first give an estimate on the Kuratowski measure of N, C Hj.
For vy € B, one has

0 0
J eNCHG(v(s), 5)ds I Ae®EG(o(s), 5)ds|. (6.4)
-5 -6

2
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Since A% is a positive sectorial operator on H, there exists a constant M4 > 0 such that

|Ae-A2f < Mat™V2, Vt>0. (6.5)

L(Hy) —

Recall that G(v,t) € Crip,; y(H2 x [to,+), H). So there is a Ko(w) > 0 such that P-a.s.

IG(v,1)| < Ko(w), Y(v,t) € Bx[-8,0]. (6.6)
Therefore
0 0 1
f e’ *G(v(s),s)ds| < Ko(w)MAf (—s)l/2 ds = EKo(w)MA(Slm. (6.7)
-6 2 -6
It follows that
®(N3) < diamp, (N3) < KoM 46'/?, (6.8)

where «(-) denotes the Kuratowski measure of noncompactness on H,. Now since Ny, N3,
and Nj are relatively compact sets in H, P-a.s., we have

1 (S0(0,to; ) B) < (N1) +k(N3) + k(N3) + x(Ng) < k(Na) < KoMa6"%  (6.9)

Letting 6 — 0, one immediately concludes that P-a.s. x(5¢(0, to; w)g) =0, hence Sy(0, to; w)B
is relatively compact.

(ii) The proof of the compactness result for S,(t,s;w) (0 < a < 1) is fully analogous,
and is thus omitted.

6.3. The Random Attractors

Now, we show that the system S,(t, s; w) possesses a random attractor «#,(w) for every a €
[0,1].

Proof of Theorem 2.4. We infer from the proofs of Theorem 5.2 and Lemma 6.1 that there exists

t(w) < 0 such that for any f( < t(w), we can define an absorbing set for Sy(t, to; w) at time 0 by

2Cp(w)
2

By = {v :|Avf* <
1

} U BZ+U (Or RZ (w))r (610)

and for S,(t,s;w) (0 < a < 1), for any ty < 0 we can define an absorbing set for S,(t,ty; w) at
time 0 by

B, =DB1(0,¥), (6.11)
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where B; (0, ¥) denotes the open ball centered at 0 with radius ¥ in H;. Now the conclusions
of the theorem immediately follows from Proposition A.6 O

Appendix
Basic knowledge of RDS

In the Appendix, we present some notations of RDS, which are also introduced in [7, 13, 14].
Let (X,d) be a complete metric space, and let (Q,¥,P) be a probability space. We
consider a family of mappings

{S(tr S; w)}tZS,WG.Q X — X/ (Al)

satisfying P-a.s.
(i) S(t,s;w) = S(t,r;w) o S(r, s;w), for all s <r <t,
(ii) S(t,s; w) is continuous in X, for all s < t.
Definition A.1. We say that B(f,w) C X is an absorbing set at time ¢, if P-a.s.

(i) B(t, w) is bounded,
(ii) for all B € X there exists sp such that S(t,s; w)B C B(t,w), for all s < sp.

Definition A.2. Givent € R and w € Q, we say that {S(t, 5; w) } ;55 weq 1S uniformly compact at
time t if for all bounded set B C X, there exist sg, such that P-a.s.

\JS(t s;w)B (A.2)

s<sgp

is relatively compact in X.

Definition A.3. Givent € R and w € Q, for any set B C X, we define the random omega limit
set of a bounded set B C X at time f as

Qp(t,w) = (" |JS(t, s;w)B. (A.3)

T<ts<T

Definition A.4. Let (X, d) be a metric space, and let {S(t, 5; w) } 155 cq @ family of operators that
maps X into itself. We say that <4(t, w) is a stochastic attractor if P-a.s.

(i) #(t, w) is not empty and compact,
(ii) S(t,s;w)HA(s,w) = H(T,w) forall T > s,
(iii) for every bounded set B C X, lim;_, _,,d(5(t, s; w)B, H4(t,w)) = 0.
Remark A.5. (i) In the stochastic case, it is not possible to construct the random attractor as
the Q-limit of the absorbing set (as done in the deterministic case). This is due to the fact that

the Q-limit set is taken from —oo and that the absorbing set is random.
(ii) Global attractor is connected.
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Proposition A.6 (see [15]). If there exists a random set absorbing every bounded deterministic set
B c X and {S(t,s;w)} o is uniformly compact at time t, then the RDS possesses a random
attractor defined by

t>s,we

A(t,w) = | Qp(t, w). (A.4)

BcX

Remark A.7. In this paper, we write «#(w) instead of +#(0, w) for short.
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