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We present some monotonicity, convexity, and inequalities for the Agard distortion function 7k (f)
and improve some well-known results.

1. Introduction

For r € [0,1], Lengedre’s complete elliptic integrals of the first and second kind [1] are
defined by

4 _
K= K(r) = f ’ (1-r2sin20) a6,
0 (1.1)
K@) =K(r), KO = % X(1) = oo,
o/
E=&(r) = f : (1 - r2s1n29>1/2d9,

0 (12)
Er)=£&@F),  &0) = % &) =1,

respectively. Here and in what follows, we set ' = v/1 — 2.
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Let p(r) be the modulus of the plan Grétzsch ring B2 \ [0, 7] for r € (0,1), where B? is
the unit disk. Then, it follows from [2] that

T K ()

For K € (0, o), the Hersch-Pfluger distortion function ¢k (r) is defined as
r
px(r) = ‘u1<%> for r € (0,1), pr(0) = (1) -1=0, (1.4)

while the Agard distortion function 77k (t) and the linear distortion function 1(K) are defined

by

_ @k (r)
x(t) = o1k ()]’

MK) = (1), 7= 1%1‘ te(0,0), (1.5)

respectively.

It is well known that the functions 7k (f) and A(K) play a very important role in
quasiconformal theory, quasiregular theory, and some other related fields [3-8]. For example,
Martin [8] found that the sharp upper bound in Schottky’s theorem can be expressed by
1k (t), and in [9-15] the authors established a number of remarkable properties for the Agard
distortion function 7k ().

In [14], the authors proved that

e K < \(K) < KD, (1.6)

e K-1/K) ¢ \(K) < T (K-1/K) (1.7)

for all K € (1,00), where a = (4/7)K(1/+/2)* = 4.3768...,b = a/2. Recently, Anderson et al.
[15] established that

AM(K) < e/ KK (1.8)

e[log2+(a—log2)/K](K—1) <)L(K) < e[]r+(u—log2)/K](K—1) (19)

for all K € (1,0), where a and b are defined as in inequalities (1.6) and (1.7), respectively.
The purpose of this paper is to present the new monotonicity, convexity, and

inequalities for the Agard distortion function 7k () and improve inequalities (1.6)—(1.9).
Our main results are Theorems 1.1 and 1.2 as follows.

Theorem 1.1. Let K € (1,00), a = (4/7)X(1/v/2)* = 4.3768...,b = a/2, and ¢ € R. Then, the
following statements are true.

(1) f(K) = MK)/KE€ is strictly increasing from (1, 00) onto (1, 00) for ¢ < a; if ¢ > a, then
there exists K € (1, 00), such that f is strictly decreasing in (1, Ko) and strictly increasing
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in (Ko, 00). In particular, the inequality \(K) > K¢ holds for all K € (1, oo) with the best
possible constant ¢ = a.

(2) g(K) = [lognk (t) —logt] /(K — 1) is convex in (1, o) for fixed t € (0, 0).

@) Ift > 1and r = \/t/(1+1), then h(K) = [lognk(t) —logt]/(K — 1/K) is strictly
increasing from (1, 00) onto QK (r)K'(r) /o, K (r)/ K (r)).

Theorem 1.2. Lett € (0,00), r = \/t/(1 + 1), a= (4/7x) K(1/V2)*,b = a/2, A(r) = 22/ (2u(r)),

B(r) = 8K (r) X' (r)*[&(r) — ¥ K (r)] /7%, and F.(K) = K[(lognk(t) —logt)/(K —1) —c]. Then,
the following statements are true.

(1) F.(K) is strictly decreasing from (1, 00) onto (—oo,4K(r)K'(r)/ax — c) for ¢ > A(r).
If ¢ = A(r), then F.(K) is strictly decreasing from (1,00) onto (A(r) — 4log2 -
logt, 4K (r)X'(r)/x — A(r)). Moreover,

b (K- DAMH(AG)-41og2-10g D/K)) < o (f) < K- DA HELNL (1) /7-AC)/K)) (1.10)

forallt € (0,00) and K € (1, 00). In particular, if t = 1, then (1.10) becomes
e K-D(7+((7-4l0g2)/K)) MK) < eK-D(r+((a-7)/K)) (1.11)
(2) If ¢ < B(r), then F.(K) is strictly increasing from (1, o0) onto (4K (r)K'(r)/ar — ¢, o).
Moreover,

Nk (t) > teK-DBE)+HEL ()X (r)/7-B(r))/ K)) (1.12)

forallt € (0,00) and K € (1, 00). In particular, if t = 1, then (1.12) becomes

A(K) > eKDEHB/K) _ b(K-1/K)). (1.13)

(3) If B(r) < ¢ < A(r), then there exists K1 € (1, 00) such that F.(K) is strictly decreasing on
(1, K1) and strictly increasing on (K1, o0).

(4) F.(K) is convex in (1, 0).

2. Lemmas

In order to prove our main results, we need several formulas and lemmas, which we present
in this section.
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The following formulas were presented in [14, Appendix E, pp. 474-475]. Let t €
(0,00), K€ (0,00), r=+/t/(1+t) € (0,1), and s = pg(r). Then,

dX(r) _ E(r) =17 K(r) d&(r) _ &(r) — K(r)

dr rr'? ’ dr r

K(r)E (r) + K (r)&(r) - K(r) K (r) = %

du(r) a2
dr 4rr’2JC(r)2’ 2.1)
0s s8> K (s) K (s) 0s .

2 12 ’
S it Sk e A — = ——s55 K(s)K'(s),
or  rr? K(r)X'(r) 0K xK ()£(s)

(PK(T)2 +Q1/K (T’)Z =1,

3)2 onk(t) 4
s /]’ 0K 7K

Mk (D K () K () = —— K ()P ().

ik (t) = < u(r)

Lemma 2.1 (see [14, Theorem 1.25]). For —oo < a < b < oo, let f,g : [a,b] — R be continuous
on [a,b] and differentiable on (a,b), and let ¢'(x)#0 on (a,b). If f'(x)/g'(x) is increasing
(decreasing) on (a, b), then so are

fx) - f(a) fx) - f(b)

s -g@ s -g®) 22)

If f'(x)/ g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

The following lemma can be found in [14, Theorem 3.21(1) and (7), Lemma 3.32(1)
and Theorem 5.13(2)].

Lemma 2.2. (1) [&(r) - r2K(r)] /72 is strictly increasing from (0, 1) onto (or/4,1);
(2) ' K(r) is strictly decreasing from (0,1) onto (0,or/2) if and only if ¢ > 1/2;
(3) K(r)K'(r) is strictly decreasing in (0,/2/2) and strictly increasing in (v2/2,1);
(4) u(r) +logr is strictly decreasing from (0, 1) onto (0,1og4).

Lemma 2.3. Let r € [1/v/2,1), K € (1,00), and s = @i (r). Then, G(K) = (/2K ()]} +
[u(r)/ K'(s)]? is strictly decreasing from (1, 00) onto (K'(r)*/ K (r)?, x2/ [2K(r)?]).

Proof. Clearly G(1*) = w2/ (2K (1)?), G(+o0) = XK' (r)*/ K (r)>. Differentiating G(K), one has
G/(K) = o plrP K (&) K (5) 2 [€(5) - 2K (5)
- %JC(S)_ZJC'(S) [é(s) - s'zJC(s)] (2.3)

4 2 -
= 2 K(5) 7K (5)7Gi(K),

where G (K) = [€/(s) — 2K ()| K (s)*u(r)* - m2[E(s) — s> K(s)] K/ (s)° /4.
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From Lemma 2.2(1) and (2), we clearly see that G;(K) is strictly decreasing in (1, o).
Moreover,

2
lim G (K) = [é’(r) - rZJC’(r)]JC(r)Sy(r)Z - ”I [é(r) - r/zx(r)] L () "
= %ZJC'(r)sz(r),

where Gy (r) = X(r)[& (r) -2 K (r)] - X' (r) [E(r) - 1> K (r)] is also strictly decreasing in (0, 1).

Thus, G,(r) < G2(v/2/2) =0 forr € [1/+/2,1), and G;(K) < G;(1%) <0 for K € (1, o).
Therefore, the monotonicity of G(K) follows from (2.3) and (2.4) together with the fact

that G1(K) < 0 for K € (1, o). O

3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. For part (1), clearly f(1*) = 1. Let r = p~![or/(2K)] for K € (1, o0), then
MK) = (r/7)?, r € (1//2,1),

5_12 = %rr’ZJC’(r)Z, —dz(lf) = %A(K)X’(r)z, (3.1)
. L K(r)
Klig—loof(K) a llf} K (3.2)
Making use of (3.1), we have
Kc+1 K
—)L(JI;() ) = f1(K) = %JC’(r)JC(r) -c. (3.3)

It follows from Lemma 2.2(3) that f;(K) is strictly increasing from (1, c0) onto (a —
¢, o). Then, from (3.2) and (3.3), we know that f is strictly increasing from (1, oo0) onto (1, o)
for ¢ < a. If ¢ > a, then there exists Ky € (1, o0) such that f is strictly decreasing in (1, Ko) and
strictly increasing in (Ko, o0). Moreover, the inequality A(K) > K¢ holds for all K € (1, 00)
with the best possible constant ¢ = a.

For part (2), denote r = 1/t/(1 + t). Differentiating g(K), we get

24(5)*(K = 1)/ u(r) - (log 1 (t) ~ log £)

KD (3.4)

g'(K) =

Let g1(K) = 2K'(s)*(K — 1)/u(r) — (logni (t) — logt) and g (K) = (K - 1), then
g1(1) = (1) =0, g(K) = g1(K)/g(K) and

(K
g,g K; = &3(K) = —#(zr - |€(s) - 2k (9)| £ (5)° (35)
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Clearly, g3(K) is strictly increasing in (1, o0). Then, (3.5) and Lemma 2.1 lead to the conclusion
that ¢/(K) is strictly increasing in (1, 00). Therefore, g(K) is convex in (1, c0).

For part (3),if t > 1, then r > v/2/2. Let hy(K) = log 7k () —log t and hy(K) = K -1/K,
then hi(1) = ha(1) =0, h(K) = h1(K)/h2(K), and

h'(K)  2K'(s)*/u(r)  2u(r)

m(K) 1+KZ  GK) (3.6)

where G(K) is defined as in Lemma 2.2.

Therefore, h(K) is strictly increasing in (1,00) for t > 1 follows from Lemmas 2.1
and 2.2 together with (3.6). Moreover, making use of 1'Hopital’s rule, we have h(1*) =
2K(r)K'(r) /o, h(owo) = w K(r)/ K (r). O

Proof of Theorem 1.2. Differentiating F.(K) gives

log () ~logt [ (2P (K- 1)/utr) - (logne(t) - log1)
———— —c+

Fo(K) = X1 K17
(3.7)
_2K'(s)’K(K = 1)/p(r) = (log nx (1) ~ log t) .
) (K -1y’ '
Let
[2)(’(5)2K(K - 1)/‘u(r)] - [log 7k (t) —log t]
H(K) = , (3.8)

(K - 1)

Hi(K) = 2K'(s)*K(K - 1)/u(r) — (log nk (t) — logt), and Hy(K) = (K —1)?, then H(K) =
Hi(K)/Hz(K), Hi(1) = Hy(1) =0, and

Hi'(K) _
H,'(K)

Hs(K) = % [é(s) - s’zJC(s)]JC’(s)S. (3.9)

Clearly, that H3(K) is strictly increasing in (1, o0) follows from Lemma 2.2(1) and (2).
Then, from (3.8) and (3.9) together with Lemma 2.1, we know that H (K) is strictly increasing
in (1, 00). Moreover, I'Hopital’s rule leads to

limH(K) =B(r),  lim H(K) = A(r). (3.10)

For part (1), if ¢ > A(r), then from (3.7) and (3.8), we know that F/,(K) < 0 for K €
(1,00) and F.(K) is strictly decreasing in (1, o). Moreover,

lim Fo(K) = [4A(r) ' (r) /o] =¢,  lim Fe(K) = ~oo. (3.11)
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If ¢ = A(r), then F.(K) is also strictly decreasing in (1, c0) and F.(1*) = [4K(r)X'(r)/7] -
A(r), and from Lemma 2.2(4) we get

K
lim F.(K) = lim ——[-2log(s") —2u(s') + A(r) —logt

= A(r) —4log2-logt.

Therefore, inequalities (1.10) and (1.11) follows from (3.12) and the monotonicity of
F.(K) when ¢ = A(r).

For part (2), if ¢ < B(r), then that F.(K) is strictly increasing in (1, oo) follows from
(3.7) and (3.8). Note that

lim Fo(K) = [4K(N K (r) /7] =, lim F(K) = +oo. (3.13)

Therefore, inequalities (1.12) and (1.13) follow from (3.13) and the monotonicity of
F.(K) when ¢ = B(r).

For part (3), if B(r) < ¢ < A(r), then from (3.7) and (3.8) together with the
monotonicity of H(K) we clearly see that there exists K; € (1,00), such that F.(K) < 0 for
K € (1,K;) and F.(K) > 0 for K € (K3, ). Hence, F.(K) is strictly decreasing in (1, K7) and
strictly increasing in (K, 00).

Part (4) follows from (3.7) and (3.8) together with the monotonicity of H(K). O

Taking t = 1 in Theorem 1.2, we get the following corollary.

Corollary 3.1. Let a and b be defined as in Theorem 1.2, ¢ € R, and f.(K) = K{[log A(K)]/(K -
1) —c}. Then,

(1) if ¢ > o, then f.(K) is strictly decreasing from (1,00) onto (—oo,a — c); if ¢ = o, then
fe(K) is strictly decreasing from (1, c0) onto (or —4log2,a — i),

(2) if c < b, then f.(K) is strictly increasing from (1, o0) onto (a — ¢, o0);

(3) if b < ¢ < ur, then there exists Ky € (1, 00), such that f.(K) is strictly decreasing in (1, K3)
and strictly increasing in (K,, o0);

(4) fo(K) is convex in (1, 00).

Inequalities (1.11) and (1.13) lead to the following corollary, which improve inequali-
ties (1.6)—(1.9).

Corollary 3.2. Let a and b be defined as in Theorem 1.2, then the following inequality

max{ e(K—1><zr+<<ar—4log2>/1<>>,eb(K—(l/K))} < M(K) < eK-D(r+((a=m)/K)) (3.14)

holds for all K € (1, o0).
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